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Preface 


With increasing accuracy and higher time resolution, recent observa¬ 
tions have revealed that nonradial oscillations and related phenomena 
are inherent to most of the stars that are the main constituent of the 
universe. There are two theoretical aspects of nonradial oscillations of 
stars. In one sense, stars are musical instruments that are able to 
oscillate with variation in wave length or in frequency. The modes of 
oscillation differ from one star to another and change in a delicate way 
as a star evolves. It is, however, the stars themselves which power and 
control the oscillations. The second aspect, therefore, is the sense in 
which stars function as heat engines to drive their own oscillations. 

Our research group in the Department of Astronomy, University of 
Tokyo, has been engaged in developing the theory of the above two 
aspects and in interpreting observations. We wrote the first edition of 
Nonradial Oscillations of Stars in 1979, summarizing the fundamental 
concepts of nonradial oscillations and reviewing studies up to that time. 
Nearly a decade has passed, and much progress has been made since 
then in this field, so it seemed a good time to consider the publication of 
a new, fully revised edition. In particular, a new field of research called 
Mi helio- and astero-seismology" has been opened up, in which the 
internal structures of the sun and stars can be probed using their 
oscillations. 

Hideyuki Saio has joined us in the new edition, which has been 
revised to incorporate recent progress in this field; our intention is that 
this monograph will remain useful not only to specialists but also to 
nonspecialists as a textbook. It covers nonradial oscillations of stars 
from the basics to the most recent developments. Special emphasis is 
placed on the linear adiabatic and non-adiabatic theory' of nonradial 
oscillations of stars. However, the recent extension of the theory to 
general relativity and the nonlinear problems are considered outside the 
scope of the present monograph and they are not treated here. Three of 
seven chapters are completely new, and the others have been revised in 
order to update their contents. The newly added chapters are Chapter 
IV, Nonadiahatic Oscillations; Chapter VI, Nonradial Oscillations in 
Rotating Stars; and Chapter VII, Helio- and Asteroseismology, Major 
authorial and editorial responsibility for the various chapters of the new 
edition is as follows: Chapter 1, Introduction: Unno and Osaki; Chapter 
II, Observational Aspects of Nonradial Oscillations: Osaki, Ando, Saio, 
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Chapter I 


INTRODUCTION 


1 P What are Nonradial Oscillations ? 

Every one of the stars* including our sun, is a self-gravitating gaseous 
sphere that radiates an enormous amount of energy to its outer space. 
Energy radiated from the surface of a star is generated in the deep 
interior by thermonuclear reactions. A star, bom out of an interstellar 
cloud, spends most of its life in the hydrogen-burning main-sequence 
stage. As a star consumes its nuclear fuel, it evolves by changing its 
internal structure. A star is by no means a quiet object, but it is in a 
sense a kind of heat engine exhibiting various activities. Some stars blow 
out stellar winds from their surfaces with speeds ranging up to a few 
thousand kilometers per second, while some others are pulsating 
variables. A pulsating variable is a star that changes its brightness 
periodically by changing its volume just as a human body breathes 
rhythmically. 

This monograph deals with one such stellar activity: nonradial 
oscillations (or nonradial pulsations), the general type of stellar 
eigen-oscillations. There exist two kinds of stellar oscillations: radial 
and nonradial. The radial oscillation (or radial pulsation) is a simple 
type of oscillation in which a star oscillates around its equilibrium figure* 
by expanding and contracting* while keeping its spherical shape. 
Nonradial oscillations are a more general type in which a star oscillates 
in such a way as to deviate from its spherical shape. The radial 
oscillation may be regarded as one of the special cases of nonradial 
oscillations with the spherical harmonic index / = 0. (See Section 4 for 
the definition of the spherical harmonic index/) 

The theory of stellar pulsation was originally developed in order to 
explain the pulsations of classical variable stars such as the Cepheids and 
RR Lyrae stars. These variables are thought to be radial pulsators. 
However* in recent years* pulsations and oscillation-related phenomena 
have also been discovered in many stars that were regarded as 
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K,f n re They include our sun itself, white dwarfs, Ap 
non-pulsating stars before^ ^ ^ s|ow and rapid rotation. The 
stars, and early-W* of oscillations in these stars are that they 

most important chasten ^ ^ usua|ly multi-periodic with several 

are thought to be no j n f act t he sun is oscillating in thousands 

modes of oscillations itno • sins these oscillations, one can probe the 
Of nonradial cigemn o ss. ) ^ ^ probes the interior of the earth 

internal stmcture^ This new field of research is thus 

b *llT“helioseismology.” As will be discussed in the last chapter, 
hehoseismoiogy is very successful in studying the internal structure of 
"ie method may in principle apply to stellar oscillations, 
and it is in this case called “asteroseismology”. Asteroseismology is at 
the present moment still in its infancy, but it has the potential to develop 
into a major field of stellar physics. 

Every one of the stars differs from all others in its mass and m its 
evolutionary stage. From the standpoint of the theory of nonradial 
oscillation, stars are like musical instruments that are able to oscillate in 
modes which differ from one star to another and change in delicate ways 
as a star evolves. Let us study stars as musical instruments. 

2. Stellar Stability and Oscillations 

I bree types of stability are fundamental for the equilibrium configura- 
lion of stars: dynamical stability, vibrational stability, and thermal 
stability. For an arbitrary small contraction of a star as a whole, the 
for” ° f the L P fessure 8 ra dient exceeds that of the gravitational 
dynamical S X* T ,h !* lum “ructure is restored. This is the state of 
TbeZlStlKTr f StafS Sh0U,d s P end almost a " ^eir lives. 
In fact, convection hi o ^ .°^ evcr » <^n be present locally inside a star, 
against nonradial perturbations m J mifestat,on of a dynamical instability 
much the same as that of non r i u *°? ,rea, ment of convection o 

■ ^ed. someconsideratio 13 S*** asfar as thcorv 

■uonograph. ““ W1 “ al *° be given to convection in this 

allhoogh the 

afy "»'■ *. JS2S?*“ - «™„l .ImLak 

(the free-fall Whllc , * le characteristic ,' " C so * ar luminosity is 

cven r'y ^T^z*v ymmka[ ** 

8SS «med in n^ stud *J». Hydrostatic equilibria ra “° l ? qui,e lar » c 
yof thermal stability .V d j? ? can ’ therefore, be 
an,y ’ an excess input of 
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thermal energy causes a perfect gas star to expand as the virial theorem 
implies, and the temperature is normally decreased by the hydrostatic 
adjustment. This is the state of thermal stability. Thermal instability is 
found typically at the commencement of helium burning (or carbon 
burning, etc.) in the degenerate helium core (carbon core, etc.). The 
result is known as the helium flash (carbon detonation, etc,). Also, a 
nondegenerate hdium-burning shell can provide thermal instability 
(thermal flicker). The reason is that the hydrostatic adjustment to a 
temperature excess in a thin shell affects the pressure distribution within 
a star by only a small amount. In general, however, the thermal 
instability is not related to nonradial oscillations, because the hydrosta¬ 
tic equilibrium restricts the pressure and density perturbations to 
spherical symmetry in the absence of strong magnetic field or rotation. 
Although a nonradial thermal instability may be possible with the 
gradient in mean molecular weight, no important example of such a case 
has been found. Only brief mention of thermal instability will be made 
hereinafter, 

A dynamically stable system undergoes oscillation if perturbation is 
applied to it. Inversely, a system is said to be dynamically stable if it 
oscillates under the influence of any arbitrary perturbation. An 
oscillation of a system may or may not grow in time. If it grows, it is said 
to be overstable or vocationally (or pulsationally) unstable. In order for 
an oscillatory stable system to maintain a regular periodic oscillation, 
external force must be applied periodically. This is a forced oscillation 
such as is found in the tidal oscillation of an ocean. On the other hand, 
free oscillations will continue for at least some time once a perturbation 
has been applied initially. The physical properties of nonradial free 
oscillations of stars are the main subject of this monograph. 

Stars are like musical instruments which have various modes of 
oscillation and tones. As will be shown later, the normal modes in a 
spherically symmetric stars are characterized by the eigenfunctions that 
are proportional to the spherical harmonics: Y™ (0,4*) (I = 1,2,,,, ; m 

= 0, ±1.±/). In particular, the radial modes are special cases of 

/—0, The /— 1 and 2 harmonics are called the dipole and the quadrupole 
oscillations, respectively. The eigen frequencies depend on / hut are 
degenerate by (2/+1)-folds in m. The normal modes belonging to the 
harmonic index / are further distinguished by the number of nodes, n, in 
the radial component of displacement from the center to the surface of a 
star. The rc-values are 0 for the fundamental mode, 1 for the first 
overtone mode, 2 for the second overtone mode, etc. The normal 
modes are classified by the radial quantum number n and the angular 
quantum number /. When “Zeeman splitting” is introduced by rotation 
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. I Quantum number m has to be added. 
or by magnetic M*** *** J thq antum number / the harmonic 
in what follows, we cal J^ J zjmut hal order, and the quantum 

degree, the quantum number/«t 

number n the radial or e , as pulsating stars. Most of them arc 
Cepheid variables are known^ radja , modes (w=<) ,. 

pulsating m the fundam oscillating in the second overtone mode 

Nrf orations are less P ~, oblational,y. 
{n-2, 1 u>- * i(j {he 0 pp O site phase in brightness and in 

velocity uMJie°adjacenl portion of the same star. Their astrophysics I 
importance however, is by no means less than that of radial pulsation. 
as will be demonstrated in detail in later chapters. The pulsation of 
white dwarf variables and the so for five-minute oscillation are well- 
known examples of nonradial oscillations. Perhaps, as theory and 
observation make rapid progress in the near future, it will become more 
difficult to find a star without nonradial oscillations than to find a star 
with nonradial oscillations. The reason is that nonradial oscillations arc 
indeed rich in the variety of physical properties. A star is then likely to 
have some nonradial modes which are favorably excited either in the 
core or in the envelope, depending on the structure of the star. 

The richness of nonradial oscillations compared with radial 
pulsation is partly due to the degree of freedom in the horizontal wave 
number represent by the harmonic degree /. There is also the physical 
reason that not only pressure but also gravity can act as the restoring 

5 ES 2 TT? ° Sdlla,i0nS - SinCC thC ChangC in ,he g^italiom 

' aXln , h ?u mpreSSed phaSe ’ or ou,ward ^ expanded 
LTiher hla reSt0ring force for the radial pulsation. On 

ran act through* bLwyancT as 'the™"** St °" e int0 a pond ’ 8 ravilv 

Oscillations. Thus, while ihe^radi d . u C!,U>nnS f ° rCC for n °1™dial 
Hie pressure mode (p-model or th*. h ‘ 1S 0nly the s P eL 'trum of 

oscillation shows the spectrum of ^° Ustic ( wave ) mode, the nonradial 
well I he behaviors of the p- and th ^ ® rav ** | y i wave ) mode (g-mode) as 
by ‘he internal structure of stars ar e " m ° de osci)lat ions as determined 

T* and wi " k ‘ diseased ^ main ««*"»* "> this 

bmee the p- and the ln d * a <l in later chapters 

correspondinu lo h:«_ ® m °de spectra show thp tso 2 * i 

can be tfm ml I d fferent values of n and / . [,0r niaJ modes 

are not ncccssTT eVcrywher e in the freemen"™* 81 e '8 en frequencics 
overstable, SOm " y Sclf ' exei, ed. In order fo? SpaCC ’ However < they 
‘bermoilynainics J !""" mecha «i«n is ne !J H ° SC,lla,ion ‘o 
^'rapyincreaseorahe^^tion mechanism ^ t * CC ° rding 


to be 
to 
an 

: phase in an 
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oscillation cycle. The positive temperature dependence of the opacity 
and the high temperature sensitivity of the nuclear energy generation 
are known to provide the excitation mechanisms called the k- 
mcchanism and the f-medianism, respectively. There are also other 
mechanisms, operating particularly on nonradial oscillations, which will 
be discussed in Chapter V. By those mechanisms, some oscillation 
modes are selected among all the p- and g-mode spectra and maintained 
in a finite amplitude at which some nonlinear energy dissipations should 
work against the overstability. But a higher temperature normally 
implies a larger radiation loss, leading to the damping of oscillations. 
The stability is the result of the competition between the excitation and 
damping mechanisms. In order for a mode to be excited, some 
excitation mechanism must be operative in the region where the 
amplitude of eigenfunctions is large. Numerical computations with an 
electronic computer are usually required to find an overstable mode for 
a given stellar model. 

The role of the convection zone in oscillatory stability is rather 
complicated. The turbulent viscosity should be effective for damping. 
However, there are also efficient excitation mechanisms associated with 
the supcradiabaticity in the convection zone. Convection-pulsation 
coupling will be discussed in Section 30. The semi convection zone 
surrounding the hydrogen-depleted convective core of a massive star is 
another place of special interest in examining oversiability, The 
semi convection zone is supposed to be superadiabatic but dynamically 
stable because of the gradient of the mean molecular weight. These 
properties are favorable for the trapping and excitation of some g-mode 
oscillations, A similar situation may be expected in the rapidly rotating 
cores of early type stars. In this case, convection will be stabilized by 
rotation, resulting in an overstable oscillation. This problem will be 
discussed in Chapter VI. 

Stars have been thought in the past to be less susceptible to 
nonradial oscillations than to radial oscillations because of the increased 
dissipation of the oscillation energy by the lateral radiative heat 
exchange. However, recent investigations show that much variety in the 
geometrical and physical properties of nonradial oscillation should give 
some nonradial oscillations a better chance to get excited. The 
excitation mechanisms are also numerous for nonradial oscillations. The 
purpose of this monograph is to show that variability is rather common 
among stars although the observational detection may not be definitive 
in some cases. 


NONRADIAL 


OSCILLATIONS OF STARS 


. , ,, n s tellar pulsation was concisely described 

The early hfcttjy of ■ ltroduct ory chapter of his famous textbook, 
by Rowland ^ f Variahte Stars. It is interesting to see that the 
T P " / Tnl.Sial pulsation developed by Lord Kelvin (1863) 
lhL '° r> , ? t! e theory of radial pulsation developed by Ritter (1876). 
However the Cepheids have been the chief concern of pulsation theory, 
S was founded by Eddington as summarized in \ The Internal 
Constitution of the Stars (1926). In spite of the remarkable progress in 
the development of the theory of radial pulsation, the theoretical study 
of nonradial pulsation remained largely within academic circles until 
recently. But the work of Pckeris and Cowling should be mentioned. 
Pckeris (1938) obtained the exact analytic solution for adiabatic 
nonradial oscillations in ihe homogeneous compressible model. Cowling 
(1941) extended the study to the polytrope model. For a description ol 
these and other studies, readers can refer to the comprehensive article 
by Ledoux and Walraven (1958). 

The development of the study of nonradial pulsation may be 
regarded to have started from the work of Ledoux (1951). He suggested 
that nonradial oscillations could explain the double periodicity and the 
arge temporal variations in the broadening of spectral lines observed in 

? r° ! T ° f P Cephel enable stars). Osaki 
n lde io n E o ii e OUX n by Caleulatl ^ 'ine profiles for a star 
tioSSS^!T :i o ndCOmI,a^^d the result with observa- 
mechanism lor the origin aini *" asi) su S£ ested (Osaki , 1974) a possible 

00 nonra dial oscillation. HoweverTh* ^ Cephci . P lllsa Iioti based 
pulsation modes of ft Ceohei a- ’ he very question of whether 
unsettled. There is an arcumenMi" 1 ? ° r nonmdia * Still remains 
stars is radial (Smith, lynth hi F ** main P ulsat ‘on of fi Ceplici 
S 1 « ***. and 1*1* *- fi Cephci stars show 

' fi 0SCillati ° nS musl 

Stem and Leibari Jtj bccn proposed to i-y i. 1,l ^ ing ' A number ot 
succeeded m resolvm St ' me fifteen v P ‘ lln tllls Phenomenon (sec 
diagnostie T’ bscrVL ' d Oscillations j n ? r^’ Dcubncr (l‘J75) 
b ' S . o^rvation am , th ® rdm Section in * dlSCrete modes in the 
W And,. ««em re ,2ci^'»P»ri™ be,,,.™ 

«Abl , shed , h „, , he 
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five-minute oscillations are global nonradial p-modcs of the sun with 
high spherical harmonic degree / (/ = 200 - 1000). Since the late 1970s, 
observations using integrated sunlight over the whole disk, both in 
radial velocity variation and in total irradiance variation, by several 
groups (Birmingham/Tenerife, Crimea, Nice, Stanford, and SMM 
satellite) have revealed the existence of other p-mode oscillations with 
low degree / (/ = 0 — 5), Furthermore, p-mode oscillations with in¬ 
termediate degree /(/=! — 200) have also been detected. In addition, 
full two-dimensional analyses of oscillation data over the solar disk have 
been performed (Brown, 1985; Libbrecht, 1989) yielding eigenfrequen- 
cy spectra with information on individual modal numbers of n, /, and m. 
The sun must be regarded as one of pulsating stars, pulsating in many 
p-modes with /- 0 - 1000. The most important and unique aspect of 
solar oscillations is the possibility of a seismological approach, by which 
one can probe the solar deep interior by using oscillations* A more 
detailed description of the development of helioseismology will be given 
in Chapter VII. 

Since the late 1960s and early 1970s, pulsations and oscillation- 
related phenomena have been observed in many stars that were 
regarded as non-pulsating stars before. They include white dwarfs, Ap 
stars, and early type O and B stars. It is now believed that nonradial 
oscillations are responsible for variability observed in these stars in most 
cases. Observational aspects of nonradial oscillations in these stars will 
be presented in detail in the next chapter. 

Along with these observational developments, much progress has 
been made in the theoretical side of nonradial oscillations in the sun and 
stars. Since the middle of the 1970s, full equations of linear adiabatic 
and linear non-adiabatic nonradial oscillation have been solved numer¬ 
ically for realistic stellar models with the help of electronic computers, 
and the variations in nature of nonradial oscillation modes along an 
evolutionary sequence of a star have been discussed (e*g., Osaki, 1975; 
Saio and Cox, 1980), The basic method of these calculations is now well 
established and it will be described in detail in later chapters. The 
eigenvalue problem of nonradial oscillations is not described by that of 
the standard Strum-Liouville type, as is the case for the radial 
oscillation, and this brings about various peculiarities of nonradial 
oscillations. The introductions of the so-called propagation diagram and 
phase diagram and of the concept of "wave trapping (Scuflaire, 1974; 
Unno, 1975a; Osaki, 1975; Shibahashi and Osaki, 1976a) have greatly 
improved our understanding of nonradial oscillations m stars. 

Some curious behavior of nonradial eigenmodes (U., the "mode 
bumping” phenomenon) along the evolutionary sequence of a 10 M 0 
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8 NONRADIAL - dwas interpreted as a coupling 

noticed ;« the core and the envelope 

StMW niations of different nature . Modal analysis by the 

of oscl a s m eyers. and Weigtr . . [Q c i ar jfy the nature of 

Wolff ' l979) ; and such a 
non radial oscillations (Stab ah » ^ for etgenfrequenc.es of 

Shod yielded a 1980). As for the theoretical 

higher order nonradial mo» A eJ . dtatjon mechanisms ot nonra- 
investigation of some ;pat <- ^ were explored. and it has 

dial oscillations iri«h ^ ^ ^ are ind eed unstable against 
been confirmed tha th ^ of the hydrogen and helium 

nonradial g-mode n(1 Koester, 1981; Dolez and Vauelair. 

SfSS^SSSSS. Hansen. Fon.nine. and Cn„„„. 
982al In the field of helioseismology, some ingenious inversion 
methods were devised (Gough. 1984a; Shibahashi, 1988) that could 
yield the information of the solar interior directly from the observed 
oscillation frequency spectrum. Theoretical investigations of nonradial 
oscillations in rotating stars have also been made, yielding some 
interesting results (Berthomieu, Gonczi, Graff, Provost, and Roeca, 
1978; Lee and Saio, 1986, 1987a). 

A number of theoretical problems remain to be studied. Among 
them are nonlinear problems, including the mixing of matter due to 
finite amplitude oscillations, oscillations in the presence of a strong 
magnetic field or rotation, and energy and momentum transport by 
waves. Both theory and observation are still in progress, but further 
developments can be expected in the near future. 

4 ‘ Bmc Properties of Nonradial Oscillations 

which small perfurbatblT^ f mme .’ ric . star as an unperturbed state upon 

nf rotation or of magnetic field wmbe ^ KU f™posed. The effects 

perturbations in most cases i t w ° llLg ected or regarded as small 
properties of nonradial oscillations -mT . sectl ^ n ' We explain the basic 

wi " be - 

pCS To He ph^icafvtrn T PC,K 'T 1 

“«« 5S;;rr- -i«; trz: 
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me,*) = Nrp)”Hco&0^ m + (4.1) 

where Pj /r ^(x) denotes the associated Legendre polynomial of degree / 

and order m, and / (- 0, 1, 2 , and m (- -/+1.0, ) 

are integers, and Nf n is the normalization constant, which will be given 
in Chapter III. As will be shown explicitly in Chapter HI. ail the 
coefficients in the linearized basic equations are functions of the radial 
distance r from the center of a star. In other words, the radial 
component ^ of a small displacement is governed by the following 
equation: 

Z[&] - 0, (4.2) 

where SE [ir r ] is a linear operator in which the scalar functions appearing 
as the coefficients are independent of f, 0, and 0. Thus, we can express 
of an arbitrary displacement by 

& = 2 £c, n /W*7"(0,0)exp(io n/ /), (4.3) 

n.i.rtt 

where n is an integer ordering the radial eigenfunctions. In a simple 
stellar model, n corresponds to the number of nodes satisfying 

= 0 (i = 1, 2,..., n) (4,4) 

except when r = 0. As will be discussed in detail in Chapter III, 
one-to-one correspondence between the number of nodes and the 
ordinal number n ceases to exist in complicated stellar models, but we 
can still assign an ordinal number to each cigenmode. Since each mode 
does not interact with the other modes differing in n, /, or m in the linear 
theory, we can study each mode separately, dropping the summation in 
equation (4.3). This procedure is called the normal mode analysis. The 
symbol cf denotes the (angular) frequency of oscillation in general, but it 
will often be used to represent an eigenfrequency. 

When we express eigenfunctions of nonradial oscillations, we use 
complex forms like equation (4.3) throughout this book because of the 
mathematical convenience. It should be understood that we take the 
real part of complex expressions if we need real physical quantities. For 
instance, the expression of real physical displacement is 

=A^ m| (cos0)[Re(,„;(r)) COS(OrH- m0) 

-Im(§ r ,„,(r)) sin(<r R t+m0)jexp(-oi/) 

= || N"' P} mi (cos6) cos(o K f+OT0+A,[ /) )exp(-fT ] /) (4.5) 


o^Mn**"* . 

the real and imaginary parts of comply 
where Re and Im ' ndlc fL, t nnd imaginary parts of eigen frequent 
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if «*«• h"» 

subscripts n and / are » . brium mode I (hence for the boundary 
For a given sphere 0 , which is complex in the 

conditions as we ), _ js a funct i 0 n of n and /. Both the radial 
nonadiabatic osciN ^ * cjgenfre quency o of a normal mode arc 
eigenfunction ( 2 /+l)-foId degeneracy. The harmonic 

Sm. the .umber of border li.es by which the stellar 
surface is divided to oscillate in the opposite phase, and the azimuthal 
order m is the number of roots of cos(m0) = 0 in the region Os 0 <*, 
The radial modes correspond to the case of I = 0. The normal modes 
belonging to a given I for a spherical star without rotation may be 
written either in the form of equation (4.1) or in the form 



vrm «/r<cos«) { 


(4.6} 


where m= Q, 1 T 2 t / is a natural number from zero up to /, The 
former representation with cos(< 7 f+tti$) expresses a normal mode as a 
wave traveling around the equator (the equator of the symmetry axis oi 
oscillation) with phase velocity (3<t>ISt) pkase «-*/«; a mode with 
postuve m represents a wave traveling in one direction while a mode 
does . ,hat in its opposite direction. The latter 

Id exn etL T?™ ^ Wi,fl cos ('»#*s(*0, on the other 
* ** aS . a Standin 8 wave ^Situde. The two 

symmetric became one^Hom T ^ Unperturbcd state is spherically 
form cos(m0)cos(o/) bv si,™™' ° T lnstance> a standing wave of the 
positive and negative * P P ° Smg tW0 deling wave modes of 

™deslook ° f severat "onradial oscillation 

Ihe ^ of an individua IIS' Ce - At ^ *«« of time, 

opposite Signs (e.g., approac ‘ i J 10 ^ 15 of alternating regions ol 

called ^ odes wil h m *0 f 0WSl or higher or lower 

StKK?-- *^3t£SlS ----» 

and ^l the nodal r Whlle modes with ,„=/. hC Spherical harmonics 
above two are call 'T % 3re lines of loneiti, sectol ; i 1 modes 

ho[ h latitude and h *^ Wral m °des, and thW M ° des 0,her than the 
The " d thClr noda ' lines arc lines of 

^qtiihhrium siriu-t * ln >n arise S from ik 

Ufe ar ° Und an arbitrary Txr'^n' Symmeti y of the 

Th crefore, if a slow 
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t = 3, 


m = 0 



i ~3. m -1 



/ = 3 , m =2 



1=3, m =3 


Fig. 4.1 Modal patterns of nonradial oscillations for four normal modes of degree / = 3 
and order m = 0, 1, 2 and 3. Figure shows four modes viewed from an 
inclination /' = 60°. The regions shown in blue are expanding while regions in 
red are contracting. The border lines dividing blue regions and red regions are 
nodal lines on which there are no motions. There are three nodal lines in the 
case of l — 3 mode irrespective of its m- value, while the m -value represents the 
number of nodal lines in longitude. When we can directly resolve the stellar 
image like in the case of the sun, these modal patterns are observable as 
Doppler shifts of spectral lines at each point of the surface. In the real sun, 
thousands of such eigen modes arc superimposed. 


rotation or a weak magnetic field is introduced, the degeneracy is 
resolved much as in the Zeeman effect of the spectral lines. The 
perturbation theory (see Section 19) gives, for a star of uniform angular 
frequency fi of rotation (in the rotating frame), 

o - o 0 — maC nh ( 47 ) 

where o„ denotes o of the nonrotating ease and the constant C n { depends 
on the equilibrium structure and the mode considered* Ihus the 
degeneracy is lifted by slow rotation, giving (2/+1) separate eigenfre- 
quencies with equal spacing just like Zeeman levels of atomic spectra* 
In this ease, eigenfunctions of normal modes are only described by those 











In stars the dynamical time scale is much shorter than the thermal 
v a factor of III 10 for the sun), the exact amount depending 


„ nonradiM- oscillations of stars 

. • (k ose of traveling wave type, and those of 

of equation (4,1). ,ha ' ’ , 46) a re no longer normal modes. With 

standing waves of equal t ■ fok|)( a normai mode cannot b e 
rapid rotation (or strong s ^ but is expressed as the sum 

SSrSKSK--*-- in yr is s,i " - 

(Section 34). 

In stars v 

lime scale (by a factor of 10 -- - * * 

on the stellar structure and on the local position «n a star under 
consideration. Therefore, we can adequately study the adiabatic 
oscillations as a first approximation, neglecting the nonadiabatic effects 
and viscosity. The eigenfunctions and the eigenfrequencies thus 
obtained are not much different from the nonadiabatic values in most 
cases, although the difference is essential in the consideration of the 
overstability problem. 

The general properties of adiabatic radial and nonradial oscillations 
have been discussed extensively by Ledoux and Walraven (1958), by 
Ledoux (1974), and by Cox (1976, 1980). The peculiarity of the 
nonradial oscillations compared with the radial oscillations is that the 
adiabatic oscillation described by 


= 0 


(4.8) 


together with the boundary conditions does not form an eigenvalue 
^ and^MdtTt L h UV ‘il le typE ' EqUat '° n (4 ’ 8) becomes bilinear in 

J _ 0 Th ; 8 Cnds t0 be the Sturm-Liouville type only for <r * or 

,hc “ i5Kn “ ° r ~ 

property fecharS/ed b^two eh^ ^ C h - ap - ler n1,£he local vib ™tional 
» * frequency One of them 

horizontal wave lengih divided bv theT^i 0 ^ [ ‘ me sca ' e ot 1)11 e 


L I 2 = (k,,c) z = 

r 


(4.9) 


(4.10) 


denotes the velocity of sound, 

^ ** r\pdfai n 

to an d A) are the pressure s 1 " 

a***- i,.. 

’*-**.. ** > «bm‘ u Hr stands for 

horizontally in a 
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period 2nlLf. The other characteristic frequency is the Brunt-Vaisala 
frequency (denoted by N) with which a bubble of gas may oscillate 
vertically around its equilibrium position under gravity. The Brunt- 
Vaisala frequency is given by 


V 2 = A 1 dlu P" - d[n P'>\ 

g lr, dr dr V 


(4.1!) 


where g(=GMJr 2 ) is the local gravitational acceleration, G is the 
gravitational constant, and M r is the stellar mass contained inside the 
spherical volume of radius r. A small parcel of gas oscillates vertically 
with positive or negative buoyancy under local pressure balance with its 
surrounding gas with the angular frequency N. 

For high-frequency oscillations (o 2 >L / 2 , N 2 )< the relative Eulenan 
pressure perturbation p*fpQ dominates the relative radial displacement 
%Jti F where H p denotes the pressure scale height. Thus, the restoring 
force is due mainly to the excess pressure, and the oscillation shows 
locally the characteristics of the acoustic wave. For low-frequency 
oscillations (o z <L/ 2 , N 2 ), p l ip <> is less than % r IH p , the restoring force is 
due mainly to buoyancy, and the oscillation shows the characteristics of 



Fig, 4,2 Variations of N 2 and L\ (normalized by GMfR *) with respect to r/R for a 
polytrope (with the polytropic index 3) model. Three horizontal lines show the 
wave propagation zones (thin full lines) for the p r mode, the f-mode, and 
grmode of spherical harmonic degree / = 2. 
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the «ra v iO. wave, f ^^po'ui 

. tw„ 


332 “ «rt ■ ^!««««“ «“ « s enera Hy 

£U»*« ■»» «E?J| the wave p»tai of termonuc- 

Lpled with a Tunnel effect ns can behave almost 

lear reactions. The two P . evanescent zone) is thick and 
independently if the potential wa t 

high. L nmnaeation diagram given essentially bv 

Figure 4.2 shows f Jy ^ value of .V 1 - is zero 

Sc U naire(l974)forapo^ afld g j n the envelope, 

an^nTncri^s very rapidiy toward the surface. r-R. On the other 
Sd. the value of Lf is infinite at r=0 and decreases monoton,cully 
toward the surface. The L,-curve must be shifted vertically for different 
values of/proportionally to a factor of/(/+ 1) ; Only the L 2 -curve is 
shown in Fig. 4.2. These behaviors of N 2 and Lf determine the general 
properties of oscillations. The p-modc spectra occupy the high 
frequency domain, while the g-mode spectra occupy the low frequency 
domain. The propagation zone where the amplitude of oscillation js 
generally large is situated in the envelope for the p-modes and in the 
interior for the g*modes, as shown in the figure. The number of radial 
nodes, n, increases with increasing o for the p-modes, but it increases 
with decreasing o for the g-modes. This is because a higher frequency — 
d ^ lr £ cr faring force requires a shorter wavelength for acoustic 
waves and a longer wavelength for gravity waves. Between the p-motk 

frequentaiX CCtra ' S“L '* 2 funtiamental mode (f-mode) whose 
with increa^ine / Th" /* e raaximura va ' ue °f N but increases slowly 

,^hTo“ n 1,1 r® ,rded “"* ■* ™ 

tl. r . ’ ' me Pit or go-mode. 

outlined above If a ronleabn. however, is not so simple in reality as 
spectra of unstable modes apneaTv ^ ^ CX ' StS within a star, the 
convective modes have a commnnna^ ^ 0rdinar y g-modes and the 
buoyancy is reversed, , h ° n 8 in exce P' that the sign o! 

<?< 0andK® 1res P ect ively (e p u! esi S natcd by the g '-modes 
decre ases as „ ^^>“*. 974). For the g -modes. 

inhomo^ arise 

-ro 3 gZ2** *r of 5TJp**'^bution. Even in the 

becomtb Ot^atlve i a to t j e m4,timum aniJ decreas /V ( " ) ' ncreases frt,m 
e convection zone 10 tlle envelope. 

e ’ th en increases rapidly. 
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fluctuates in the photosphere-chromosphere-corona transitions, and 
decreases slowly in the corona (see Figs. 15.8 and 15.10 below). The 
value of Li decreases monotonically from infinity at the center to the 
temperature minimum in the chromosphere, then increases rapidly 
toward the corona and decreases slowly. A single mode having an 
intermediate frequency has characteristics of acoustic, gravity, and 
evanescent waves in different regions within a star. Then, for some stars 
w r ilh high central condensation, the one-to-one correspondence does not 
exist between the modes and the number of nodes n. Even in such a 
case, however, the mode number can be identified in an unambiguous 
way by distinguishing the nodes in the p-propagation region (or simply 
the P-region) from the nodes in the G-region, as we shall argue in detail 
in Chapter 111 (Section 17). The p- and g-characteristics can be 
distinguished conveniently in the phase diagram to be discussed later 
(see also Eckart, 1960), 

We will adopt the simple nomenclature p, f, g mainly in Chapters I 
and II, and discussions of mode classification in complicated stellar 
models will be deferred to Chapter III. 

In order for a particular mode to be excited, some excitation 
mechanism must be present in the main trapping zone or in the outer 
envelope where the amplitudes of eigenfunctions are large, as empha¬ 
sized previously. The general properties of the excitation mechanisms 
will be discussed in Chapter V, 


Chapter J[ 


OBSERVATIONAL ASPECTS OF 
NONRADIAL OSCILLATIONS 


5, General Remarks 

Let us now turn to the observational side of nonradial oscillations. It has 
been well established that variable stars such as Cepheids, RR Lyrae. 
and Mira variables are pulsating stars and that their pulsations are 
explained in terms of simple radial f spherically symmetric pulsations — 
that is, their variations in light and radtal velocity are caused by 
alternate expansion and contraction of a star as a whole. On the other 
hand, for nonradial oscillations in which the stellar form periodically 
deviates from the spherical shape, observational evidence for their 
existence was rather meager. In fact, before 1970, the pulsation of jS 
Cephei stars was the only case in which nonradial oscillation was 
suspected as a possible cause of stellar variability. However, the 
situation has since changed drastically: new observations and new 
interpretations have been accumulated for various stars and for various 
phenomena—for example, the discovery of many variable white dwarfs 
and an interpretation of the solar five-minute oscillation in terms of the 
nonradial p-mode oscillations of the sun. 

We summarize in Table 5.1 various observational phenomena for 
which nonradial oscillations have been either claimed or suggested. The 
meaning of individual terms in Table 5,1 will become clear later as 
details of various phenomena and of individual stars are discussed. Also 
shown in Fig. 5,1 is the location of the relevant stars together with some 
other stars on the Hertzsprung-Russel (HR) diagram. Although all of 
the evidence for nonradial oscillations in these stars is not firmly 
established, the variety of phenomena and the widespread incidence of 
nonradial oscillations in stars over the HR diagram are remarkable. 
In the following two sections, we will discuss how nonradial 
oscillation manifests itself observationally and how it can he distin¬ 
guished from simple radial pulsation. Data on the pertinent observa¬ 
tions of individual stars will be given in subsequent sections. That is, 
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Fig. 5.1 Location of the stars given in Table 5.1 for which nonradial oscillations are 
suspected to be involved and other related stars. 

observations of early-type 0,6 variables, rapidly oscillating Ap stars, 
and white dwarf variables will be presented in Sections 8, 9, and 10, 
respectively, while solar oscillations will be discussed in Section 11. 

Except for those stars mentioned above, observational evidence for 
the existence of nonradial oscillations is still meager. This does not 
necessarily mean that nonradial oscillations are not present in most of 
other stars. Instead, it is quite possible that nonradial oscillations are 
quite prevalent and that they form underlying causes for various 
activities. In particular, nonradial oscillations with high spherical 
harmonic degree /, such as observed in the sun as the five minute 
oscillations, could never be directly identified as such in distant stars. 

Although not discussed in a separate section, the existence of 
nonradial oscillations is claimed or suspected in several stars other than 
mentioned above. The first case to be mentioned concerns the 
semi regular variability of the supergiant star a Cygni that w-as 
extensively studied by Lucy (1976). By analyzing large numbers of 
radial velocity observations of a Cyg (spectral type A2la), he showed 
that the variability might be due to the simultaneous excitation of as 
many as sixteen discrete pulsation modes. He has suggested that most of 










20 nonradial oscillations of stars 

them are nonradial modes because rotational splitting of 

these modes tend““Sfllther suggested that the “macroturbulence 
nonradial modes. Ht has lu — , [ nec j by superposition of 

*» 'T.’T^^SiTvJabili., in radial 
large'macroturhulence velocities observed in mans 
SfL-SiS*. supergiants (Abt. 1*7; Rotarndhal. 1970) 

may also be explained by the same mechanism. 

' It has been suspected that nonradial oscillations are involved in 
li e ht variations in pulsating variables of 6 Scuti type (Shobbrook and 
Stobie. 1974). but Walker. Yang, and Fahlman (1987) have recently 
discovered, in four rapidly rotating d Scuti variables, line-profile 
variations of traveling signature which are characteristic of t Ophiuchi 
variables (high degree l nonradiallv pulsating stars). 

There exist a small group of hot extreme helium stars (or extreme 
hydrogen-deficient stars), and low-amplitude light variations have been 
reported in several members of them. Jeffery, Skillen, Hill, Kilkenney, 
Malaney, and Morrison (I9S5) and Lynas-Gray, Kilkenny, Skillen, and 
Jeffery (1987) have recently claimed that variations in the two member 
stars BD-9°4395 and HD16064I are due to nonradial g-mode pulsations 
because of length of periods and because of no detectable colour 
change. 

<$. Observational Evidence for Nonradiai Oscillations 
6.1 Resolved Stellar Images 

if the stellar image is resolved to a finite disk and if we observe directly a 
stellar pulsation such that one part of the stellar surface is expanding 
while the other pan is contracting as illustrated schematically in Fig. 6. f. 
then can evidently claim the existence of nonradial oscillation in 
preference to radial pulsation. This is impossible for most of the distant 
Hii/W ^ Jt S ^ possible in the case of the sun, if the sun 
over <MC '^ al ^ on - In fact, the five-minute oscillation seen 

nonradial eige^S^ n ° W 3 SU P er P osition of thousands of 

difficuli and^iW^r 1 ’ eso!utlon of the stellar image into a disk is 
t , °“ ty 1 a . few “tuations in which the image 
of the nubilities k m * r ' L m Inferrin £ nonradial oscillation. One 
into a disk for neadn ^ T inR ‘ rferometor to resolve the stellar image 

Ori. a uar w«h the largest ano.il- H " * h lnIerferoine tnc image of o 
Urges, angular diameter .n the sky. has barely visible 
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Fig. 6*1 Higher-harmonic nonradial oscillation with a tessera I pattern. 


fine structures (Lynds, Worden, and Harvey, 1976). The most likely 
interpretation for this is that the fine structures seen by the interfero¬ 
meter may be a manifestation of the giant convective cells which are 
presumed to exist in the atmosphere of later-type supergiants like a Ori 
(Schwarzschild, 1975). However, at present, the origin of the structures 
on the surface of a Ori is not certain observation ally, and it may be 
premature to discuss them further. 

Another possibility is to project the stellar visible disk over the 
wavelength position of spectral lines in rapidly rotating stars. The 
surface of a rapidly rotating star can be projected through Doppler shifts 
onto a spectral line profile, and one-to-one correspondence between a 
position across the disk and a wavelength position of a rotationally 
broadened profile is made. Any feature over the visible disk will then 
manifest itself in line profiles* This mapping is called "Doppler 
Imaging" and it will be discussed in detail in Sections 7 and 8. Still 
another possibility is using the eclipse of a close binary in which one of 
the components is a pulsating star, as discussed below. 

6,2 Phase Shift of Pulsation During Eclipse 

Let us suppose that a nonradially pulsating star is a component of an 
eclipsing binary. If the nonradial oscillation is of low-degree harmonics 
(small / ), the visible hemisphere of the pulsating star may be divided 
into two parts ivhose oscillations are roughly 180° out of phase with each 
other. When the eclipse occurs and the occulting star gradually cuts off 
the disk of the pulsating star (as illustrated schematically in Fig. 6.2), the 
phase of the pulsation will be shifted accordingly* This kind of 
phenomenon has, in fact, been observed in the old nova DO Her 
(Warner, Peters, Hubbard, and Nather, 1972) and in the nova-like 
binary UX UMa (Nather and Robinson, 1974)* It w'as once used as 
evidence for traveling wave-type nonradial oscillations with /= 2 and 
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Fi#. 6.2 Edipse of a nonradiaJIy pulsadnsi star by a companion. 


m =-2 or +2 (Nather and Robinson, 1974), 

However, this kind of phenomenon of phase shift during eclipse 
can be equally well explained by other traveling features around the 
equator of a star, and interpretation based on nonradial oscillations is by 
no means unique. In fact, observed phase shifts during eclipses in DO 
Her and UX UMa can be better reproduced by the oblique rotator 
model. The oblique rotator model was developed to explain periodic 
variability in Ap stars and the pulsars; in this model a rotating star has a 
magnetic held and its magnetic axis is oblique to the rotation axis. As 
the star rotates, its magnetic pole is directed to observers once even 
rotation period. In the cases of DQ Her and UX UMa. it is thought that 
material is accreted on the magnetic pole of a rotating white dwarf and 
that the radiating beam from the magnetic polar regions irradiates the 
accretion disk, producing traveling features in accretion disks (Petter- 
son, 1980). 

The cases of DQ Her and UX UMa were therefore not good 
examples, but there is still the possibility of observing phase shifts 
during eclipse due to nonradial oscillations, and it is interesting to find 
pulsating stars in eclipsing binary systems - 


6 3 Length of Period in Pulsating Variable Stars 

loo^r^h* of , radial P ulsali °ns. the period of the fundamental mode is 
osdllatifMiT th ^ hlgher harmonics. In the case of nonradial 

the corresnond m ° the f^nodes have periods similar to those of 
SSS2J 1 f t‘ al T deS ' hm m the g-modes have 

°J radial PUlSa,iom - S-PPOsc that there 
much longer than that* StarS wflosc periods turn out to be 

•node. It is then possibleT^^ i 1 eoreticai, V for radial fundamental 
P< hie for pulsations of these variables to be explained 
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in terms of nonradial g-modes. but not in terms of the radial pulsations. 
In fact, white dwarf variables are a good example of this case. (Section 

10 ) 


6,4 Amplitude Modulation 

In some variable stars, amplitudes of pulsation in the light curve andor 
in the radial velocity curve are known to be modulated with periods 
much longer than the principal periods as illustrated schematically in 
Fig* 6.3. This is the so-called beat phenomenon; the simplest explana¬ 
tion for it may be the simultaneous excitation of two oscillations with 
nearly equal periods, in the case of radial pulsations it is difficult fox two 
oscillations with nearly equal periods to occur. But in the case of 
nonradial oscillations, the existence of nearly equal periods can be easilv 
explained in terms of the rotational splitting of eigen frequencies of 
nonradial modes with the same quantum numbers n and / but differing 
in «f, i.e., the lifting of the degeneracy of nonradial modes in the 
presence of rotation. In fact, the beat phenomenon has been used to 
infer nonradial oscillations for Cephei stars and w hite dw arf \ ariables. 

Amplitude modulation also occurs in the case of nonradial 
oscillations if the symmetry axis of a nonradial mode is oblique to the 
rotation axis of a star. This possibility was first suggested b\ Kurtz 
(1982) to explain amplitude modulation observed in rapidly oscillating 
Ap stars. This model was called the "oblique pulsator model." in that 
the pulsation is a nonradial zonal mode with m ~0 with low degree /, 
whose symmetry axis is coincident to the stellar magnetic axis that is in 
turn inclined to the rotation axis. As the star rotates, the symmetry axis 
of pulsation (and the magnetic axis) is then periodically exposed to 
observers, producing modulation in amplitude of pulsation. More 
details on this phenomenon will be discussed in Section 9. 



Fig. 6.3 Beat phenomenon in which the amplitude of oscillations h modulated with a 
long period, 

6*5 Characteristic V ariations in Line Profiles 

In nonradial oscillations different pans of the surface of a star move in 

different ways, and this kind of motion (the macroscopic velocity field) 




, 4 NONRADLM-OSnLLATIONSOFSTARS 

, fil « As wiU be shown in the next 
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nonradial oscillation. 
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Sll tawSeSfoTan intrinsic variable star can be tested 
SSJX wLetak (194b. 1947) formulated it in a more 
fonn' and this method is called the Baads-Wesselmk method 
IvT^Tdistwh nonradial oscillations from radial pulsations using 
Baade s pulsation test. The principle of this test is as follows: the 
h rmiffc -KiTy vanauon in a radially pulsating star may be written as 


LU) = SU)B(t) = 4 r/^(/)<wr^ 4 {i). 


(6 1 ) 


1 and Bin stand for the instantaneous surface area of a star 
pr: reeled cm the celestial plane and its instantaneous surface brightness, 
respcctneh . denotes the Stefan-Boltzmanii constant, and R(t) and 
T^u are the instantaneous radius and effective temperature. respec¬ 
ts eh. of the star The observed luminosity variation is therefore the 
refill of two effects: a change in the surface area (or radius) and a 
rhtngr in the surface brightness (or temperature). It is possible to 
tepmu the two effects because the temperature variation may be 
es’jsiiifc from the color variation We may then calculate the relative 
lanatioc of the radius Rui R from equation (6.1). On the other hand, 
the radial velocity curve provides the absolute variation in radium 
If the puhauon theory ts correct, these two plots agree m 
and k cotnpamoti of the amplitudes of the two airves yields an 
of the radius of the star. If the radius thus obtained gives a 
raoBrtk wfae, the radial puhation hypothesis is justified for the star 
< 'W* that a star is pulsating nonradially— say, with a 
wwnxfial oidllatkm looks like a volume 
-l tefcrtfaif Le., the projected area of the star 

— com ^ ,*™ e ^ ** ' n «a*inwim expansion at the phase of 
i&m ttm thr^timdirection. Thus the relation 
cenci Ml the m ** too J Ta Q cm ' l3 k few the radial velocity 
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we would get a negative value for the radius in the case of / ~ 2 or an 
unrealistically large radius in the case of / — L Walker (1954a, b) 
applied this pulsation test to two ft Cephei stars, BW Vul and 16 Lac, 
and obtained results which failed to confirm the radial pulsation 
hypothesis. In the case of BW Vul, the entire Light variation was 
explained by the temperature variation, and in the case of 16 Lac a 
radius of minus 50 was obtained. These two results led Walker to 
conclude: ^The observations, if they mean anything, might be taken as 
strengthening the supposition that these two stars undergo some sort of 
nonradial pulsation^ 

Dziembow'ski (1977b) has given analytical expressions for light 
variations and radial velocity variations in the case when a star 
undergoes nonradial oscillations. Balona and Stobie (1979a. b. 1980) 
have discussed the application of the Baade-Wesselink method to 
nonradial oscillations. Recent progress on this matter was summarized 
by Stamford and Watson (1981). 

6.7 Dynamical Phenomena in the Stellar Atmosphere 
Nonradial oscillations with higher spherical harmonics may not give rise 
to light variations, but they may manifest themselves as surface velocity 
fields. It may then be possible that nonradial oscillations are underlying 
causes of certain kinds of dynamical phenomena, such as macro- and 
micro-turbulences, the heating of stellar chromospheres and coronae, 
and the stellar wind. However, further theoretical discussions and 
observations are needed to reveal these phenomena. 

7- Line-Profile Variations by Nonradial (Mediation 

When a star undergoes nonradial oscillation, different parts erf the 
stellar surface move in different phases and this kind erf motion produces 
a certain characteristic variation of line profile when combined with 
steUar rotation (Le.. the macroscopic velodty field). In the past decade 
or so + a new class of variable stars called "line-profile variable stars' 
have been discovered owing to the development o 4 high precision 
spectroscopy with the use of solid-state detectors such as CCDs and 
Rctkons (see Section 8), These stars manifest their variability most 
conspicuously in spectral line profiles, with little accompanying change 
in brightness or radial velocity (line centroid). It is now thought that 
line-profile variations in these stars are caused by nonradial oscillations 
(or nonradial pulsations, often abreviated as NRP). 

Historically, Ledoux (1951) was the first to suggest that nonradial 
oscillations may be responsible for variability of some dass of pulsating 
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stars He has shown that the 
sw*. m his case, the ^ monic indices f = 2 and m = 2 
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for aarf undeijoing no«radial oscillations m the 
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^^Tin 3 Cenhe. stars. Theoretical line profile vamlions due to 
have further been examined by Stamford and 
Smith (1977). Kub.ak (1978). Baton* (1986a. b. 
1987). and Kambe and Osaki (1988). Observations of line-profile 
variable stare will in general be discussed in the next section, but Smith 
(19771. Vogt and Penrod (1983), and Baade (1984) have shown that 
observed variations in line-profiles in these stars can be matched bv 
model profiles produced by NRP velocity fields. 

In general, low degree nonradial modes such as / = 1,2, and 3 can 
produce variations in line width and line asymmetry. Smith (1977) has 
shown that line-profile variation in slowly rotating B-type variables 
called 53 Per stars can be explained by low / NRP modes. It was thought 
before that high degree NRP modes (i.e., / > 4) could not produce 
appreciable line-profile variations because they tend to cancel them 
selves over the visible disk, and further that line-profile variations due 
to NRP could be difficult to detect in rapidly rotating stars because the 
pulsatiofiaJ velocity may be hidden by much larger rotational velocity 
However, these arguments were found to be somewhat prejudiced, and 
it turned out that rapid rotation rather helps to increase the visibility of 
intermediate / NRP modes (i,e, T / = 4 — 8), as it resolves the stellar 
visible disk through rotational Doppler shift. In fact, the existence of a 
nonradial mode as high as / =16 was claimed by Smith (1985) in a rapid 
rotator, Spica (a Vtr). This effect is called "Doppler imaging" (Vogt and 
enrod, I9&3), as it projects a two-dimensional stellar disk into 
one-dimensional velocity for wavelength ) space. In what follows, we 
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profile, but their effects are probably minor compared with the two 
effects mentioned above. Most of the work so far done is on velocity 
effects of oscillation, and studies on the local brightness variation are 
rather limited [see, however, e.g., Balona (I987)j. In this monograph, 
we study only effects of velocity variation of oscillation on line profile. 

We describe here the standard procedure of line profile modeling 
by nonradial pulsations, w hich was first described by Osaki (1971) and 
refined by Smith (1977). In this procedure, we first choose a certain 
stellar absorption line for which we wish to model, and then calculate its 
intrinsic profile for a given effective temperature T^ and surface gravity 
g appropriate to the star of interest by using the standard stellar 
atmosphere computer code. We then choose 3 particular nonradial 
mode. As outlined in Section 4. there are three kinds of NRP modes: 
p-modes. g-modes, and f-modes We have so far restricted ourselves to 
the case of non-rotating stars. However, there may exist in the presence 
of rotation another class of modes called Rossby modes or r-modes 
(Papaloizou and Pringle. 1978: see also Section 19). We shall consider 
line profile variations due to r-modes as well in this section. 

Nonradial p-modes and g-modes are described by the spheroidal 
modes, while r-modes are described by toroidal modes (see Section 13), 
In the case of spheroidal modes, pulsation velocity fields are *ntten in 
the spherical polar coordinates (r_6.p) as 


- 4 (>■ k W- “-ie-w)™**"- 

while in the case of toroidal modes, they are wTitten as 

v ~ - ■* (°- *srI*- -w)™'*” 


(7-D 

(7.2) 


Here a denotes the angular frequency of oscillation, and Ypi 0.Q) is the 

spherical harmonic function given by 

YT{8,*t>) = PrHfxxfyf™* (7.3) 


The quantity k . appearing only in the case of the spheroidal mode of 
equation (7.1)* is the ratio of the horizontal to radial velocity 
amplitudes. It is not a free parameter, but it is related to the frequency 
of oscillations such that [see equation (14.13* and Ledoux. I95IJ 
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where G is the gravitational constant. Si and R are the mass and radius 
of the star of our interest, iw is the dimensionless frequency defined by 
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Thus, fee a pmode in which the mlial velocity component dominates 
the horizontal one. A represents the radial velocity amplitude, while for 
«uh the dominant horizontal component. A represents the 
horizontal retoritv amplitude and the radial one is given by Aik. It ma\ 
be noted that the normalisation of the spherical harmonic function in 
das sub-section is different from that discussed in other parts of this 
nkwgraph. 

In the above discussion, we have assumed that p-modes and 
.we ric^nk\i hv spheroidal modes while r-modes are described 
bv ;oro:daI modes However. this is correct only for a non-rotating star 
In * rotating star. an eigenfunction of a single non radial mode is 
described neither by a single spheroidal component with a given / and m 
nor by a single toroidal component: i! is in general given bv a sum ot 
SfkmiM wl toroidal components with a given m (m remains a 
centum number even in a rotating stark Its velocity vector is written in 
^pheocil rvlar coordinates as (see Section 34) 
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inclination / of the axis of rotation to the line of sight. We then divide 
the stellar visible disk into many surface elements" as many as 20,000 
depending on the rtitxle of interest, and calculate the velocity of each 
element due to combined effect of rotation and oscillation. The line 
protiles are constructed by adding the intrinsic profile of each element 
with due account of Doppler shift corresponding to the line of sight 
velocity and of a weight appropriate to the limb darkening law In the 
above prescription, we have neglected variations in surface area and in 
brightness due to oscillation. Thus, profile variations are assumed to be 
generated solely by Doppler effects of oscillations. However, the 
brightness variation due to oscillation over the visible surface can be as 
important as the velocity variation, particularly for non radial p-modes. 
The brightness and surface area variations due to oscillation remain to 
be investigated thoroughly. 

We summarize parameters necessary to construct a single line- 
profile due to a single NRP mode: (I) equatorial rotational velocity 
(2) inclination i, (3) NRP mode specified by / and m and either 
spheroidal or toroidal, (4) its velocity amplitude A, (5) the ratio of the 
horizontal to vertical velocity amplitude k in the case of spheroidal 
mode, and (6) the phase of oscillation <p r . We sometimes include i ”) the 
effect of broadening due to the macroturbulent velocity. If a single 
coherent oscillation is involved, all parameters must remain constant all 
the time except the oscillation phase which should increase linearly 
with time. Observed profiles usually exhibit migratory signatures across 
the profile, and they are best reproduced by nonradial oscillation modes 
with m * 0, which represent waves traveling around the equator with 
the phase velocity: 

(3^30/*** = -am. (7.6) 

Thus, modes with negative m (i.e., m < 0) represent waves propagating 
in the same direction to rotation*, and they are called prog rude modes; 
those with m > 0 are waves traveling in the opposite direction to 
rotation and called retrograde modes , while the mode with m = 0 
represents a standing oscillation. 

It should be noted here that the frequency of oscillation of 
non-axisymmemc NRP mode with m = 0 and its sense of ~prograde"'« 
^retrograde' depend on the coordinate system observed, that is, either 
from the inertial system or from the co-rotaiing system of the star. The 
frequency o r of oscillation in the oo-rotaring frame of reference to the 

Not* that the relation between the sign of m And the direction of propagation of 
n^vehnj; waves used here is opposite to that used in the first edition because of the 
different convention for the sign of o m equations (7 1> and 0-2). 
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phase <p^ is chosen in such a way that cy - 0_2S and c r = b 75 
correspond. respectively. to tbe ma ximum expansion and tbe 11 u\ ; 11 
contraction at the disk center of the star *the phase convenoon uscc ?y 
Osaki. 1971). Therefore, if the adiabatk pulsation b assmral they are 
the phases of tbe minimum and the maxim ipn of the , znt rtme. 
respective]% As seen in Fig "1. tbe variation in line profile . v ^ ^ d 2 
kind of wave were sweeping over tbe rotatiooaih ^roadeaed prenk 
once per cy cle: a weak compiHieni first appearing oo tbe vie Let edre of 
tbe profile moves toward the center, incre asing m intensity: it reaches 
tbe maximum intensity and tbe narrowest width at p 7 = u.25 -i^en zhe 
radial velocity passes tbe ^velocity on the decoding branch of tbe 
radial velocity carve. (Here the pvdodty signifies the average radii, 
velocity over one cycle of pulsation and represents the racr.--; velocity of 
space motion of tbe star. J It then moves toward the red edge. cecreasm£ 
in intensity and increasing in half-width. At <p P = 0.~5. tbe fine becomes 
tbe broadest, and it takes a dish-shaped profile. Lines are symmetiic at 
0 P ~ 0.25 and <p p - 0.75. but they are very asymmetric near p p — 0.0 
aiK * p p ~ 0^0 with an extensive wing on tbe red side or on tbe violet 
side. When the red component finally disappears, a new violet 
component appears, and a new cycle starts to repeat. These characters- 
tics simulate very well observed profiles of line profile variable stars 
called 53 Persei stars. Figure 7.3 shows five profiles, observed during 
*bree nights for its representative member 53 Per (B5Vj itself and 
couiptited simulation by Smith (1977). Tbe computed solution is shown 
% a solid line which fits remarkably well with observation 
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a schematic digram. ^ r ^ nnidia |oscillationof/ = 2and,» = -2 
ST£Sease of a traveling-wave-type oscillation, 
different phases of oscillation correspond to observations from the 
different directions indicated in the figure. As the figure shows, at <p p = 
0 25 the combined velocity vectors arc mostly directed perpendicularly 
to the observer over a large part of the surface facing the observer, [ n 
this condition a very sharp line is observed. At (p p - 0.75 , on the other 
hand, the combined velocity vectors on the left half of the visible disk 
arc mostly directed toward the observer while on the right half of the 
disk they are directed away from the observer. This condition gives a 
very broad line and sometimes a line doubling for an appropriate 
combination of the rotation velocity V e and the oscillation velocity 
amplitude A, 

A wave traveling in the opposite direction to the rotation with m = 

2 gives rise to the same variation in line profiles as that of m - —2, but 
the sign of the radial velocity is interchanged. In other words, for a 
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retrograde traveling wave the sharpest lines occur on the descending 
branch of the velocity curve, and lines become diffuse on its ascending 

branch. 

The mode with t~2 and m= — 1 l% also an oscillation of the 
traveling-wave type, but it is antisymmetric with respect to the 
equatorial plane so that the radial velocity over the northern hemis¬ 
phere is just opposite to that of the southern hemisphere. In this mode 
the amplitude of oscillation becomes largest at the colatitude 9 = 45°. 
Line profiles for this mode were calculated in a case of i = 45° by Osaki 
(1971). The general behavior of line-profile variations in this case is 
surprisingly similar to that of the m — —2 mode. However, unlike the m 
= — 2 sectoral mode, the results are rather sensitive to the inclination i\ 
This general characteristic applies for tessera! modes other than the 
sectoral ones. 

7.3 Profile Variations Due to Intermediate and High l Modes 
As discussed in the introduction to this section, it was thought earlier 
that intermediate and high / (say, / > 4) nonradial modes could not be 
observed in stars because of the cancellation effects over the visible 
disk. But it turned out that intermediate / nonradial modes (i.e., / = 4— 
8) can well he observed in rapidly rotating stars, as rapid rotation rather 
helps to resolve the stellar disk through rotational Doppler shift. Vogt 
and Penrod (1983) were the first to realize this, and they have 
demonstrated that so-called traveling bumps (quasi-absorption/e miss ion 
bumps traveling across rotationally broadened line-profiles) observed in 
£ Oph can be explained by a nonradial mode of / ~ 8 and m = —8. 

Figure 7.5(a) exhibits an example of line profiles produced by a 
nonradial spheroidal mode of / = 8 and m = -8 with k - 0.15. Three 
absorption bumps (actually four bumps, if a weak bump near the line 
wing is counted) at a time are seen, and they are traveling across a 
rotationally broadened profile from blue to red. Figure 7.6 illustrates 
how bumps are formed in the line profiles of a rapidly rotating 
nonradially oscillating star. In this figure, the lightest shaded zones 
represent material moving toward the observer; darkest ones, that 
moving away from the observer. There is a one-to-one correspondence 
between position across the disk (or, more exactly, strip parallel to the 
projected rotation axis) and wavelength in a rotationally broadened 
profile. The mapping between spatial position over the stellar disk and 
position in a rotationally broadened line profile is called Doppler 
imaging, as it images a two-dimensional stellar disk into one¬ 
dimensional wavelength position of line profile. The arrows beneath the 
star represent the direction in which a local absorption line is shifted by 
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Bg. 7.6 



Velocity map of a nonradial oscillation mode with / = 8 and m = -Sina 
rotating and resultant line profile shown below . The width of the line 
profile has been scaled to match the diameter of the star. The darken reercms 
correspond to material moving away from the observer, while the lightest 
regions moving toward the observer (after Vogt and Penrod, 1983) 


modes, and an example of such a mode is presented in Fig.7.5(a) , In line 
profile calculations, there exists a parameter defined b> Jt in equation 
(7.1), which measures the ratio of the horizontal velocity amplitude to 
the vertical one at the stellar surface, Jn the standard line profile 
calculations, this k value is usually chosen to be less than, say, 0.15. On 
the other hand, the k-value is related to the oscillation frequency by 
equation (7.4), Thus, the assumption of small Jt is appropriate onlv for 
high frequency p-modes. 

In order to see characteristics of line-profile \arianon for a mode 
with large k\ we show in Fig.7,5(b) line profiles for the same sectoral 
spheroidal mode with / = 8 and m = -8 but Jfc = L2, which corresponds 
to a g-mode. We see that a strong bump appearing near the blue wins 
propagates toward the line center, but it becomes obscure as it 
approaches the line center, it reappears in the red wing later. Since Jt is 
profile variation is caused mainly by the horizontal component of 
the NRP velocity vector. The horizontal velocity component significant¬ 
ly contributes to the profile variation only near the disk limb. The 
oscillation of a sectoral mode with intermediate or large / is confined in 
the equatorial belt so that bumps appear only near line wings, as the 
component of oscillation velocity vector is dominant for the sectoral 
spheroidal mode. 

Let us now consider line profiles produced by toroidal modes. 
Motions produced by toroidal inodes are essentially a two-dimensional 
eddv confined on the spherical surface, and their velocity vectors are 
fraosverse. Since transv erse v elocity fields can produce no Doppler shift 
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near the disk center, toroidal modes were thought not to be of much 
help for line-profile variation observed in variable B stars. However. 
Osaki (1986b) has found that a sectoral toroidal mode (or sectoral 
r-mode) can equally well reproduce “traveling bumps" observed in line 
profile variable B stars when seen from an intermediate inclination i — 
60% and thus the uniqueness of NRP mode identification based on line 
profile modeling was questioned. 

To see this, we illustrate in fig,7,7 stream lines of a sectoral 
toroidal mode with / = 5 and m — —5. We see that the regions of 
large-amplitude oscillation are confined more or le^s in the equatorial 
belt and the dominant oscillation velocity is it- ©-component near the 
equator. Therefore, if observed from near!) the equator-on direction 
(he , i — 9(f), oscillation velocity vectors due to this kind of mode can 
produce no Doppler shifts and thus the resulting line profiles arc 
essentially rotational!) broadened profiles, as expected. Howev er, if we 
see the same oscillation velocity fields from a somewhat inclined 
direction (say the inclination i is about 60*). we can see a significant line 
of sight component for the oscillatory transverse fields of the equatorial 
belt. 

Figure 7.8(a) exhibits line profiles produced by the sectoral toroidal 
mode with / = 5 and m = -5 seen from i = &F , We see from Fig.7 ^ a) 
that the sectoral toroidal modes can produce “traveling bumps," For 
comparison, we exhibit line profiles of corresponding spheroidal mode 
in Fig.7.8(b). As seen in Rg7.g, profiles produced by these two modes 
are very similar, and these modes are indistinguishable from the profiles 
alone. However, line profiles produced by sectoral toroidal inodes are 
rather sensitive to inclination. As noted abtne. the same sectoral 
toroidal mode merely produces rotational!) broadened profile if seen 
from the equator-on direction erf f — 9Cf. 

Kambe and Osaki C19S8) have found that the case of sectoral 
toroidal modes is by no means unique but thai there exists another 
example of toroidal inodes, that can produce “trai cling bumps ' Thai t* 
a tessera! toroidal mode with m = l—l. winch can produce traveling 
bompi for a fairly large range of indmauon Figure M a) exmbsts hue 
profiles for a tessera! toroidal mode with / = 6. arid m — —5. Traveling 
bumps are seen dearly. Figure 1.9(h) shows cofrespoothog profiles for a 
sectoral spheroidal mode of / — 5, and m = —5 ^ e see that very vjmfer 
profiles are again produced by these mo modes. It » furthermore found 
*hat traveling bumps in tilts case are seen for a taut;* wide range erf 
irtcftnalion with i = «f - 9<P. 
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Fig, 7.$ (a) Line profiles for a tessera! toroidal mode of l = 6, m = *5 t 1 = 9tf * and .4 1 
= 0.1. (b) For comparison, we show proxies of the sectoral spheroidal mode 
with / = 5, m = -5,4 - 0.15. * = 90°. and jW r - 0.1 (after Kambe and Osaki. 
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amplitude Am„ s 0.1 mag). It is, however, noted that the majority of 
these stars shows the spectroscopic variations in which absorption line 
width and asymmetry vary with time and in some cases several 
quasi-emission/absorption bumps travel across an absorption line. In 
particular, those stars which exhibit characteristic variations in line 
profile are called “line profile variable stars,” and their variations are 
now believed to be caused by nonradial pulsations (NRP) in rotating 
stars. In fact, there is some good evidence for such beliefs. The time 
scale (0.5 ~ 2 days) of variations in these stars is too long for radial 
pulsations. The beat phenomena appearing in some cases cannot be 
explained by radial pulsations. 

There have been many suggestions for classification of variable O, 
B stars. For example, Cox (1987) suggested dividing these stars into 
three groups: one that shows at least one radial mode (Smith, 1980c) 
and two that display only nonradial modes, which are divided in turn 
into two subgroups: slow rotators and rapid rotators. Smith (1980a, 
1981) defined the first group as fi Cephei stars, and called the other tw r o 
groups 53 Persei variables and u Ophiuchi variables, respectively. 
However, the mode identification of these stars (radial or nonradial) is 
still controversial. So, in this monograph, we call O. B variables that 
show relatively large light- and radial velocity variations with timescales 
of several hours the fi Cephei (or fi Canis Majoris) variables. The other 
variables show mainly variations in line-profiles. We call the slow 
rotators (V e sin i < 170 km s~ ! ) among them 53 Persei variables, and call 
the rapid rotators £ Ophiuchi variables. In what follows, we present the 
general features of these variables [see also a recent review by Baade 
(1986b)]. 

8.1 fi Cephei Variables 

The fi Cephei stars are a small group of pulsating variables ol early 
spectral type. Table 8.1 lists the fi Cephei stars (Underhill, 1966. 1982; 
LeContei Sareyan, and Valtier, 1981). Pulsation periods of fi Cephei 
stars range from about 3.5 to 6 hours. The amplitudes of light variation 
are rather small, and the typical amplitudes in visual light are Am,, = 
0.01 ~ 0.08 mag. The largest amplitude is shown by BW Vul, for which 
Am,, = 0.24 mag. The radial velocity variations are also small: their 
typical range is 2K = 10 ~ 50 km s -1 where 2 K is the full amplitude in 
the radial velocity curve. BW Vul is again exceptional in that 2K - 15U 
km s _l . There is no appreciable phase lag of the light curve to the radial 
velocity curve, in the sense that the maximum light occurs at t e p use 
of “maximum compression” when the radial velocity crosses the 
/-velocity on the descending branch of the velocity curve. In this sense. 
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Representative P Cephei variaMes, 


16582 

19374 

nm 

29248 

44743 

46328 

50707 

111123 

116658 

118716 

122451 

126341 

129056 

136298 

147165 

157056 

158926 

160578 

165174 

199140 

205021 

214993 

216916 


Table 8J 



Name 


Y Peg 
6 Cel 
53 Art 
KP Per 
v Eri 
fi CMa 
£* CMa 

15 CMa 
p Cm 
a Vir 
f Gen 
0 Cen 
r 1 Dip 
a Dip 
d Lup 
a Seo 
8 Oph 
A Sco 
r Sou 

V986 Opb 
B W VuJ 
i^Cep 
12 Uc 

16 Lac 


Light 

Period Amplitude 
Am (I (m2g) 


Velocity 

Amplitude VV smi 
(km s"') (km i ) 


Beat 

NRP Periods 
(days) 


BUl-fJI 6 02 
B0.5IV 5 02 
B1IV 4 26 
B0.5W 5 40 

B1III-1V4 10 


B1 111 

Bim 

B21V 

B l-5111 

BL5FV 

B2I1I 

B21V 

B2IV 

BUH1 

boiii 

B2III 

biiv 

B21II 

B2IV 


4 05 

3 46 

4 16 
6 14 
3 58 

5 55 

3 22 

5 08 

4 48 

6 56 
4 49 
4 34 
4 38 
4 04 


0.015 

0.025 

0.07 

0.1 

0.05-0. IS 

003 

0.01-0.045 

0.01 

0.04 

0.014-0.029 

001 

0.0-0.04 

0,03 

0.03 

0.03 

0.08 

0,06 

0.023 

0.009 

0,03 

0,19-0.26 
0,02-0,05 
0,03—0.11 
0 06-0 II 


13 

13 



5 

IS 



16-25 

- 



27-71 

25 

Yes 

7.0 

6-18 

36 

Yes 

49.1 

36 

27 



7 

49 

Yes 


14 

3$ 

Yes 


16 

159 

Yes 


- 

159 



14 

139 

Yes 


tl 

30 



14-20 

24 



- 

221 



80-120 

53 

Yes 

8.0 

5-20 

35 

Yes 

6.0 

17 

163 



6 

131 


7.37 

- 

434 



150 

26 

Yes 


18-46 

28 



20-55 

53 

Yes 

8.9 

20-40 

23 

Yes 

1716 


the p Cephei variables are simple pulsating variables. The p Cephei stars 
were* as pointed out by McNamara and Hansen (1961), once considered 
to be slow rotators, but Shobbrook and his co-workers (Shobbrook. 
Herbisofi-Evaus, Johnston* and Lomb, 1969; Shobbrook and Lomh. 
1972: Shobbrook. 1972) discovered a few rapidly rotating fi Cephei stars 
(larger than 100 km s *): rotational velocity is not an indicator of p 
Cephei stars at all. 


mST”***? P ukation mod * of 0 Cephei stars. Smith (1980a. 
, nU f* ar ^ l ^ at ma ' n pulsation of fi Cephei variables is radial. 

, * ‘f 131 ,he P Cephei stars must be defined as those 

sho^ld^^M?. WhOSe main pulsation is raUial (Smith. 1980b). H 
wtuch indir t L h dl SOfIIC P slars s how multi-period beating 

Scaion 6.6) nonradlal pukatio '» must be involved as well (see 

Jnrtf uar. UB ^r aintieS in absoIute luminosities and 

P tars, observations indicate that the pulsation 
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constant or Q-value of p Cephei pulsations ranges from 0.025 to 0.04 
days, which means either the radial fundamental mode or the first 
harmonic mode* if the stars are radial pulsators. 

The p Cephei stars are to be confined to a narrows region in the 
observational HR diagram; their spectral types are restricted to between 
B0.5 and R2 and between luminosity classes III and IV. This instability 
strip of p Cephei stars was believed to lie about 1 magnitude above the 
zero-age main-sequence (ZAMS), being nearly parallel to it. The 
existence of the instability strip of p Cephei stars is very important to 
assign the excitation mechanism of pulsation because it will give an 
observational due to the seat from which the pulsation is driven. In fact, 
Schmalberger (1960) and Lesh and Aizenman (1973) pointed out that 
this instability strip almost coincides with the so-called S-bend stage of 
stellar evolution in which the evolutionary path of a massive star w ith M 
- 10 ~ 15Af 0 crosses the instability strip three times: core hydrogen 
burning, overall contraction, and shell hydrogen burning. In this 
respect, it should be noted that in the galactic open clusters NGC 3293 
(Balona and Engelbrecht, 1983) and NGC 6231 (Balona and Shob¬ 
brook* 1983; Balona and Engelbrecht, 1985a), several p Cephei stars 
are identified. However* the variables in the young duster NGC 6231 
are still on the ZAMS. The present observations now establish that the 
P Cephei stars are normal main-sequence stars in the core hydrogen 
burning stage. It is now interpreted that amplitude of pulsation of p 
Cephei stars has its peak at the center of the classical instability strip 
stated above and decreases towards both directions of luminosity. 

Amplitudes and periods of P Cephei variables are rather stable 
among O* B variable stars. But Shobbrook (1979) has shown from 
Fourier analysis that some of the p Cephei variables seem to give 
different frequency spectra from decade to decade, or even from year to 
year. Amplitude changes in a Vir and 16 Lac are also an intriguing 
matter, & Vir was once found to be a P Cephei star before 1970, but its 
amplitude decreased almost to zero between 1968 and 1972 and 
remained there since then (Lomb, 1978). a Vir has recently been found 
to show line-profile variations due to the non radial pulsations (Walker, 
Moyes, Yang, and Fahlman, 1981; Smith, 1985). The eclipsing variable 
16 Lac also has amplitudes decayed by half for all three pulsation modes 
between 1965 and 1977 (Jarzebowski. Jerzykiewicz, LeContel. and 
Musielok* 1979). 

8,2 53 Persei Variables 

The 53 Persei stars are nonradial pulsators with slow rotational velocity 
(K sin i ^ 170 km s~ l ), This class of variables was first recognized by 
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. . , h fl9 77 1980b). The 53 Persei stars 
Smith and Karp (1*») SmjtM |^ R diagra rn, extending front 
surround the 0Cephe. vanabte (53 Per), and from the 

late o Stars ?°^£^ g} «M(pUo).^riow™b1e.m 
main-sequence (v On) to the tsup 8 ^ by W aelkens and Rufcncr 
mid-B stars photometrically ln factl Waelkens (1987) confirmed 

( 1985 ) would be 53 Persei van 1 ^ ^ HD ?4560 in this sample. In 

line profile variations for H kjnds of variab i e B stars previously 

addition to these variables, ^ persei variables such as Main 

rccognized might a “ be M j^ mara , 1987) and the ultrashort B star 
SSS.SS2, m- Table 8.2 lists representat.ve 53 Perse, 

Persei variables exhibit both light and line-profile varia¬ 
tionsbutiWofile variations are crucial for dtstmgu.shmg this class 
from others. The 53 Persei stars have periods usually oi <).. to 2 days, 
wo long for radial modes. Therefore, their line-profile variations arc 
interpreted in terms of nonradial pulsations. In fact with the assump¬ 
tion of sectoral nonradial modes (m *= ±1), Smith (1977), as illustrated 
in Fig- 7.3, performed mode typing (assignment of / and m) in 53 Per 
the prototype variable. For the majority of these slowly rotating 
pulsaiors, modes are considered to be prograde with low degree / 
spherical harmonics. However, there are some problems in our 
understanding of the variations of these stars. Apparent mode switching 
occurs in many of them within months or even days, which is far sooner 
ihan expected theoretically. The amplitude for a certain mode changes 


Table 8.2 Representative 53 Persei variables. 


HD Name 

number 


3360 

{ Cas 

24760 

r Per 

27396 

53 Per 

35039 

22 Ori 

36512 

v Ori 

51309 

i CMa 

74195 

o Vel 

74560 


91316 

P Leo 

16U762 

* Her 

214680 

t0 Uc 


Sp. type 

Period" 

Light Velocity 

Amplitude Amplitude"’ 
Am ir (rnag) (km s' 1 ) 

V r sin 
(km s" 

B2IV 

21*30"* 


4 

18 

B0.5V 

3 51 

0,008 

35-40 

153 

B41V 

45 00 

0.01-0,04 

10-12 

19 

B2IV-V 

14 06 

_ 

5-7 

14 

BOV 

11 30 

_ 

5 

20 

B3H 

— 



29 

B31V 

66 43 

0.012-0.02 


40 

B3IV 

37 13 

0.015-0.02 

_ 

22 

Bllb 

— 



61 

B31V 

09V 

9 54 

4 54 

- 

4-6 

4-10 

11 

31 
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even within a day, Balona (1985) pointed out that periods obtained 
photometrically in many of the 53 Persei stars rarely correspond to those 
determined by modeling of the line profile variations with nonradial 
pulsations. 

Finally, in some of the 53 Persei variables such as 22 Ori and v Ofi 
(Balona and Engclbrecht, 1985b) and t Her (LcContel, Ducatcl, 
Sareyan, Morel, Chapellicr, and Endiqnoux, 1987), short periods of 
0 |2 to 0.14 days with smaller amplitude arc also discovered* 


8.3 £ Ophiuchi Variables 

t Ophiuchi stars are nonradial pulsators with rapid rotation {V e sin / ^ 
170 km s ’ 1 ), named after the prototype line profile variable £ Oph 
(Walker, Yang, and Fahlman, 1979). They, like the 53 Persei variables, 
surround ft Cephei variables on the HR diagram. Tabic 8.3 (cf. Percy, 
1986) indicates that £ Ophiuchi stars include both B emission (Be) stars 
and B normal (Bn) stars* In late B stars, both light and line-profile 
variations are fairly small* 

Owing to the rapid rotation of this class of variables, detectability 
of nonradial modes as high as / = \tn\ — 16 have been suggested (Smith, 
1985). In fact, Vogt and Penrod (1983) have demonstrated for the first 
time that the observed moving “bumps” in the line profiles in £ Oph can 
be interpreted in terms of nonradial sectoral mode with / = |/nj — 8 
according to the “Doppler imaging T discussed in Section for a rapid 
rotator (see Fig. 8.1). 

Many of the modes in £ Ophiuchi stars appear to be retrograde 
(except for £ Oph) when seen from a rotating frame* In this respect. Be 
Table 8.3 Representative K Ophiuchi variables. 


HD Name $p. type Period 

number 


5394 

Y Cas 

33328 

A Eri 

37490 

to Ori 

120324 

p Cen 

149757 

f Oph 

157246 

Y Ara 

157042 

i Ara 

180968 

2 Vul 

191610 

28 Cyg 

205637 

£ Cap 

217050 

EW Lac 

217675 

o And 


BOIVe 

2 h 47' 

B2IVe 

16 48 

B3IIIe 

45 50 

B2IV—Ve 

12 14 

09,5Ve 

3 IS 

Bllb 

20 53 

B21Ile 

12 22 

BO.SIVe 

14 38 

B3Ve 

16 48 

B3Vc 

18 27 

B4Ille 

17 17 

B6IIIe 

37 41 


Light 

Amplitude 
Aw,, (mag) 


0.03 

0.05 

0.015 

0,02 


0,05 

0.06 

0 , 06 — 0.10 

0.03 

0.06 

0.05 


Velocity 

Amplitude V* sin i 

(km s" 1 ) (km s ! ) 


300 

2-6 336 

m 

15 175 

20-24 379 

281 
369 
332 
310 
293 
350 
330 
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Hj. 8.1 Line profile vanafioa of the He 1 >bG678 Line of £ Oph (after Vogt and Penrod 
1583 ) 

star a Cen (Baade. 1984) is quite unique that a series of bumps in the 
line profile apparently move from red to blue wing even in the inertm! 
frame (cf. Kaiobe and Osaki, 1988). 

Gbservaiionally Penrod (1987) has suggested that a Be star has an t 
- ^ mode in addition to high / sectoral modes, while a Bn star has on S' 
high / modes (with the exception of % Oph). This difference seems to be 
mportam. since it may indicate that nonradial pulsation (particul-trb 
‘ ~ - mode) and rapid rotation are essential ingredients w hich 

tmnvi i ^V 0 ^ eCOmc a star Radial motion of nonradial pulsation 
Star AnotLr ^ff 8 * puff U P its matter from the surface of a B 
nwwi^ canreTS t * lat nonra dial nonaxisymmetric (m =*= 1,1 

and the nonradial t ** an *j liir mon »entum over the stellar envelope. 

be dbamed in subsection loss ’ whose mechani!,m . 

pcteible additional i C effects are considered to nt 

dl forCes for ,he episodic mass loss of Be stars to the 
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centrifugal force of rotation. It should be noted that there are some Be 
stars with V r sin / < 170 km s 1 (e g., 28 CMa, V r sin i = 120 km s“ l ) 
which show line-profile variations. This is interpreted in terms of low 
inclination, and we consider that Be stars exhibiting line-profile 
variations are all included in this type of variable. 

In many £ Ophiuchi variables (e + g,, u Cen. y Ara, e Per), an 
intriguing observational fact is that the superperiod m x J7 is apparently 
constant for all modes with different values of / --m. This constant is 
the time needed for the pulsation pattern to revolve completely about 
the rotation axis. The constant value is different for different stars. The 
existence of the superperiod would be considered an important due to 
the excitation mechanism of nonradial pulsations in these stars. 
However, it is also possible that the intrinsic pattern speed seen from 
the rotating frame is much smaller, say by one order of magnitude, than 
the stellar rotational speed, and so the wave pattern speeds in the 
inertial (observer’s) frame for all modes seem to be constant within the 
range of observational error. 

There remain unsolved problems: the apparent unequal spacing 
between adjacent crests of the sectoral modes, the occasional masking 
of a crest that results in either an amplitude change or even a 
disappearance, and rapid mode switching; some of these problems are 
also seen in 53 Persei variables. Balona and Engelbrecht (1986) have 
proposed the possibility that some of the line-profile variations are due 
to star spots. To attain complete comprehension of these variations, a 
number of both observational and theoretical works will be needed. 

8.4 Line-Profile Modeling and Related Problems 
The historical development and the actual procedure in line profile 
modeling by nonradial pulsations have been described in detail in 
Section 7, Line profile modeling by NRPs for “tine profile variable 
stars” among O, B stars has been used for mode identification of NRPs 
in these stars. However, the uniqueness of the solutions obtained 
hereby is often questioned. The physical parameters (say. degree /, 
amplitude, etc.) for modeling are chosen by trial and error until the 
difference between theoretical and observational profiles is well within 

the limits of observations] error. 

Recently Balona (1986a, b, 1987) proposed an objective method 
for determining mode parameters in line-profile variations. A tune 
series of the first two or three moments of a certain line profile is 
composed, and the mode parameters are derived from the P Toh ^ s 
Fourier analysis. By this technique, Balona (1986a) has suggested that 
the mode switching often seen in 53 Per might be accounted for by the 





. HON^OSaLUT.ONSOFSTARS 

, it is noted that the variations m the r„ M 

seaivttv ofitsdaia. Hovuu . ^ decrease with spherical 

,vu> or three moment j method is not effective for high 

karmooK degree /, *" a ,nu 

values. „ .toss) also developed another objects 

' ' kU '’Vn - nrv'iile variations, and applied it to line profile 

method of m which the time evolution of a line profile 

‘the deviation from the averaged line profile as a function 
rftKtfh position. ThCJ have calculated power spectra at each 
the line profile m order to search for periodic vambilm 
Faun ihis calculation, four prominent peaks have been found in Uk 
‘ , T spectra of s Per. In this procedure, there are neither anificu. 
Lumi^ons nor Pyrenees to degree /, which is superior to Balona s 
method. Gies and Kullavanijaya (1988) diagrammed the phase of ilk 
complex power spectrum as a function of position across the line profile 
and derived the order of nonradial pulsation modes m = —3, -4, -5. 
and -6, assuming that these variations are due to nonradial pulsations 
We want to mention the so-called “^-problem," The parameter % > 
defined as the ratio of horizontal to vertical velocities. As discussed 
Section ' L the parameter k is physically related to the inirm-k 
pulsation period [equation (7*4)], such that k is smaller for shone: 
period SRPs (e.g.. p-modeh In G, B variables except for ft Cepb, 
'krs g-modes are expected owing to their long periodicity in 
ccMutating frame. By definition, k values should be targe for g-modes ■ 
- 0 whereas fine profile fitting usually suggests that this value is ' 
order 0.15 or smaller. This is the ^problem." One possible exp . 
tion, already presented in Seaton 73, was proposed by Osaki < 19Sbb 
Jiat the sectoral toroidal modes seen from intermediate inclination 
^how traveling bumps similar to those due to the sectoral sphero 
0saiil U988) have further shown that the tew:. 

tWjv nf -f m ~ 8* ves a similar traveling bump- 

In * spheroidal mode for a fairly large ranee of me limit 

for nonrrT^^ d sphenca! harmonics (being the solut 

rotating sun Uke'o R^' ‘t. USed . for l,ne profile fitting. However 
aaa of snfierotdal P*" 0 !**^ should be expressed ■ 

Therefore the j-miliii t ° ro '^ Proponents as in equation i 

^w a ritM rntdkmrnm O, B variables concerns 

wvinin M has l^n tar. no definite destahili -'- 1 

* «*» kmc ahB « all possible mechanic;' 

(3) ovemafts^ D P rQ P osc< ^: (1) ic-mechanj^m 

(4) shear instability t: 
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differentially rotating star, and (5) tidallv forced oscillation and 
nonlinear coupling between modes. The problem of excitation mechan¬ 
isms of pulsations in Q, B variables will be discussed in Section 35. 


9 1 Rapidly Oscillating Ap Stars 

The rapidly oscillating Ap stars are cool Ap stars which pulsate with 
short periods in the range of 4-15 min and small amplitudes: Am,. < 10 
mmag (1 mmag = 0,001 mag), generally much less: most are less than 1 
rnniag. They were first found in 1978 by Kurtz, and so far twelve have 
been counted. The name of this class of stars evidently comes from the 
shortness of their periods, which are much shorter than the dynamical 
timescale* 2;r (GAf R') ] ", of these stars that is of the order of = 2 hr. 

In Table 9,1 we list all of the known members of this class of star. 
Thev are cool, magnetic Ap stars with SrCrEu line strength peculiari¬ 
ties. Some are well-known oblique magnetic rotators, and it is a 
reasonable presumption that they all are. Although uncertainty remains 
about their position in the HR diagram because of their spectral 
peculiarities, they He in or near to the lower portion of the Cepbeid 
instability strip, where the 6 Scuti stars are located. However, it has not 
yet been established w hether the rapidly oscillating Ap stars ^ie united 
in the instability strip. Also, whether or not all of the cool, magnetic, 
SrCrEu-type Ap stars show rapid oscillations has not yet been 
established. Indeed, there are some Ap stars whose characterises are 
almost the same as those of the rapidly oscillating Ap stars except for 
the appearance of oscillations. Detailed desenptioe of eleven of these 
stars and references to the Literature on them is available in Kurtz s 
(1986a,b) review, and information on the twelfth. HD 16£4 X can ?e 
found in Kurtz and Martinez { 19$^ \. Other reviews on ibe>e rs ire 
also available in Weiss (1986), Shibahashi ( 1987). and Kurtz 19 n> The 
oscillations were first found by means of high-speed photometry. r j. 
they have also been detected as the Doppler shift at spectroscope ::ne> 
(Matthews. Wehlau, Walker, and Yang. 1988b: Libbrecht. l^>c 

Figure 9.1 shows a typical example of luminosity of the 

rapidly oscillating Ap stars. The power spectrum of this star is shown m 
Fig. 9.2 One of the most conspicuous characteristics of iie -7 - } 
oscillating Ap stars is that the pulsation amplitudes are modulated with 
the rotation period of the star in the sense that tne amplitudes 
correlated with the phase of the magnetic strength which v^nes the 
rotation. As shown in Fig. 9.1, it is evident that the pulsation amplitude 
varies 

Figure 9.3 indicates tbe variation in the pulsation amplitude of HD 
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table 9.1 Rap«Uy 

HD Sp.TH*_ HAG) 

65 32 Ap SrCrEu 


OF STARS 

oscillating Ap stars. 

Freq.(mHz) Amp.(mmag) Refs. 


24712 


Afy +300 to +1200 


60435 Ap SriEu) 


83366 Ap SrCrEu -700 to +700 


101065 Onirmeraaj -2200 


128&98 Ap SriEaCr “SOOt variable) 

134214 ft SrEti 

J37949 Fp SfCr£u +1400 to +1800 

imn Ap SrEuCr 


201601 ftp 

203032 Ap Sr£« 
Ap&Q 


+500 to -SKi 


to Tafefc 7 | 

2 **■«**. “d 52* (1SJH, 

u l Kan H5«> ,W ' 

"'!ssr 

Kj«u (mi* 

<T # iuto rim, 


2.39612 

2.40210 

2.40761 

2,7208 

2.6528 

2.6875 

2.7556 

2.6200 

2.7936 

1J0077 

L30371 

I. 35210 
1.38088 

J. 40749 
1.43364 
2.75 
4.17307 
1.423950 
1.432069 
1.428011 
2.856019 
2.847906 
2.864139 
L372865 
1.315079 
2.7459 
2.442041 
2.4395 
2.9496 
2.0148 
1.891944 
1-823890 
1928169 
1.339 
2.804789 
1-21510 


1 01 
037 
0.55 
2.13 
2.07 
2.07 
2.07 
2.07 
2.07 
2 
6 


15 

2.14 

L75 

0.38 

0.45 

0.20 

0.18 

5.40 

0.67 

0.26 

1.91 

0.38 

3.23 

1.39 

0.49 

0.27 

0.25 

086 

0.66 

2 . 


( 1 ) 

(2)(3)(4> 


(5) 


(4) 


(0)(7)(8) 


(9) 

(10X11) 

(4) 

( 12 ) 


03) 

(14) 

(15) 


m Kmu and Wegner (1979) 

KyrU *** (1984) 

(10) Kindi (19S5) 

<H) Krcidl and Kurtz (1986) 

2} Kiutz and Maninez f|9S7) 
*13) Kurtz (1983a) 

(14> Kurtz H984i 
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§3368 with the rotational phase, where the zero of the rotational phase 
is the phase at which the observed magnetic field strength is zero. We 
can see that the pulsation amplitude is almost sinusoidally varying with 
the rotation phase and that it becomes the largest at the magnetic 
maximum phase. Figure 9,4 is a schematic sketch of an extension of the 
part in problem of the power spectrum of Fig. 9.2; it shows that there is 
a triplet fine structure of which each of the side-components is separated 
from the central peak by the stellar rotational frequency 

In order to explain this character. Kurtz (1982) proposed the 
oblique pulsator model, in which the pulsation is interpreted as 
nonradial. axisymmetric (m — 0) oscillations with low degree L whose 
symmetry axis is coincident with the stellar magnetic axis which is itself 
oblique to the stellar rotation axis. Figure 9.5 indicates the partem of an 































m 92 An amplitude spectrum for HD 83368. Significant amplitude can be seen at 
both at 1-4 and 2.8 mHz. The low frequency high amplitude noise is due to 
fluctuation in sky transparency during the observations (after Kurtz, l';82) 



* 3 ‘TrotaUoniitha 10 ^h 1 * ‘ , i. P ° U: oscil,a,ion wi,h v = 1.42801 mHz as a function 

axisymmetric (m - 0) diriolo u - i \ 

amplitude of such axisvmm«. • l mo<Je ' As see n in this figure, tlK 
symmetry axis. As the star mt ucs *5," ^ P °‘ ar regi ° n ' lH ’ 

(and the magnetic axis) varies hl„ h u aSpeCt an * k of the pulsation 
varies synchronously with th* m nCC . e apparent pulsation amplitude 

tagnetic strength which is also modulated 
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Fig. 9.4 A schematic amplitude spectrum for HD 83368 showing the frequency triplet. 

The form of the modulation is dependent on the geometrical 
configuration, and we can, therefore, infer a relationship between the 
angle of the rotational axis to the line-of-sight, i, and the angle of the 
rotational axis to the magnetic axis, /J, from the analysis of pulsation. In 
favorable cases where we can identify pulsation in at least two modes of 
different /, we can determine i and jS. These quantities are independent¬ 
ly inferred from the analysis of variation in the magnetic field strength of 
the star within the framework of the oblique rotator model for magnetic 
Ap stars. In the case of HD 24712, the angles determined by these two 
methods are consistent with each other (Kurtz, 1982). Another 
favorable case for the oblique pulsator model is HD 83368. Kurtz (1982) 
analyzed his observational data on this star, and by applying this model. 
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Fig. 9.5 The pattern of an axisymmetric (m = 0) dipole - 0 mode. 
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fig* The phase at the dipole osollalioD with v = L42801 mHz as a function ■ : 
■iprtir phase (after Kurtz and Shibahashi. 1986). The error bars are - l- J 

be deduced that f = 86 3 and = 36°. This led to the predictions that the 
rotational velocity, V f sini, should be 32 km s~ ! and that the polaritv 
o( the observed magnetic field of this star should reverse when the 
line-of-sight becomes parallel to the magnetic equator. Polarity - 
reversing of the magnetic field was later confirmed by Thompson 
f 1983). and the rotational velocity was also measured later to be V, sin 
* 33±3 km s" 1 by Carney and Peterson (1985). The angles i and ; 
prmided by variatioi) in the observed magnetic field are also confirm^ 
u» be consistent with Kurtzs prediction 

_ cr due l ° a W = 1) axisymmetrie mode « hi 

the ouilhrtina ° t0 *!* rotall onal axis of the star, the phase - 
ml remain !T1L ** * radiam at magnetic quadrat ur. 

HD 83368 is plotted » I I * a ^ es ^ of the pulsation mode 
SfchiS, w W l lh€ magnel,c ^ in Rg 9.6 (Kurtz and 

mm ££ H **f£ ******* ah of .he* •- 

nM fc2lMJ^lL 0 * A * ,SaK '‘ re much shorter ' 
s -jf thete An um , ,n ® dc ‘ ^* 1C vcr > high frequencies of - 
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overtone p-mode oscillations. According to the asymptotic theory of 
oscillations (Tassoul, 1980; see also Section 16), the angular eigenfre- 
quency o n i °f such a high order p-mode with a low degree / is, to first 

order, given by 


where 


o nl = 2jrv 0 (n + /« + €). 


(9 1) 


v 0 = |2 f c l dr] \ 


(92) 


e is a constant which is dependent on the equilibrium structure of the 
star, c(r) denotes the sound velocity in the star, and n is the radial order 
of the mode in problem ( n » /). Equation (9.1) means that frequencies, 
v s at 2tr. of p-modes with even and odd / alternate with a separation of 
vq/2. Detailed power spectrum analyses have revealed that some of the 
rapidly oscillating Ap stars are pulsating in several modes with 
uniformly spaced frequencies (Kurtz and Seeman. 1983}. The observed 
frequency spacing (eg., - 33 uHz for HD 24712) is consistent with the 
theoretical values of v 0 /2 for stellar models with M ~ ZS4 B in the 
main-sequence stage, which indicates that the observed oscillations are 
an alternation of even and odd degree p-modes (Shibahashi. 1984; 
Gabriel, Noels. Scuflaire, and Mathys. 1985: Shibahashi and Saio. 
1985). The odd degree modes in HD 24712 are supposed to be / =1 since 
they have triplet fine structure which is well interpreted by the oblique 
pulsator model of / = 1. As for the even degree modes appearing in the 
middle of / = 1 modes in the power spectrum, the degree is likely to be / 
= 0 or 2; otherwise the total amplitude of the variability integrated over 
the stellar disk is too small to be detected. By substituting the observed 
frequency spacing into v 0 /2 in equation (9.1) and supposing / = l from 
the arguments given in the above, we estimate the radial order n — 30. 

The appearance of such high order p-modes reminds us o! solar 
five-minute oscillations, whose period range is also much shorter than 
that of the radial fundamental mode of the sun. There are. however, 
differences in the rapid oscillations in Ap stars and the solar oscillations. 
One of them is that the rapid oscillations m Ap stars are significantly 
influenced bv strong magnetic fields of the stars so that their symmetric 
axis is coincident with the magnetic axis of the star. Another ditterence 
is that most of the rapidlv oscillating Ap stars, except for HD ^ 
(Matthews, Kurtz, and Wehlau, 1988a. c). seem to pulsate with only a 
single or a few eigenmodes among the dense frequency ^ 

tbe solar oscillations consist of many modes w hose amp t ^ rc , w 
»me order of magnitude The selective excitation of overtones may be a 






observations we can de ^ e ^ jes are determined for each of rapidly 
Table 9.1). If many approach will be useful to study the 

oscillating Ap stats, seismologtc PP 

physics of Ap stars. , 1986) paid attention to the 

Dziembowski ana u freauency components in a triplet 

inequality of .he "££%£% JpMo. were due «, . 
fine structure to the p = wit h / = 1 whose symmetric axis is 

purely axisymmetnc ( star the rotat i 0 nal modulation ol 

tte'Tmphtude 'wouh^cause the triplet fine structure in the power 
t'Zl be symmetric with respect to the central component. As 
Sn in Fie. 9.4. the observation shows this is not the case. Dziembowski 
and Goode (1985, 1986) formulated the oscillations of a rotating 
magnetic star as an eigenvalue problem by taking into account both the 
oblique magnetic field and the rotation, and showed that the relative 
amplitudes in a fine structure of the power spectrum is dependent on the 
rotation and the internal magnetic field strength of the star. This result 
leads to a possibility of using fine structure of the power spectrum as 
diagnosis of the internal magnetic field of Ap stars (see also Kurtz and 
Shibahashi. 1986). The detail of theoretical treatments of oscillations in 
a rolling magnetic star will be discussed in Section 19. The asteraseis- 
mological aspect will also be discussed in Section 43. 

The classical pulsating variables in the lower portion of the Cep he id 
instability strip near the main sequence have been known as the d Sculi 
variables, whose periods are in the range of 30 min — 4.7 hr (typically = 
2 hr). The interesting thing is that not all the stars in this region of the 
instability strip are observed to vary and only about one third of the 
stars in this region are 6 Scuti variables. All the Ap stars had been 
included among the apparently non-pulsating stars. Variability in Ap 
stars was searched for, but until the first discovery of the rapidb 
osaildting Ap stars (Kurtz, 1978) explicit evidence for pulsation in Ap 
DuL, f a „ h°l ? CH discovered - Therefore, chemical peculiarity and 
disemcrv rrf r h e ™ pirica ^> r regarded as mutually exclusive. Hie 
questions: WhatVth” ! oscl,laUn 8 A p stars has thus raised mum 
vtan? What is thf r -A** a * lons * , 4 > ^ween these stars and the ri Seuu 

<*c««ucal abundances?°whv ^1*^" pulsation and the anoma ' 0 ^ 

overtones? Whv are the n i A stars pulsate in such h'^ 1 

* *he excitation medi'IT Sdt, ° n5> a '*8 ne d with the magnetic axis"’ ' A 1 
ms ° f ,lK "P* oscillation^' Mos. ot .h«* 


have not yet been 


answered. The answers to these quest 
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should provide us useful concepts for understanding the physics of Ap 

stars* 

10 . Variable Degenerate Stars 


There are at least three distinct groups of variable degenerate (single) 
stars. These are, in the order of increasing luminosity, DAV stars [ = 
ZZ Cell stars; be., variable DA (hydrogen envelope) white dwarfs], 
DBV stars [variable DB (helium envelope) white dwarfs], and DOV 
stars [- PG1159 stars; variable hot pre-white dwarf stars] including a 
variable planetary nebula nucleus. The periods of their light variations, 
ranging from — 100 s to — 2,000 s, are consistent with the periods of the 
nonradial g-mode oscillations with low spherical degrees. Amplitudes of 
their luminosity variations are less than ~ 0,3 mag, and in most cases 
they show complex beat phenomena due to multiple modes simul¬ 
taneously excited. Accurate high speed photometry over a long time 
span is necessary to delineate such complex light variations to obtain 
accurate periods. Because of this difficulty, only approximate periodici¬ 
ties have been obtained for many degenerate variables. If accurate 
periods are obtained on a long time base line, this data set may reveal 
period change due to the change of the stellar structure that accompa¬ 
nies the cooling evolution of these stars, which may give an independent 
check of the microphysics for the dense degenerate maner. 

Cataclysmic variables are different from the above variables They 
are made of degenerate stars and the accretion disks around them in 
interacting close binary systems. They also show small amplitude 
luminosity variations with periods from — 10 s to — L200 s. In the 
following subsections, we discuss the characteristics of the luminosity 
variation for each group. 


10*1 Variable DA White Dwarfs (ZZ Ceti Variables! 

At the time of w r riting, twenty variable DA white dwarfs i DA\ stars or 
ZZ Ceti stars) are known. The observed properties of the twenty known 
DAV stars are listed in Table 10.1. They are listed m the order of 


increasing main periods. It is apparent that they form a narrow 
instability strip of 11,000 K- T eff ^ 13.000 K. which ccirresponds to the 
color region of -0.41 - G - R^ -0.29 (Greenstem 1982 1984). 
where (G - R) color of white dwarfs is correlated with their effective 
temperature more accurately than the {B — V)oi ib y l ui or is. 
the DA white dwarfs in the instability sirip sei.m to s on urmne 
variations (Greenstein. 1982: Fontaine, McGraw. Dearborn. Gustaf¬ 
son, and Lacombe, 1982; Fontaine. Bergeron. Lacombe. Lamontagn ... 


% n on R ^osc.^ OFSTARS 

Id non variable white d*arM ^ hydrogen Balmer absorption is 
located in the color regtonj ^ suggests that the cause of the li ght 
maximum at the stellar urt - ^ M the hydrogen partial ionization 

variations of the D s ■ n0 c ] ear correlation between the main 
—ftlTJL temperature of the DAV stars (Wittgct m 

Fontaine. 1982). believed to be caused by temperature 

The lumin ° S1 ^^ dia | g-mode oscillations (Robinson, Kepler, and 

rrilA' The variations are, in most ease,, 
Nather. 1982. ^ ^ ^ range of m _ U 00 s. In some cases. 

a m ?ew P ^ri coexist in a small period range and the amplitude of the 
light variation shows a complex beat phenomenon. These closely spaced 
periods may be produced by the rotational “"(-splitting (see Sections 4 
and 19). Inspecting Table 10.1, we notice that the periods of the DAY 
stars are divided roughly into short period and long period groups. This 
is seen more clearly in Fig. 10.2, where the peak-to-peak amplitudes are 
plotted against the periods of the DAV stars. The peak-to-peak 
amplitudes of the DAV stars in the long period group are systematically 
larger than those in the short period group. The cause of this grouping is 
not clear, although it may be related to the mode trapping caused by 
com position ally stratified envelopes of the DA white dwarfs (Winget, 
Van Horn, and Hansen. 1981). 

Pulsational properties of the DAV stars may be largely classified 
into three groups. One is the group of small amplitude variables such as 
R54X and G226-29, whose pulsations are mainly governed by one or two 
periods accompanied by a few closely spaced periods. Second is the 
group of the intermediate amplitude variables such as GDI54 and 
BPM31594, whose light curves are relatively regular and are explained 
> one period with its harmonics. Probably, the main period consists of 
brov°I ' | LC j Ver ^ c * ose ^ s P acec * components. The third group is the 
lieht c ,Sl tUde 8r ° Uf l SUch as HL Tau * 76 ’ 029-38, and G38-29. whose 
excited simuba^° mf> J ex ’ i several periods as well as their harmonics arc 
characteristics of theT^i, " follows ’ we describe the observed 
The variabilitv ftl CU i? ,es for a representative star of each group 
discovered by Usker ar 5f,? A While dwarf R548 ( zz Ceti) was tir '' * 1 2 3 4 5 
period of 213 * and - (1971). They found that R548 had a 

(1973) and Brickhill P eriod of 274 s. Osaki and liai^” 

consistent with the Derirwic V emons,ra,ed ^at these periods arc 
Robinson, >££** "“«■> 8.' >"<1 fc-modes for / - - 
* 3nd McGra * 0976) demonstrated that the 
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Table 10.1 The variable DA while dwarfs (ZZ Ceti variables) 


Name 

V B-V b-y G-R U-V 

(mag) (mag) (mag) (mag) (mag) 

(K) 

Amp 

(mag) 

Periods" 1 

(s) 

Refs.*' 

G226-29 

12.14 


.069 

-0.36 

0,31 

12.300 

0.02 

109 

(1) 

U9-2 

13,75 

0,25 




12.300: 0.04 

193.H4 

(2) 

G238-53 

15.51 



-0.30 

0.61 


0.01 

206 

(3) 

R548 

14.10 

0,20 

.029 

-0.37 

0.50 

12,500 

0.02 

213,274 

(4) 

G185-32 

13,00 

0,17 

.091 

-0.33 

0.42 

12.000 

0.02 

215.141 

(5) 

GI17-BL5A 

15.52 

0,20 

.029 

-0.41 

0,37 

12.9CXI 

0,06 

215.304,271 

(6) 

GD385 

15.13 

0.19 

.053 

-0,39 

0,38 

11.800 

0,05 

256 

(7) 

GD66 

15.6 

0.22 


-0,31 


10,800 

0.06 

272.301,813 

(8) 

G207-9 

14.64 

0.17 

.071 




0.06 

318,557292 

(9) 

GD99 

14.55 

0.19 

.064 

-0.36 

0,39 

12.000 

0.13 

480: ,590: ,260 

: GO) 

BPM31594 

15,03 

0.21 





0.21 

617,403 

(11) 

HL Tau-76 

14.97 

0,20 


-0,31 

0.51 

11.300 

0.34 

746,626,663 

(12) (13) 

PG 2303+243 15,5 


.09 

-0.31 

0.37 


o.n 

795.901.623 

(14) 

BPM30551 

15.26 

0,29 





0.18 

823 

(15) 

R808 

14.36 

0.17 

,090 

-0.34 

0.41 

11,900 

0.15 

8302513 

(10) 

G255-2 

16.04 



-0.34 

0.46 


0.28 

830,685 

(16) 

G191-16 

15,98 

0.03: 

.070 

-0.31: 

0.44: 12.400: 0.28 

883,588 


G38-29 

15,63 

0.16 

.060 

-0,34 

0,54 

11.200 

0.21 

926,1020 

(17) 

G29-38 

13.10 

0.20 

.054 

-0.37 

0,46 

11,700 

0.28 

933,820.671 

(17) 

GD154 

15.33 

0.18 


-0.29 

0.51 

11,600 

0.10 

1186,780 

(18) 


a) Harmonics are not included. (6) Kepler et al. (1982) 

b) References for the pulsation periods, (7) Kepler (1984a) 

(8) Fontaine et aL (1985b) 

L19-2— MY Aps (9) Robinson and McGraw (1976) 

R548—ZZ Ceti (10) McGraw and Robinson (1976) 

G238-53—GR 538=LP66-262 (II) O Donoghue (1987) 

BPM31594= VY Hor (12) Page (1972) 

RSG8=Gl80-23 (13) Fitch (1973) 

(14) Vauclair. Chevreton, and Dolez 

(1) Kepler, Robinson, and Nat her (1983) (1987) 

(2) O’Donoghue and Warner (1987) (15) McGraw (1977) 

(3) Fontaine and Wesemael (1984) (16) Vaudair, Dolez. and Chevreton 

(4) Stover, Hesser, Lasker, Nather, and (1981) 

Robinson (1980) (17) McGraw and Robinson (1975) 

(5) McGraw et al. (1981) (18) Robinson, Stover, Nat her. and 

McGraw (1978) 


two periods in the light curves of R548, one at 213 s and one at 274 s, 
vary in amplitude and in phase, and that the amplitude and phase 
variations are strictly periodic, with periods of about 1.5 days. A portion 
°f their light curve and the power spectra of the light curve of R54S for 
three consecutive nights are reproduced in Figs, 10.3 and 10,4, 
respectively. The periodic amplitude- and phase-modulations of each of 
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r H Ifl 1 Colot-tolor d.agram {U - V, G - ft), for variable and nonvanable while 
A dwar fe |from Greenstctn, 1982). Plus signs are helium-atmosphere Marv 
Asterisks are DAV stars <ZZ Cell stars) and open circles are nonvanable L> A 
white dwarfs. 
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the two oscillations are explained by the beating of two very closely 
spaced pulsation frequencies; in other words, each of the oscillations 
actually consists of a pair of pulsation modes, and the individual 
pulsation modes are constant in both amplitude and phase. Combining 
all the data available, Stover et al. (1980) obtained the following four 
periods (and amplitudes in mag): 213,132605 s (0,007), 212,768427 s 
(0.0044)* 274,250814 s (0,0049), and 274.774562 s (0.0034), The beat 
periods are 1,44122 days for the 213 s pair and 1.66528 days for the 274 s 
pair. With these periods, the observed light curves are almost 
completely reproduced. 

The existence of closely spaced periods is naturally accounted for 
by the m-splitting of nonradial pulsations due to the stellar rotation (see 
Section 4). If the difference between the m-values of the two adjacent 
frequencies is one (Am = 1). the rotation period is approximately equal 
to the beat period. Then, the rotation period of R548 is about 1.5 days. 
If we adopt a typical radius, 9 x 10 3 km. we obtain the equatorial 

rotational velocity of about 0.4 km s'*. 

Similarly very closely spaced periods have been obtained for 
GD385 (Kepler, 1984a), for which the beat period is 3.7 days, and for 
G226-29 (Kepler et al.. 1983). for which the beat period is 0.72 days. 
Attempts to detect the period change due to the cooling evolution of the 
white dwarf have been made for some stars in the short-period group 
because they have relatively simple light variations. The cooling time is 
expected to be of the order of 10 9 yr. Only the upper limits of the period 
change have been obtained. Among them the smallest upper^limit 
obtained so far for the DAV stars is .dTJdi — 9.9 x 10 for 
G117-B15A by Kepler. Winget. Robinson, and Nather (1988). which 
corresponds to the lower limit of the timescale of the period change o 
x 10* yr. We expect that the cooling time of a DA white dwarf will 
actually be measured using the nonradial pulsations in the near future. 



Fig. 10.3 A portion of the tight curve 
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Fie, 10,4 Power spectra of the light curves of R548 for three consecutive nights, alter 
Robinson el al. (1976), 


Some DAV stars show non-sinusoid a] but relatively regular light 
curves- A representative example is GDI54, whose light variability wav 
discovered and studied extensively by Robinson et al. (1978). A part of 
the light curve of GD154 is shown in Fig. 10.5 and the power spectrum is 
m ?*" In !®’ peak-to-peak amplitude is about 0.1 mag. The 

b » a Period of use, a „d ils harmonics 

of to in«n mS-T’”'',''" ls J*. l’" ki “ ion ‘"T 0 " 1 - 

l-5vn freou^nrv i, * 1/1186 s , and / = 1 ( 2.Interesting!v 

and DBV stars SurT”!” S f Ver ®* med ‘ um *0 large amplitude DAV 

coupling with the main pulsation.** pr ° bab,y excited by non,inear 

Robinson cl al. (1978) reported that for the first nine nights the 
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light curves and their power spectrum are similar to that shown in Fig. 
10.5 and Fig- 10 . 6 . respectively, but on the tenth night the amplitude of 
the main frequency decreased significantly and I 5v 0 pulsation domin¬ 
ated the light curve. There are two possible explanations for this 
phenomenon: beating and nonlinear mode switching. If the mam 
pulsation with frequency v„ consists of two for more) pulsations whose 
frequencies arc so closely spaced (by the rotational /n-splittingj that 
these are not resolved, the decrease in the amplitude of the main 
pulsation on the tenth night may be explained by the beating with a very 
long beat period. Another explanation is to assume that nonlinear 
coupling among the modes shifts the pulsation energy from v„ mode to 
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Fig. 10-5 The light curve of GDI54 after Robinson et aJ i Itr> 
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DR- 10,6 The power spectrum of the light curve of GDI 54 after Robinson et al (1978) 
The peak labeled v f( is the main frequency of the light curve (v 0 - I 1186 s ) 
The peaks labeled nv Q {n = 2, 3. 4, 5) are harmonics of the main frequency v 0 . 
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Fig. 10.7 


Light curves of the largest amplitude variable white dwarf, HL lau-76. 
Abscissa marks are every 200 s (after Warner and Nather, 1972). 


1.5Vo mode. More extensive photometry is necessary to determine 
which (or what other) mechanism is appropriate to explain the 
pulsational behavior observed in GDI54, 

The variability of a white dwarf HL Tau-76 was first discovered by 
Landolt (1968). The peak-to-peak amplitude of the light variations of 
this star is the largest among the known DAV stars (Table 10.1); it 
amounts to 0.34 mag. A beautiful light curve of this star was obtained by 
Warner and Nather (1972), and a portion is reproduced in Fig. 10.7. 
This complex light curve is accounted for by several periods (Page, 
1972; Warner and Robinson, 1972; Fitch, 1973). Other than HLTau-76, 
G29-38, G38-29, R8f)8, and GD99 may be classified into this group. 
Many of the frequencies may be explained by the harmonics including 
(0.5 + /)vo frequencies and their rotational splitting of a few main 
pulsations. The difference in pulsational properties between this group 
and the previous group is that several main frequencies are excited in 
the former and one main frequency is excited in the latter. More 
extensive observations are necessary in order to understand completely 
such complex light curves. 

10.2 Variable DB White Dwarfs 

Although the light variation of the first DAV star HL Tau-76 was 
discovered accidentally (Landolt. 1968). the light variation of the first 
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V GD358, was discovered during a search for a variable DB 
* envelope) white dwarf itself. In the study of the excitation 
( hanisni of the DAV stars, Winger, Van Horn, Tassoul, Hansen, 
S? ei taine and Carroll {1982a) predicted the existence of pulsating DB 
dwarfs, whose pulsations are excited by the effect of the partial 
ionization zone. After an extensive search, Winget, Robinson, 
Nj-^her Fontaine (1982b) actually found that a DB white dwarf, 
r 03581 does pulsate. Since this discovery, four other DBV stars have 
k -n found. The known members of the DBV stars are listed in Table 
n ^ The DBV stars are located in the temperature region of 23,000 K 
< r - ^ 27,000 K (Liebert, WesemaeL Hansen, Fontaine. Shipman, 
Sion^Winget, and Green, 1986; cf . Koester, Vaudair, Dolez, Oke, 
Greenstein, and Wcidemann, 1985). For this range of the effective 
temperature, Hef absorption is maximum at the surface, which indicates 
that the excitation of the light variation is related to the partial 
ionization zones of helium. 

Periods of the light variation range from - 1000 s to - 100 s. The 
pulsational properties seem to change with the length of the main 
periods: i.e. , pulsations are simpler for stars with shorter main periods. 
The light curve and its power spectrum for GD358 are shown in Figs. 
10.8 and 10.9, respectively. The light curve shows apparent beat 
phenomenon indicating multiperiodic pulsations. Its power spectrum 
shows the existence of more than 28 modes between 952 s and 142 s, in 
contrast to the existence of only a few periods for the DAV stars and the 
DOV stars (see below). This difference may be caused by the difference 
in the composition stratifications between the DA and the DB white 
dwarfs. These pulsation frequencies are divided into several groups 
which contain several nearly equally spaced frequencies. The frequency 
distribution is probably a combination of a dense frequency spectrum of 
g modes and rotational m-splitting. 


Table 10.2 The variable DB white dwarfs. 


Name 

V 

(mag) 

B-V b-y 
(mag) (mag) 

T'ff Amp. 

<K) (mag) 

Periods 

(s)_ 

Refs. 

KH35i + 4gy 
PG1456+ 103 
FG 1654+ I6U 
00358 
p OUl5 + l58 

13.65 

”0.11 “.049 

24,000 0.16 
23,000 0.11 
25,000 0.18 
27,000 0.30 
25,(XX) 0.11 

489.333 

657.793,425 

851-149 

952-142 

1000:-106: 

(1) 

(2) 

(3) 

(4) 
(1) 

jl> Wingei Nather, and Hill (1987) 
raucr. Bond, Green, and Liebcrt 

(1988) 

(3) Winget, Robinson, Neither, 
Bui a c handrail (1984) 

(4) Winget ct aL (1983) 

and 
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Fig. 10.8 


TT,e light curve of DBV star GD358, taken from Winget et al. (1982b). 



Fig, 10,9 The amplitude spectrum (the square root of the power spectrum) of the light 
curve of GD358 (from Winget et aL 1982b). Groups of periodicities thai are 
evenly spaced in frequency are marked with the joined tick murks. 
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Fig. 10.10 The light curve of DBV Mar PG 1351+489 after Winget el ai. (19871 
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n . W| C * V ^i° n ° f the DBV star PG 1351+489 discovered b> 
variable/A naJ r J another extremum of the degenerate 

Ug variation <tf ?I ™ rve * reproduced in Fig. 10.10. Like (he 

3SaSSttrJl V *'.»W <T»- and ,0.6,, ,he ,i S h, 
single period of 489 s r Mremely regular, and is dominated by a 

m "'> »• *» harmonics. The light 
CgUlar lhal Wm ^ * al. (1987) even obtained a mean 
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pulse shape by superposing many pulses. It is interesting to note that, as 

■ n s0 me DAV stars, there are frequencies of v- (/ + 1/2) Vft (j = 1,2.) 

which are common to the large and intermediate amplitude nonradial 
pulsators of the degenerate variables. The 489 s period corresponds to a 
nonradial g-mode with ~~ 15th radial order if / = 2 is assumed. The 
frequency spectrum around such high radial order g-mode pulsations is 
densely populated. It is not known why a single frequency is selectively 
excited in PG 1351+489 and so many frequencies are excited in GD358, 
pG 1654+160, and PG1115+158. 


10 3 Variable Hot Pre-White Dwarfs (PGII59 Variables) 

The first DOV star, PGI159 - 035 (- GW Vir). was discovered by 
McGraw, Starrfield, Liebert, and Green (1979). At present, five DOV 
stars are known, including a planetary nebula nucleus. Kl-16. whose 
luminosity variation was discovered by Grauer and Bond (1984). These 
stars arc listed in Table 10.3, Their spectra are characterized by the 
presence of He 11 and C IV absorption lines and the absence of Balmer 
lines. The spectra indicate that these objects are in the pre-white dwarf 
stage with extremely high effective temperature (higher than — 100,000 
K) and high surface gravity (Wesemad, Green, and Liebert. 1985), 
Although the radii of these stars are uncertain, the observed periods are 
believed to be high radial order nonradial g-modes (n > 40 if /= 2 is 
assumed: Starrfield, Cox, Kidman, and PesneKl, 1984: Kawaler, 
Hansen, and Winget, 1985a), The pulsational properties are similar to 
those of the short period DAV stars. The light curve of the prototype 
star PG1159 — 035 is shown in Fig. 10.11. which is taken from W inget, 
Kepler, Robinson, Nather, and O Donoghue (1985), Because of the 
high luminosity of these stars, the time scale of the period change due to 
the evolutionary change of the stellar structure is expected to be shorter 
shan that for the DAV and DBV stars. Actually, Winget et ai. (1985) 


Table 10.3 The variable hot pre-while dwarfs (PG1159 variables). 


Name y 0 y b ^ y u-y 

(ma s) (mag) (mag) (mag) (mag) 

£ g 2131+066 16.63 ^0.36 -0.21 -0.79 

"GO122+200 17.90 -0.73 -0.81 

PG1707+427 16,69 -0.81 -0.84 

PGU59—035 14.84 -0 37 -0.71 -0.78 

K1 ~ 16 15.04 —0.38 


Trff 

Amp. 

Periods 

Refs. 

<K> 

(mag) 

(s> 



0,10 

386.413 

( 1 ) 


0.10 

404.444 

(2) 


0.13 

450.333,493: 

( 1 ) 


0,08 

516,539,451 

(3) 

>80,000 0.04 

1698 

(4) 


fl ) Bond, Grauer, Green, and Liebert 

(1984) 

( 2 ) Bond 


(3) Winget et al (1985) 

(4) Grauer and Bond (1984) 


and Grauer (1987) 
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(1985). 

• .. mi a, - n 2 + 0 1) X 10-". which corresponds to an evolu- 

obtainedrf/7/rf/ = (l.Z±u.ijA w . 

tionary time scale of (1.4 — • ) 


Gitadysmic variables arc eraplive variables which from I,me to time 
exhibit'sudden luminosily increases in various scales. They are nsua I, 
divided into ihree classes: (1) novae. (2) dwarf novae, and (3) nova-1,ke 
variables All the cataclysmic variables form close binary systems with 
periods ranging from ^ 1 hr to ^ 2 days, each of which consists of a 
white dwarf, an accretion disk, and a low mass star Many short period 
light variations of cataclysmic variables are also reported. Recent 
reviews on the short period variations are found in Cordova and Mason 
(1982) and Warner (1986). The period range extends from ~ 7 $ to ~ 
1,200 s, These short period light variations are grouped into three types: 
(1) extremely stable pulsations observed for DQ Her (nova), (2) quite 
coherent oscillations seen in dwarf novae during outbursts, and (3) the 
quasi-periodic oscillations, also seen in dwarf novae outbursts, lhe 
stable pulsation of DQ Her is now believed to be caused by a radiating 
beam from the rotating white dwarf illuminating the surface ot the 
accretion disk (Petterson, 1980). The rate of change of period, dflldt - 
”8.t x 10“ 13 obtained by Balachandran, Robinson, and Kepler (1983), 
is explained as the spinning up of the white dwarf by accretion, which 
supports the above picture. The periods of the coherent and quasi- 
periodic oscillations of the dwarf novae change with the luminosity ol 
the system. The period is shorter when the star is brighter. This change 
of the period makes It less convincing to explain the light variations by 
nonradial pulsations of the white dwarf itself. These pulsations arc 
believed to be caused by the accretion disk (possibly nonradial 
pulsations in the accretion disk). 

The absence of nonradial pulsations of the white dwarf itself m the 
cataclysmic variables is consistent with the fact that the effective 

IClflDCratltri* nf uihitA A .' » , . . ,U.i 


temperature of white dwarfs 


Li, . . , - —-- in cataclysmic variables is higher than the 

• ge <»f the DAV stars. The surface composition of the while clwari 
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cataclysmic variables is, in many cases, hydrogen rich, because 
int ass donor has a hydrogen-rich envelope. There are a few 
thC dons, in which the donor has no hydrogen. In such a case the 
excep 1 ac creting white dwarf must be a DB white dwarf. The effective 
CenU 'rature of the instability strip of the DBV stars is much higher than 
tempC f ^ pav stars. It is possible that such exceptional helium 
th3t T-smic variables show nonradial pulsations if the effective tempera- 
C3ta< of the white dwarf enters into the instability strip for the DBV stars. 
ture . winget, Nather, Hessman, Liebert, Kurtz. Wesemael, and 
*°° ’ r 1987) recently found a candidate for such a phenomenon, a 
W |^m"cataclysmic variable PG1346+082 which consists of two de- 
he ,U te stars. This star shows, in some phase of the cataclysmic 
genera^' ^ {o 4 q (j s light var iations whose light curve is very 

V eminiscent of the DBV stars. In such phase the effective temperature 

seems to be consistent with the DBV stars. 

If. Oscillatory Motions of the Sun 
11.1 Five-Minute Oscillation 

In 1960, Leighton and his co-workers (Leighton, Noyes, and Simon. 
1962) discovered that the solar surface was almost entirely covered with 
vertically oscillating elements. This oscillatory motion was called the 
“five-minute” oscillation, as its period was near five minutes. Since 
then, extensive observations of the five-minute oscillation have been 
made by various researchers. In the very early studies, the five-minute 
oscillation was thought to be excited locally by overshooting o 
convective elements (observed as “granules ) into the sta>> strati ic 
photosphere from below. However, as more and more o^servant ns 
were accumulated, it became clear that the five-minute osci ation wa. 
independent of granules. Instead, these oscillations have Ken i l im le . 
as superposition of eigenmodcs of the sun that is, many o ^ 
nonradial p-modes of the sun are somehow excite am 
five-minute oscillations. Furthermore, it was found that ■ ‘ ‘ 

oscillating even in radial modes with periods near rvc min “ *■ , . 

also shown later that the brightness on the solar disk. vanes with_the 
period near five minutes that is associated with t *- osc . . retica i 

Stein and Leibacher (1974) reviewed early observations 
models of the five-minute oscillations before the oscillations have 

recognized as the eigenmodcs of the sun. «woduce 

In order to see how the five-minute oscillations oo , 

■ K " I- a velocity ami a brightness plot « “” st 

Position on the solar disk which were obtained b> 
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00 . 

u in'i Mizugaki, and Hirayama (1986). 

(1970) and Nishikawa, H ^’‘ uK ' osaUa tion are apparent in the figure. 

Several features of the five-ra ^ ([) some de gree. When large 

Oscillations arc almost a ■ a[)d end w ith small amplitudes, and 
oscillations are observed, y perio d. That is, they do not start 

a maximum is reached o^y « ^ ^ ^ ^ “exatat.on” by single 

abruptly as would be P ap p e ars that a steady oscillation is 

overshooting granules. large „ amp Htude “wave trains,” which 

always present an ed Although the typical horizontal 

la st four to five heordcr of 5 ~ 10 Mm, occasionally 

scale for amplitude coherence is or uic u. us. 

nhase coherence occurs over a distance as long as 30 Mm. 

There has been some confusion and contradiction concerning the 
horizontal scale of oscillating elements. Rather small horizontal scales 
(== 2 Mm) for oscillating elements were reported in early observations, 
but much larger scales (even to the solar diameter scale) were indicated 
in recent observations. This inconsistency is thought to be caused by a 
confusion of (small-scale) granulation velocity fields and oscillatory 
velocity fields. It is thus important to distinguish these two velocity 
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fields clearly. For this purpose and for a comparison with theory, the 
most useful is the so-called diagnostic diagram in which observed 
powers are shown as a function of horizontal wavenumber k h and 
an gular frequency a. The wave natures of oscillations are clearly seen 
from the location of powers in that diagram. The diagnostic (it*, 
oj-diagram has been discussed and used extensively in geophysics (sec, 
e.g.. Eckart, 1960), and it was first discussed in the context of waves in 
the solar atmosphere by Whitaker (1963). Before presenting power 
spectral observations, we give a brief explanation of the diagnostic 
diagram below. 

Let us consider the wave propagation in a plane isothermal 
atmosphere under a constant gravitational field. The pressure p„ and 
density p<> of a static isothermal atmosphere are well know n to vary with 

height z as 

po, Pit exp {-zlH p ), (11.1) 

where H P = PoHjXsg) = £/? T 0 /(pg) = const, is the scale height, g the 
gravitational acceleration, T a the temperature, p the mean molecular 
weight, and <Jl the gas constant, and the subscript 0 is used to signify 
undisturbed quantities. The linearized system of equations in hydrody¬ 
namics of adiabatic perturbations allows a simple solution of plane 
waves for velocity v, the pressure variation p , and the density variation 
p' of the form 

V, p', p’ oc exp exp[*(<rr + k fl x + M)J. (11.2) 

where x stands for the horizontal coordinates. The exponentially 
growing factor with height in equation (11.2) arises so as to conserve 
wave energy in vertical direction since the density pn in atmosphere 

decreases with height. 

The angular frequency o and the horizontal and vertical wavenum- 
hers kh and k z must then satisfy a dispersion relation (see Eckart, I960; 
P l07; Whitaker, 1963; cf. Chapter 111, Section 15) which is given by 

(a 2 - a„ 2 )a 2 - (** + k 2 )c 2 o 2 + k£e 2 N* = «, (H-3) 

where c^ypjpv = y 9t V/i,,. and y and c are the ratio of the specific 
heats of gas and the sound velocity, respectively. The quantity a tK is the 
acoustic cut-off frequency and N is the Brunt- Vaisala frequency. They 

are gi Ven by 

_c = Yg_ (11.4) 

° ac 2 Hp 2 c 
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and 


n = 4Vr^! 


(11.5) 


I Kronen here The acoustic cut-off frequency is slightly 
ttSSlSS* Regency, and d« - ..02 N to, r - W. 
Equation (11.3) may also be wntten a* 

= (a 2 - cl) + *jk 2 (* 2 - a 2 )la 2 . (ii.fi) 

If o and kh are given, the above equation determines^ If k; > <>. 
waves can propagate vertically. On the other hand, if K < (I no waves 
can propagate, and the energy density perturbation decreases exponen¬ 
tially with height (evanescent waves) if no wave flux is coming from 
above. This situation is most conveniently shown in the (A/„ a)-diagram 
of Fig. 11.2. The diagnostic (k,„ o)-diagram is divided into three 
regions: (1) k 7 2 > 0, denoted “P”, where modified acoustic (pressure) 
waves can propagate, (2) kl > 0, denoted “G’\ where modified gravity 
waves can propagate, and (3) k; < 0, where waves are evanescent. The 
straight line with a = k h c in the figure shows the “Lamb waves” first 
discovered by Lamb (1932); they represent vertically evanescent but 
horizontally propagating acoustic waves. The Lamb wave is closely 
related to the f-mode which separates the p-modes front the g-modes 
The solar atmosphere is by no means isothermal, and. strictly 
speaking, the wave nature cannot be discussed locally. However, the 
diagnostic diagram is still helpful in approximately representing the 
wave nature of the five-minute oscillations. The critical acoustic cut-olt 
frequency o ac varies with the inverse square-root of temperature I, 



112 Diagnosis diagram for ihe „t,. 

P**™ in the hatched‘®°! 1,ermal atmosphere. The qtianui' 
* negative in n 1e otllc| ^ ^ 1,1(1 “> the cross-hatched region t I’l (vl 
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Thus the heighest acoustic cut-off frequency (and also the highest 
Brunt-Vaisala frequency) occurs at the temperature minimum in the 
solar atmosphere where a M ~ 0.034 s . which corresponds to a critical 
period of oscillation of about 185 s. 

Let us turn to observations of power spectra in the two-dimensional 
(£/,. a)-diagram. Figure IL.3 illustrates one of such power spectra 
obtained in early periods, reproduced from the work of Frazier (1968) 
It is immediately apparent from the figure that there are two distinct 
regions of power: low wavenumber (k h = 1 M m i) oscillatory power 
with periods near five minutes, and high wavenumber (it* * 2 — 4 
Mm -1 ), nonperiodic low frequency power which corresponds to the 
granulation. Thus the five-minute oscillation and the granulation are 
very clearly separated in the diagnostic ( k>,, cj)-diagram. We can also see 
that the power of the five-minute oscillation falls on the region of 
evanescent waves in the diagnostic diagram for the upper photosphere. 
The horizontal scale in Frazier’s observations was rather limited (i.e.. 
the observational lower limit of wavenumber k h =0.6 Mm -1 ) because of 
the small total area of observations, but recent observations with longer 
base lines and/or two-dimensional observations of solar disk yield 





^E- 11,3 Observed diagnostic diagrams after Fraiier (106M). (a) Fe (■>.>??, velocity. lb) 
Fe 6364. velocity; (c) Si It 6371, velocity; (d) continuum a 111. 


























■n NONBADIAL OSCILLATIONS OF STARS 

nf the five-minute oscillation with much lower 
results for power of Chapt er VII). 

horizontal wavenumber ( v fi minute osc illations fall in the 

The observational fact djagram for the photosphere 

evanescent wave regions stant ji n g eigenmodes of the sun—i n 

implies strongly tha *m 0 des trapped in the subphotospheric regions, 
^cular acoushc^g ^ are trap p e d waves that are 

Sled S I b"Sane*of ,he S y S .e m . The fac, ,ha t ,he observe,! 
SSn tte evanescent (and thus non-propagatmg as waves) m the 
photosphere means that the photosphere can act as a reflee,m g 
ft for the five-minute oseBanons. The word evanescent 
sometimes seemed misunderstood in the past, but ,t simply means that 
the energy of oscillations is contained largely in the subphotospheric 
regions and the energy density, p A decreases exponentially with height 
within the photosphere. It does not mean that the amplitude ol velocity 
v itself decreases with height. Indeed, it is possible that v increases with 
height because density p decreases exponentially with height more 
rapidly than the energy density. 

Two separate maxima at periods of 270 s and 350 s are seen m 
FigTI.3, and this was interpreted as indicating two eigenmodes of the 
sun by Ulrich (1970). The statistical reliability of Frazier’s observations 
for the two peaks was, however, questioned by various observers 
because of the rather low resolution of his observations in both space 
and time. Later, Deubner (1975, 1977) and Rhodes, Ulrich, and Simon 
(1977) demonstrated by observations w r ith high resolutions in wavenum¬ 
ber and frequency that powers of the five-minute oscillation arc 
concentrated in several distinct ridges in the (k h , 0 )-diagram. and these 
observed ridges agree very well with the positions of theoretical 
nonradia! p-modes of the sun. Figure 11,4 reproduces the two- 
dimensional power spectrum of the five-minute oscillation in the (£/?- 
a)-diagram obtained by Deubner (1977), Also shown in the figure arc 
the locations of the theoretical nonradial p-modes of the sun calculated 
by Ando and Gsaki (1975), which form a series of many nearly parallel 
ridgci, (one for each overtone, n). The general pattern of observed 
powers closely resembles the theoretical ridges, and thus the five 
innate oscillation is now interpreted beyond doubt as the noiiiadi.il 

and Rhn ,u * f S . UI )',Zllf e '8 er, modes f* rs l identified by Deubner (l l ^ s,) 
tma d , p 77) are hOnradial p-modes with degrees / = - t,(l 

modes fen i reso,vin g Ihe oscillations into individual 

velocity amniitufliI*?*’ ^° P f ’ Kaufman . and Penn, 1986) show that ilw 

“ of the order * io«n * 1 ih r: 

* tonally in phase with each other, and dn 
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superposition of many modes with such minute amplitudes transiently 
leads a velocity field as large as 500 m s" 1 . On the other hand when 
most p-modes are not in phase, superposition of these modes turns to a 
very small amplitude velocity field. As a consequence, the oscillations 
apparently look like big. 11.1 in the case of observations with low 
resolution in space and time. It is seen in Fig. 11.4 that theoretical ridges 
tend to deviate above the observed ridges. There still remain small 
discrepancies between the observed frequencies and the theoretical 














* nonradial oscillations of stars 

n the nl0St up-to-date theoretical models of ,| K , 
frequencies based on even ^ lheoiy aijd observation are thought t<) 
sun. The discrepancies c' . jn (he so |ar equilibrium model used i„ 
be caused by some un ^ . ^ observed oscillations are now used 

the theoretical calcula u ’ just a s we examine the earth’s interior 
, 0 observe the solar structure 

using seism ’“ Isaak and his colleagues in the Unversity ot 

, In £7“ attempting to measure the gravitational redshift of 
Ei comparing .he «*r ehsorption lines with the con«poiKli„ s 
inec nroduced in the laboratory, using the integrated sunlight over the 
whole disk (Brookes, Isaak, and van der Raay, 197X). Although the 
variation in the observed shift of the solar absorption line relative to the 
laboratory was attributable mainly to the diurnal motion of the earth, 
there existed residuals which showed a fluctuation with amplitude 
smaller than 1 m s' 1 and a period of about five minutes (Fig, 1 I S) 
Power spectrum analysis of the data reveals many peaks with almost 
equal distance of 67 ^Hz. The observations performed simultaneously at 
two distant sites showed that the small amplitude oscillations are of solar 
origin (Claverie, Isaak, McLeod, van der Raay, and Roca Cortes, 1979, 
1981a>b). However, nonradial p-modes with high degrees such as / 
2fM) - 1000, which were identified at that time as five-minute 
oscillations, cannot be a source of the oscillations detected in the 
integrated sunlight, because the oscillation patterns of such high degree 
modes are so small that their contributions to the integrated sunlight 
over the whole disk cancel each other out. Rather, the whole-disk 
measurements are sensitive only to modes with low degrees such as / « 0 
- 4. The shortness of the periods implies that the oscillations discovered 
in the integrated sunlight are p-modes and their radial orders n should 
be large since the degree / must be low. According to the asymptotic 
theory (Tassoul, 1980; see also Section 16), the angular eigenfrequency 
o n f of such a high order p-mode with a low degree / (n» l — 1) is, to f irst 

°n Cr L^ V€n ^ e 9 ua ^ ori (9-1), which means that frequencies, v <r'2n\ 
otliigh order p-modes with even and odd / alternate with a separation of 

Rirmi Wh K 1Ch COrre T° nds t0 . ,he observed spacing of 67/illz. The 
observation 1 S ° ] hservat ' ons wcre confirmed by an independent 

tsz GSr 7» S3? T r ** •"»» ( .f KC ' 

thatof the Rifmi. u 1 8 ’ 1983), who used a technique similar to 

0bServations ‘he South Pole are of 
data, which are necessa™ tn” g Stnngs , of unir >‘errupted observational 
spectrum. Indeed, Grec et a | resolu,ion in thc P 0W . cr 
Doppler shift using integrated L ? v! 983) su «-’eeded measuring the 
8 8 d sunlight over the disk for 120 hr without 
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interruption. Their data yield higher resolutions in the power spectrum 
than those given by the first-order asymptotic formula (9.1), and 
individual p-modes with / and n have been resolved for each sequence of 
/ = 0 , 1 , 2, and 3. The Birmingham group also performed observations 
from two distant sites (Tenerife and Hawaii) and combined these data to 
get high resolution in the power spectrum and also resolved peaks of 
individual p-modes (Claverie, Isaak, McLeod, van der Raay, Palle, and 



Fir. 11.5 Variation in the observed Doppler shift of the solar absorption line obtained 
using the integrated sunlight over the whole disk The variation is attributable 
mainly to the diurnal motion of the earth as shown by the smoother curve and 
the scale on thc right, but the residuals show a fluctuation with a period of 
about five minutes and with amplitude smaller than 1ms 1 I he scale for the 
residuals is shown on the left. T aken from Palle, Perez. Keguio, Koea Cortes, 
Isaak, McLeod, and van der Raay (1986a). 
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.. „ ,, , I (, reproduces their power spectrum 

Roca Cortes, 1984). Figo ■ run Their results arc a , M) 

obtained after a three-mon tola ] irradiance variation of the 

confirmed by the measure^ _ <SMM) satellite (Woodard and 

- <*» %^ b rr3ff5*« '“ l ,te t“' ve c “'«> 

Hudson, 1983a, b). (ACRIM) on board 10 perform 

Radiometer Irradian ^ ovef the wavelength range car- 

“She WkrfAe' sun’s radiation flux. ACRIM can detect fractional 
Jiux ctge as small as 0.01% occurring at intervals as short as two 
mites. Accumulating observational data for a long time span reduces 
the noise level, and the signal-to-no,se ratio increased to 10 or more. 
Analysis of these data shows the luminosity variation on various time 
scales and clearly presents the many sharp peaks in the power spectrum 
in the “five-minute" range, which correspond to individual p-modes of 
low degree l and high order n (Fig. 11.7). The relative amplitude in 
brightness variation of each mode is of the order of A/// ~ 10 
ACRIM is observing the sun as a star, and hence the sun is now 
regarded as a pulsating star showing a luminosity variation of a 
mi I) [magnitude level. Doppler shift measurements, using the modified 
magnetograph at Stanford University (Scherrer, Wilcox, Christensen- 
Dalsgaard, and Gough, 1982). have a different sensitivity to the 
harmonic degree l, and they have detected global p-modes with / - 3,4. 
and 5^ 

If is convenient to use the so-called Echelle diagram to plot the 
individual p-modes of low degree /, on which the string ot frequency is 
divided into constant segments which are placed in a vertical row, As a 
result, dgenfrequency v^o/ln is plotted as summation of v 3 and Av. 
where v ( and Avare the ordinate and the abscissa, respectively. To first 
order, the asymptotic formula (9,1) predicts the equidistant frequency 
spectrum, and hence individual p-modes lie on a straight line on the 
Echelle diagram. Figure 11.8 shows the eigen frequency obtained In 
various groups in the Echelle diagram with cut of 135 /iHz> The general 
pattern of observed frequencies are roughly in agreement with the 
theoretical expectation, and the oscillations detected in the integrated 
sunlight are now identified as high order p-modes with low degrees I. 
There still remains, however, slight discrepancy between the observed 
frequencies and the theoretically calculated frequencies. Figure 11.9 
s * > '* s tbL ’ yjjtteflon of the frequency differences between / = 1) and / - 2 
mot es an between l — ] and / ~ 3 modes. The upper panel shows ihe 

svstemdidif s f tandard *° lar b y various groups, which deviate 

UWn tKC ° bserved values that are shown in the lower 


Fewer * 10“ (.Hz 
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Fig* l 1,7 


power spectrum from ACRIM tout irradiance daia. The frequencies 
measured by the Birmingham group are shown for comparison (from 

Woodard and Hudson, 1983b), 


The gap between low / and high / p-modes in detection of solar 
oscillations was filled by Duval! and Harvey’s (1983) Dopplcr-shift 
observation for velocity fields. They observed a one-dimensional solar 
image produced by a cylindrical lens* By using the lens to average the 
surds image in a direction perpendicular to its rotation axis, they 
eliminated high-angular-ordcr spherical harmonics to leave mainly 
zonal harmonics with m - 0. Averaging the sun’s image in a direction 
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Fig* 11*9 Comparison of observational frequencies with theoretically calculated eigen- 
frequencies of standard solar models of various groups. The lower panel vlunvs 
variation of observed frequency difference between 1 = 0 modes and / = - 
modes (v^ 0 - V/ j3 ; lower part) and that between / ** 1 modes and i - 3 moiC 
(V/„i — v*.*; upper part) as a function of frequency; The upper pane! sho^' 
the same as the lower panel but for various theoretical standard solar models 
Authors on the upper panel are: (x) Sbibahashi anti Osaki (1981 b)* (•) Ulrich 
and Rhodes (1983), (o) Shibabashi, Nods* and Gabriel (1983), I ) I ebretou 
Bctthoimeu, and Provost (1987)* (After Geliy et ah* 1988.) 


parallel to the rotation axis, in contrast, leaves mainly information on 
sectoral (|m| - /) modes. By analyzing these data Duvall and Harvey 
11983) succeeded in identifying intermediate / p- modes near die 
five-minute range. As a consequence, the sun is now found to he 
pulsating in many p-modes with / = 0 - 1000, Figures 11.10* 11 * 1 h and 
IJ 12 .how the diagnostic diagrams of the recent observational data by 
Duval). Harvey, bbbrecht, Popp, and Pomerantz (1988), where the 
ordinate is v - allj, and the abscissa is the harmonic degree /■ The 
tremendous number of detected eigenmodes of the sun provides us the 


Frequency (mHz) 
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■biiuy of using these eigenfrequencies to probe the interior of the 
P oSM this research field, which is now called helioscismology will be 

mS detail in Chapter VII. 


sun 
discus: 


( sed in 


Com paring tne eigciuicqucuucs ooservea by 5MM/ACRIM in 
te years (1980 and 1984), Woodard and Noyes (1985) noticed a 
r hi decrease in the eigenfrequencies of p-modes with low degrees 
—h long-term variation of the eigenfrequencies has been examined by 
her groups, but the results are conflicting. Two groups reported a 
'f ht increase of eigenfrequencies of low degree p-modes (Isaak. 
Tfferies, McLeod, New, van der Raay. Palle. Regulo. and Roca 
Cortes 1988; Rhodes. Woodard, Cacciani. Tomczyk. Korzennik. and 


the eigenfrequencies observed by SMM/ACRIM in 


sep: 



t 'E- II 


Degree / 

■10 The (l, v)-diagram for the recent observaiinn-U • eo by v all 

250 by [yLivnll et al. (1988). where v is the Ir^l 


a?2w. 





















Degree / 

Fir, 11.11 The same as Fig. 11.10 but for 0 ^ ^ 400. (After Duvall ct at. J988/1 
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• >h 1988), while other two groups reached the opposite conclusion 
U "iV Fossat, and Grec, 1988; Henning and Scherrer. 1988). 

( Ge can use frequency differences of modes having the same n and / 
different m to measure the solar rotation rate, in particular the 
bUt ,tion of the rotation rate with the depth. Let us consider nonradial 
'^"nations of the eastward- and westward-traveling waves with m = ±1. 
° SC ' a rota ting star, those waves traveling in the same direction as the 
Vtion have higher frequencies than those traveling in the opposite 
T ection, and their frequency difference due to this rotational splitting 
r* in the reference frame at rest, 

A a ~ 2|/n|fl. (11.7) 


Here the C„rterm, which is due to the Coriolis force effect, has been 
neglected, since it is negligible for high wave-number modes like the 
solar five-minute oscillation (see Section 19). In the case of differentia] 
rotation, ft in equation (11.7) may be understood as the angular velocity 
of rotation averaged with the eigenfunctions of the relevant modes. 
Since different modes are trapped at different depths, we can in 
principle probe the variation of the rotation rate with depth. Duvall and 
Harvey’s (1984) detection of the frequency difference between sectoral 
modes and the corresponding zonal modes was soon applied to measure 
the rotation rate in the sun. This is an example of the product of 
helioseismology (see Chapter VII). 

The observations described above are essentially one-dimensional 
in space — that is, they are based either on the sunlight integrated over 
some part of the solar disk or on a one-dimensional device (e.g., 
Reticon array). The fully two-dimensional observations of the solar disk 
enable us to identify both the degree / and the azimuthal order m ot a 
mode. In order to perform such a two-dimensional observation, many 
researchers devised various narrow-band filters and instruments such .is 
Courier tachometers based on the Michelson interferometer (Brown, 
1984), magneto-optical filters (Cacciani and Fofi, 1978; Cacciani and 
Rhodes, 1984; Rhodes, Cacciani. Blamont. Tomczyk. Ulrich, and 
Howard, 1988), Fabry-Pcrot filters (Rust, Appourchaux, and Hil , 
1988), and birefringent filters in combination with a KD ! e 
0 Phcal crystal (Libbrecht and Zirin. 1986), Identification of both the 
quantum numbers / and m and measurement of eigenfrequencics o 
various tesseral modes bv means of these instruments can be used l 
measure the variation of the rotation rate with the latitu <- ui uv <■ 1 11,11 ( 
‘hat with the depth. In the case of differential rotation with respect to 
hoth depth and latitude, ft in equation (1 1.7) should be regarded as the 
Aguiar velocity of rotation averaged over both depth and latitude 
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rclevan t modes. Since the latitude at which . 
the eigenfunctions ofthe t on the azimuthal order m. we Ci)n 

mode, is concentrated >s dP ^ wUh j ati tude. Recent results 

probe the vanatton of die rota 

be discussed in Chapter VII. 

1, 2 leponed “hat they have detected long-period g] (J , v 

Several groups ha P j n the range of g-modes. It ,| 

«£i=2SC sun is real, it will provide imp (m; „, 
■ d f srmation abouf the stratification in the radiative core of the sun t 
Chapter 1 VII) However, the detection of tong period oscillations h, 
itself not yet been established. Indeed, negative results for the ex.su , 
of these oscillations in the sun have also been reported by other group 
and there have been controversies over the very existence of long pun., 
global solar oscillations. 

Henry Hill and his collaborators had been measuring 
oblateness in order to test Einstein's theory of general relativity over . j- 
Brans-Dickc theory. In the course of their study, they discover- 
fluctuations of solar diameter with a period near 50 min, together win 
nine higher frequencies of oscillation (Brown, Stebbins, and Hill. IV- 
Later, they found some other long period oscillations whose periods , 
in the range of those of g-modes, together with short period oscillati- • 
in the p-modc range (Hill, 1985; Hill, Tash, and Padtn. 1986). B 
measuring diameters of the solar disk in various directions and tat 
their correlation, they identified the degree / and the azimuthal order -■ 
The radial order n is estimated from the period after identifying 
degree /. 

Severny. Kotov, and Tsap (1976, 1980, 1983), at the ( rut: 
Observatory, by modifying their magnetograph to measure the Dopj 
velocity difference between the solar disk center and the limb, h 
discovered periodic fluctuations in the difference between line <<l 
velocities at the poles and the disk center with a period of 2 hr 4' < 
and an amplitude of about 2 m s _l . The magnetograph at Stan: 
Lmvenity has also been modified similarly, and the 2 hr 4U «■ 
P«™«aty was confirmed by a group at Stanford (Scherrcr and Wi h 
°^ CIVa,JOns ^ ,he Stanford and Crimean g( 
Sevcrnv ,J h T ,asu <i u » te «ably (Scherrcr, Wilcox K - • 

f; «»)■ The* are some other peaks in «»■- 

MUfler than the T k! 1 ^* grou P s * ,hou gh the amplitudes 

***"« am, Listed T T" pCriodicity Dc,acht ' 

JtiuZ, "* Stanford data and tried the m 
*mponenti in the following way: Act*>rdm- 
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vmptotic theory, the period //„, of a g-mode with a low degree / in 

the / aS 2 1) is, to first order, given by 

n nl « (n+lf2+e)IUxUTTT). ni.8j 

with _ 

[Jo - 2n z jjf Nlr drj m ^ 

e r* I* the radius at the bottom of the convective envelope and V is 
h Brunt-Vaisala frequency. On the basis of this formula. Dclachc and 
Sherrer (1983) searched for peaks hav ing unifo rmly .paced periods in 
he power spectrum with respect to Hi\jl (/ + T) by assuming I - 1 or 2 
* 3 and parametrizing the value of and found them Froblich and 
Delache (1984) and Isaak, van der Raay. Palle. Roca Cortes and 
Del ache (1984) also used the same technique to determine g-mode 
oscillations from the low frequency spectra of the 5MM data and of the 
Birmingham group data, respectively. The values of fi thus obtained 
were 11, ~ 38-6 min from the Stanford data. ll„ - 41.2 min for the 
Birmingham data, and //„ = 38.6 min for the SMM data. 

The detection and the modal analysis of these long-period 
oscillations described above have not yet been well confirmed, and 
there still remain controversies. More reliable observations in the future 
will be necessary to confirm the existence of the long-period - -cilia*;- 









Chapter [II 


BASIC EQUATIONS AND 
ADIABATIC OSCILLATIONS 


J2. General Remarks 

The associative development of theory 1 and observation is important in 
astrophysics as in all other sciences. This importance has to be 
particularly emphasized in the study of nonradial oscillations in sarious 
types of stars, because much of the observational evidence is indirect or 
requires theoretical interpretation and analysis. 

In this chapter, we first derive the basic equations of nonradial 
oscillations of stars. The basic equations governing nonradial oscilla¬ 
tions are equations of conservation of mass, momentum, and energy, as 
usual (Section 13). The basic equations are then linearized for the 
normal mode analysis of nonradial oscillation. There generally are 
convection zones in stars. The coupling between convection and 
oscillation is very complicated, and the treatment of oscillation in the 
presence of convection is postponed to Section 2H. The theoretical 
treatment is also restricted in this chapter to a spherically symmetric 
radiative star without rotation and magnetic field, except in Section I 1 '. 

The mathematical and physical properties of linear. adiabatic 
nonradial oscillations are discussed in Sections 13-20. They art. it 
orthogonality of the modes and the variational principle (Section 1 ). 
w ave trapping (Section 15), asymptotic WKBJ analysis (Section 0). 
mode classification (Section 17), the numerical method (Section M• 1 e 
influence of rotation and magnetic field (Section l^). and conxectun 
(Section 20). 

The Eulerian (fixed-position) perturbation of the r'mxitationa 
Potential is generally small in nonradial oscillations. ^ 

‘scussions become greatly simplified by the C owlmg ( ‘ l P .. n * 

hon m which it is neglected (Section 15). The physica jus i 
l| te Cowling approximation is that the contribution ot one P 
medium to the gravitational potential perturbation is arc*- > _ . e 

n °nradial oscillations by the contribution of the other p 


85 



* NO NRA DI ALO S aL,AT.ONS OF STARS 

medium- The Cowling hPPpJ^” f , he ste l] ar structure the!,,"',; 
homology i"™ 031 ",., „ tions . ]„ nonradial oscillations, the crri .„ 
small. eve , n . f ° r t ^ cl!lmg approximation is not entirely ,ieg|i sN 
introduced •>)*££ |o / ov( . rtones (small«) of the dipole (/ = t , . ( , ](| 
(although small) f p tlf lhe p .,„odes, the oscillation itscit i- 

‘‘“‘lortant the homology invariant £/is largc^ We will uv th(; 

aX PFOximahO" for most of the theorenen d-scusstons, since 
Xichv ri more desirable than accuracy. The numeral w , r | 
3ver' does not need to be restricted to this approx.mat,on, as we o,„ 
take advantage nf the electronic computer. 

4 high degree of adiabaticity has been argued for in the fu„i 
chapter in terms of the free-fall time nnd the Helmholtz Kt lvm tinw 
given by 


T ft 


(R’lGM) 1 ' 2 -- 0.443(JW/A# e )- , ' 3 (fi/R 3 ) VJ 


hr M? 


and 

t,« - GM 2 /(/?f)=3.1 X W 7 (M/M,JHRIR & )-UL/L 0 )- 1 yr, (12.2) 

where the symbols have their usual meanings. These are the dynamiciil 
and thermal time scales of a star as a whole. The fundamental oscillation 
time scale t lfSl . defined by the travel time of a sound wave from du 
center to the surface is the same order of magnitude as the free hill time 
iff because of the virial theorem describing the overall hydros alii 
equilibrium of a star. There are, however, two eases in which 
nonadiabatipity is important and the time scales must he considerec 
locally. One is the stellar outer envelope, where Lhe local thermal time 
scale becomes comparable to or smaller than the dynamical time I he 
other is the wave propagation region or the trapping zone in which the 
excitation or damping mechanism operates. If the adiabaiichy ^ 
achieved locally to a high degree of accuracy, an approximation umhc 
the adiabatic solution to estimate the growth (or damping) i n 
(quasi-adiabatic approximation) can give the correct result It mil. the 
full nonadiahaiic treatment should be employed. 

C ocal dynamical and thermal time scales are given by 


' H,c and i„, - Kt>H 2 l\c,(\ - fi)\, (IT-’I 

XndsXhe !*! Sp “ d of sound - f • the speed of light, k lhe OF"-"' 
bylXl lenEt " scale ^-illations, and it 

and the local wavelenaX"® ^n “ a ' eS: thc prcssure sta! '-' ‘' 

Valid for the radiativ ? * '’ SLlllatlons The thermal time scale r., 

radiative zone where Up) 1 is the photon mean free p 
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lC ° f P hmon (for optically 

3 tes the ratio of the radiation pressure to the total 
u 1 fi is added to the expression of the thermal 
t measures the ratio of the radiation energy density 
__ ener Sy densit V °f gas and radiation. The dynamical 

tiTTlC scale given above is valid for perturbation of pressure-wave type 
jl]e reciprocal of the Brunt-Vai&ala frequency, N ~ 1 . j s also a kind of 
dynamical time scale, but it takes account of the degree of local 
dvnamical stability as well and is proper for perturbation of gravity- 
wave typ e 

The degree ot adiabatieity is measured by oT ;h compared with unitv, 
or . roughly, by the ratio Wy, which is tcpH(dcJ}(\ fi) for a 
trapped wave mode. The adiabatic approximation is normally sufficient 
10 discuss the dynamical characteristics of the oscillations except in the 
atmosphere. However, for the study of the nonadiabatic effects, the 
numerical accuracy of the quasi-adiabatic approximation is not guaran¬ 
teed in the outer envelope of a star, especially for giants and 
supergiants. This has already been noticed by Zhevakin 11953), who 
established the je-mechamsm in the Hell ionization zone as the principal 
caUS e of the Cepheid pulsation. In the present chapter, the dynamical 
properties of the adiabatic oscillations will be discussed: discussion of 
the non adiabatic thermal properties wall be postponed to the following 
two chapters. 


a nd c*{KpHr' is 1,1 
lick H- * - P dcnl 

Xure). The fact. 


1J. Basic Equation 

13.1 Equations of Hydrodynamics 

The basic equations that describe deformations and oscillations of a star 
are equations of hydrodynamics. General discussions and derivations oi 
equations of hydrodyoamets will not be given here as they may be found 
in various textbooks of fluid mechanics and astrophysics. 

The basic equations of hydrodynamics are equations o conserva 
tkm of mass, momentum, and energy, which are given v 

M + v ■<„«.) - o. < 131) 

3t 

p y_ + u . vju = pf - Vjx - P™ T <’ 3 - 2) 

and 

p7-(| + n vjs - p(£« + £ v) - VFj ” 


(13.3) 
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. j silv 0 the pressure, T the temperature, i, u lL . 
where p denotes the dt ' ’ pv 4 , the gravitational potential, ( the 
nuid velocity, 5 the ^ “ * lhe viscous stress tensor, ,, , hc 
electro-magnet,candlex^ f", , hc viscous heat generation, F„ : the 
nudear energy f™*™**^ operator. 
fiUil Thcre are convectinn zones in most stars, either in the interior or in 
the outer envelope. The convective motion in stars * considered .0 be in 
a state of fully developed turbulence, When convect.on .s present, the 
tretument of stellar oscillation becomes rather d.fftcuit because the 
semration of the velocity into convective motion and oscillation and 
mutual interaction are very complicated. We restrict ourselves to 
the case without convection in most of this chapter, I he treatment in the 
presence of convection will be deferred and it wdl be discussed 
separately in Section 20, Equation (13,2) is the Navter-Stokes equation 
for a viscous fluid. However, the viscous term (the last term of the 
right-hand side of equation |13.2]) is generally small in the stellar 
interior and we ncglecl if and also the c v term in equation (13.3) in 
most of’this monograph. When convection exists, the turbulent viscosity 
may be important. We also omit the term fin equation (13.2) except for 
some special cases and consider non-magnetic self-gravitating systems. 
Equation (13.2) may Ihen be reduced to the Euler equation for an 
invisrid flow; 


p( 5 ~ + v-vjr = -Vp - 


(13-4) 


where the velocity without turbulent convection is denoted as v in order 
to distinguish it from the general form of u that may include turbulent 
convective velocity fields. 

Supplementary equations are needed to complete the description o 
a system. The first one of them is the Poisson equation that relates tlu 
gravitational potential to the distribution of matter; it is written as 

V 1 ® = AttGp , 0-3- s » 

where G is the gravitational constant and V 2 is the Laplaeian operator 
The radiative flux is given by the radiative diffusion equation 

** = -KVT, 

where the radiative conductivity K is written in terms of opacity tr al * 


4ac*’ 
3 tep 


T\ 


(13.7) 


a is the radiation density constant, and <:■ the velocity of light 


The 


adiabatic oscillations m 


PEfay^ipplcmentary equations are equations of state ubmg p ip 
rCmU d 5 (P 'H ^ equations giving energy generation rate {p,T) and 
71 meilV « (#>■ O for a sivu " chL ' mital compoMiion. Ihe latter four 
thL " 7 oris will be introduced later, when they are necessary, 
et|11 1 ct us now discuss the equilibrium slate, upon which small 
rbations of oscillations are superimposed. Here we consider a 
t 31 ' 11 “tiling, 110n . magnetic star without convection, By setting the time 
1° n v.iive arid velocity equal to zero in equations (13.1H13.7) (i.e„ 
%] = 0 and uu= 0). we obtain 

-V/j„ - p,jVd>i, = fi, (13.g) 

Ait'N.a _ = H-'.'M 

= 4irGp,, 113 Hu 

and 

F u = -K b VT„. 113.1!) 

where the subscript 0 denotes the unperturbed, equilibrium state 
Since the equilibrium state is spherically symmetric under the 
present gumption, equations (13.8H13*11) are rewritten in the 
spherical polar coordinates (r, 0, as the standard form of eqaations c> 

stellar structure: 


and 


where 


dl 

dr 


■$ - -«■ 

(13.12) 

^ 1 - = 4iir 2 p. 
dr 

(13,13) 

- Ait r 2 pBtf f 
dr 

(13,14) 

' 3j <p 1 

= ~ 4 {ic~~f T 4nr 2 ' 

(13.15) 

and L r = 4 nr l F 

(13,16) 


d ' e thc local gravitational acceleration and the Here the 

res P«tively, and Mf ia the masS within the sphere of radius ■ 
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SUi, 5 t!fual« (iSifvJyoS when the energy tfanspon i s b , 
ndiation Whea convection is present, the convective energy fl ux • 
JUSSbd. The energy flux is then the sum of the raduuivc m 

convective fluxes: 

F - Fr + Fc 03. r 


and 

L r = 4trr 2 (F* + F c )> (I3.]*j 

Convective flux results from an averaging process of energy equation 
(13,3) over regions containing the turbulent eddies of maximum si vc. 1: 
is most often described based on The so-called mixing-length fnrmulKm 
of stellar convection. 

13.2 Equations nf Oscillation 

Let us now derive basic equations of linear oscillations. To do so. u. 
consider the “unperturbed 1 ’ equilibrium state of a star and superimjnis;.' 
on it “small” perturbations. We assume in the linear theory that nil 
perturbations arc sufficiently small so that only terms in the first-order 
in perturbations are retained while those higher than the second arc 
neglected. 

There are two different ways to express perturbation: the Eulcrmn 
form and the Lagrangian form. The Eulerian perturbation ls defined u* 
a perturbation of a physical quantity at a given position, denoted N, 
prime* while the Lagrangian perturbation is defined by that for a givui 
Uu eIe ™ e " tf deil0ted by a symbol 6. A physical quantity /is therefore 

expressed by either H 


/OV) = Mr) + (13. IV} 

or 


/M = /o(r () ) + (I3.2IJI 

agrangian and Eulerian perturbations are related to each other 0 
6/(r,r) = f {rt) + | (13-JIJ 

to the Srst order in the displacement. |. 


where 
a 


(13.22) 


g'ven Buid whkh d ^ n ° tC$ ^ L ? gnm & ian Position variable ^ 

corresponding lime v sri-a ,s at r ” r « in the equilibrium state I r|L 

£ rtme variation* are denoted by ddf( r t)idt and Bfir.0 
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where 



d d _ 



It = Tt + 

(13.23) 

and 

dr 



V dt ‘ 

(13.24) 


In the general case when the unperturbed state huv L , steadv flow 
with v £ 0, such as the case of a rotating star, we derive a relation 
between the Eulerian and Lagrangian perturbations of velocity vector. 

We first note that from the definition of v and £ 

dv = r(r 0 + |) - v„(r,i) 

_ d_r _ dr 0 _ iU; 

~di dt ~ dt 

= |f + (W)| 

- -§ + (Vo-V)|. ( 13 . 25 ) 

We have therefore 

v’ = &v - (| V)v„ 


--§■+ Cn.-V)| - (| V)vb. < 13 - 26) 

1 his rdation will he used later in the case of a rotating star. 
When no motion exits in the unperturbed state (he,, v o = 0)i 

' 1av e simply 


y vector as 


In what follows in this chapter, we write this perturbed velocity \ 

Qn less there is confusion. . , . - 

With the above preparations, the set of the linearize 
Nations is derived in the Eulerian form as follows: 


-ff + V(p»v) = 0, 

ai 


(13.28) 
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3w + + = 0 ns 

3 f 

*r, €|r + Fto = <#**>’ - yr < 13 • 

V 1 #' = 4jGp', H3 }; 


r - —K^rr - ktu 


03.31 

g . 7 r>m <g= II 3 JSHU 32 21 = tear, te we ra e ons- patrttii : ■- 
Hj |NM nf | ipgjiiT w«fc g y d to tte f tod Space coordinate r 
vrarfa *i£fc p*te <swdi as p r , F. .„) and ve: - 
r t lor ii|il»i ©l The urifififto of these partial d±£fer±- 
it equisibrnirn such a£ p _ I , 
cf tl ooofdmatfe r only: 


«M'K 


(1133 


ffrfrl. T. = 7*1% *> 

r the wae i agd write afi the variables ~ 
go ££prf« 7 ?t 25 expiated sa Section 4. 

i the subscript 0 far eqnflibrmm quant:: 
If we hdCc r = kt|. equation of con':':. 

13 JS> e wntsen as 

ft + ^ (Pf) - 0 (13.34 


Afp + = o, 

«rf motion (BJ 9 > is written as 

-erf + —Vp r - + P-\<p = 0 

P p 

tod horimwal components: 

-V£, + I_§< + ** + £l** = 0 

P dr dr p dr 


(1335 


<13.3*1 


(1337) 


^ * V (f + *') = 0 


Hoc 


(13.38) 


® “ ^'•f»-5*). 5. = (0, 
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*- =!(° .4 ..;,. «»»> 


ooippooent o: e £.- •;: 

|HpI3-3»i- *= obtain 


w <V : 

P - 


fr“r.)- — V" " -£■ =1 

O' p 


wipe 

v - - -^--snf-'-"r : 

L’Mmm m niiw 03311 » amifci? - - 

54> 


:-1 




_!_j r -—- V 1 # = 4oGfl 

r 3 3r jr 


B 


i\?K 


15- 


iTvj bS Frosr 

[13^1 befaw 


* the demsitv pertwhaiJ ' - ti terz - - : - 


Pitsoot express me ikhmi jjcim*™..- + r - 

the thennodvtajt: c relacwo cqto 2 * 3 ® 5 -3 . 


‘ 


bp = _l6p 

P fiP 


where 


r*—-is. 

p 


5b r. 


■ have that 


* - (SB* and r ~ = fcp 

r^A-ss. 


'pL-m 

r i p 


1335 


:= w 


13.45! 


quaniilv A is the SchwanschilJ (fisernrar!^ ^ ‘" 

^ lyUdoin (Ledoux and Wairaven. I95S) !0 j £ 

•••Wive instability (i.e.. A > 0) or vut’5:-'- - 

Wp** to the Brant-Vaisala frequency V *> 

, JInp L .-IK. ' 15 Ao 

A = —N~;g — ~~j r ~ T 4 r 

?******> and P- from equations < 13.37)., 13 40). and 5 a:., « 


u. Sk 
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! ( J + .M- , | / y-(tj 2 +^)^+-^'=g^ J y-AS, (1.1,47) 
p \ dr i \P f *' 

I 2_, r i* )4 ' L£_ + yl\pL + ^ V i t) , 

7 TTr 1 * r) r, dr *' \r,p a 1 1 p £7 2 1 


V mt P— 6 S, 

p 


(I3.4g) 


and 


(,4 **w +vi ) 01 -*Mrir A S ')=~ 4 ^ 


P 2 r 


bS. 


(11 -I 1 '; 

We similarly wrile lhe (lux perturbation F' from equation (11.12) in 



pt _ x BT dT 

F r - ~ K -Jr - K 

(13x50) 

and 

F t = -KVj.r. 

(13.51) 

Substitution of these expressions into equation (13,30) yields 


iopTSS = (pe„)' - ^ ^.(,J F ’ r ) + V 2 L (K T ' j. 

(13.52) 


The six equations [equations (13.47), (13,48), (13.49), (I3.50i 
(13.52), and (13.84) below) are the basic equations for linear nonadiab:'- 
tic nonrad ja I oscillation with six variables [ p' , V. 65, % r , and t r \ ■ l JI 
the adiabatic approximation, the right-hand sides of equations [ I TT i 
(13,48)„ and (13.49) are neglected while equations (13.50)—(13.52.) tnr 
not needed, and the former three equations determine the than' 
unknowns p\ and ®> 

I3..1 Wave Equations in Radial and Angular Dlreetiuas 

vumu '° nS 347) ' (13.49), (13,50), and (13.52) «n J * 

uppiememary equation (13.84) relating />', T and AS' (which is 

c 4 ^fWn| r0n J a ther " 1<>d y nami c relation) are the basic equations 
n,. siiui nni J | l |< CiC deferential equations depend solely on r, and the 
and i W ! c J en,ia| operator with respect to the angular variables ^ 
aimjW nark ^ U separation of variables into radial c ,CIL 

^ Part * “ ****** for all the variables, with the angM^ 
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dependence of Y(Q,$) satisfying 

[r 2 V 2 + A| YU.i. r/i) I., 


(13.53) 


hcre A ■* a constant. Similarly, the function Y{9$) admits the 
separation into the product of a eolatitude function 0(pj and an 
azimuth function. The azimuth function should he expfim^j with an 
integer m for a normal mode owing to the periodicity with respect to the 
increase of 4> by Zjt. Thus, equation (13.53) is reduced to 


d 


[ (| -'" 2 , 1 T ] + ( a ' iV ) e=0 ’ (a54 > 


where u - cos ft. The solution of this equation is given by Ferrer s 
associated Legendre polynomial P?(p) and &%)(see, e g , Whittaker 
and Watson, 1965 ) with A - v(v + I). However, the function 0 must 
he regular and single valued for - I ^ p - L and Q?(p) is improper 
because of a logarithmic singularity at q = L The function FC tp) also 
diverges at p - - 1 unless v k an integer. Thus, we have 0(fi) = fTtft j 
with an integer L Further, the integer m must be chosen as \m /. since 
pf%H) is zero if |m| > /. We have, finally. 

>7* (0,0) y / j /" (m)^^ iI3 " 5 ' 

where m = —if t —/-hi, /—1, f. and 

A = l(t + I) (/: integer) 

With the normalization 

■ / f Yf n (0,4f) YF (0, 4»)sin (hthdty - Av 'V- ' 1 ' " 1 

Jo h 

tlle orthogonal functions 

v,ox* 

*® tTn 9 complete set of normalized orthogonal functions cade ^ ^ 

surface harmonics, where <V and A mm are the Kroneeker deltas, 
uurtnal mode, the variables take the following or ‘ 

ete - 1 tereafier, we often use the same symbols toT^ult'^ 

0f thc variables, say p'{r), if no confusion w _ ^ j s given 

by The corresponding expression for the defacement veclor S 
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I = \m, W-k- Mfcs&ri rriW". rn 0l/ 

where Sf, is given from equation (13.38) by 

** = + *)' r,5,i ' 

The spherical surface harmonics of / = 4 are illustrated in [ ^ | 
The sign in the gray regions is opposite to that in the other region- j.. 
other words, on a given sphere of radius r , at a phase of positive veh 
in the gray regions, the velocity is negative in the white regions r I r 
exist !\\m\ azimuthal and (l - |wjj) latitudinal] border lines, which 
value the parameter takes For a non-zero m, the pattern of osulhu" 
propagates with a phase velocity -aim in the azimuthal direerion '’ 
Assuming the forms of §, T /H dS, T\ and F/ as given bv J- 
equation (13,59) f we obtain a set of ordinary differential equation s(, L, 
equations (J3.47)-03,52) as follows: 

P dr + /r i P ’ + (N2 - ol te' + - j r ^ AV. (H i,21 


t d 
r* dr 




L L\ !>' _ Kl+J) 


b | 


pc 2 


I ? r 3 


<l> 


“ ? 7 A5, 


(13.63) 


l d ( r il*'\ /(/+!)„, i o' N } , 

'* dr\ dr)- ? + !,) 


- -4ffC?r <f r 


b p AS, 


of. 


(13.64) 

(13.65) 


tafSf M m ipg^y . 




' /j 


** dr A A * 

wtnrt ✓ U'Mt.W i. 

WJI he hgw.y'^^ arwl .V arc lb.: I 
"WHbwcjr. r«*pctlivily . „t..l • 1 
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|m|»j 



[mi-2 ]m|e3 |bj|«4 


Hf . 13 J. HI miration of spherical surface bajmemk* YH8j) with t 3 , >. 

Fig, 4.1. 


Lf = 


«/+ ))< J 

rT 


(13.67) 


and 


a/2 a l 1 rfln fM 

" = = *{ r , * - *-) 


(13 


They have appeared already in equations (4,^) ami (4..J1.J- Equations 
(13.62H 13,66) are basic equations of linear noaadiahaiic non radial 
Oipations and equations (13.62H13.64) are those of linear . Jir am. 
nonr sdial oscillations, with right-hand sides are neglected 

It is noted here that there exists a trivial solution n> basic 
equations of oscillations besides ordinary non radial osciUaiioo mode 
^H*e governing equations are discussed above b J ^ 
ejgenfrequency a and all scalar variables are zero sudi that a * *t 
1' t' J <t>' * 0 but velocity vector v is non-zero To we thi *« myi ' 
h *ck to equations n3.2hj-03.32j. We sec from these cquAtwm , 
*** ej fists a steady flow solution which satisfies e, 

-o. n3 -« J 

a horizontal eddy motion confined on the sphere! surface I he 

b utton of equation (13,69) is given by 

v. - V, x 

’* he,e *. is a unit vector in the radial direction and Q » an > Malar 
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quantity- If we cxp^d the b ? -Phcrical h a rm» nics as 


q = 2 orra 


(13.71, 


we then have for each component of the horizontal eddy ... 

rt" = iN ~m 7 Kr(0,ct,) 

Thl, form of solution is called a toroidal mode, while the or.li,,.,,. 
oscillatory modes with o 4 0 described by equation <13.60) are 
spheroidal modes, toroidal modes are steady eddy motions am) 
o&rillutory velocity fields, and thus arc not of much interest in t he 
of a non-rotating, non -magnetic spherical star, but they bn,, 
oscillatory anodes in the case of a rotating and/or magnetic star. J - 
more detailed discussion on spheroidal and toroidal m 
Aizemrtan and Smeyers (1977). 


see 


13,4 Some Useful Thermodynamic Relations 

In treating the equations for nonradial oscillations we frequently n,, 
thermodynamic relations among the perturbations of the press nr-, 
density, temperature, and entropy. Here, wc summarize these fhejn 
dynamic relations, which will be used frequently in this monograph r i „ 
detailed derivations* see, e,g,, Cox and Giuli, i%H, Chap. 9) In m - 
cases, the periods of the nonradial oscillations are much shorter than the 
ume scales of midecwynthesis and material diffusion. Then. T 
Upsngfrii perturbation of the chemical composition is negligibly mh.i 1 
fho MrnpJjfics the thermodynamic relations very much. Therefor, n 
1 i* wt lJ ' 4CusS *he interrelations among the l.a^rjrn : 

perturbations of thermodynamic variables. Tlie relations for in 
may be Qbt *'™d by use of the relation Hi ■ J. 
viri.^hu composition does not change, any ihcrmiKlyna" i 

hit malt ' iH re ? af ^ rd as 4 Unction of two independent variable 

IIS! v trT . P : and tmpemuK, T, are chose,, a * 
41, art writitn ' d ' ' * P rmure an d entropy perturbations. 


**d 


dp 

P 


%p 


h P 


Xt 


SfT 


M - *T 


*'"*** « <fafeed by 


_ Ij 


dp 

P 


03,73) 


03.74; 
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l d \t\p 1 7 


ai,vl At 


\3lnf V ( r3 75 ) 


. ■ 

,| lC ipecific heat per unit mass at constant density, c„, i s defined by 

sm l 2 n adiaha^ c exponent (r 3 - 1) j$ defined by 


r 3 - 1 


/ 3 \n 7 \ 

lain p J* 


Xt P 

Cp pT 


(0,76) 


(13.77) 


I he Us I relation of equation (13.77) was obtained by using one of the 
MaxweJI relations of thermodynamics:* 

(a“!j,‘ p j (■«)„■ 7K < 

If we regard the pressure, p. and lernpemture. 7 j m„: p r n 

variables, we have 


and 


where 


- n b p_ _ 
p ~ f " p 


v, 


dr 


ds 


_ dp 

^p * mi ' "b {, 


61 

’ p j ■ 


(13.79) 

(13.80) 


P P 


-f^ f > - ’T~(mt),-S- mm 


\B)np ) T Xp \omt f p Ap 

and the adiabatic temperature gradient. V a4 f. and the specific heat per 

unit mass at constant pressure c p are defined as 

.nd ^-rfgj. (13.K2I 


\dlnp 


, the 


\ %* All J!/ / ^ J 

Furthermore, if we regard pressure, p, and entropy , a ' ) 

tndcpcn<lem variables, wc have 

This ttUlion can be derived a% follies: From rbt- Sir ■ i , a v 


dU = tdS + % 

9* w c ubijiui 


erfS 


i'dT, i ( fp\ 
dpdS r 3.%Bp I Bp f p 7A l 
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find 


where 


bp 

P 

h7 _ 
T 


I &P - J^AS 

r t p c p 

as 

Cp ' 


t>P_ + 
r 2 p 


(13.83) 

(13.84) 


and 


,31n P] + fi£f) (|, ln/ | 

r, 3 {jhiplf \a\up h ' 3,nr '» 1 aln /' ' 

= Xp + Zt((j ' (( 

r,-i 


<p ,- 

Jbe ratio of the specific heats, T written as 

HH#l .(f). 

_/ 55 i (|si /ill f *?ei / jp_ \ 

' J/> / 7 - 1 . jT M 3p fs\ 3S ) j 'dp It \ op Is 


ft 

~ = Pp r i- 


(13.87) 


( 0 . 88 ) 


where the following cvdic relations are used:* 

(SU*)|S.- 

(fl(#),(f)p-' 

'S. 7 ^ 871 *• > -• 

T- = d‘" 

Ut tis " p 

internal Caere* ^° nsideT a muiure of ideal gas and radiation 
energy pe r ^ & 

■ u, or suet, a S y S t em is 


nm 


fsfra*** ^ he tt** 

_ atr. 


in.% p) _ / jp, | - 

*KFal5^> " I, [ - 
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ltd 


1 A 7 - ^ 

y r -* 1 pm it p (0.90) 


jfc || 4 m, t - f» fJ « (leni,lc lhc Jiolt «nar. toriMm,. - 

* ht Y. mass Of Ihc atomic m«v, unit and radiation 4 .n ■ . 

^f^edvdy. and y* is the ratio of the specific heai lor th> =: ji ^ 
a monoatOTTiic gas. The total pressure is given 


5/3 for 


p — Pw- 


ppm! 


k pT + \at‘ 

pm„' 


p or such a mixture of ideal gas and radiation >. h . 

1 4-30 

Ur= 0 

tCa = I -. + 


*r=4-3 0, y,„ = p, p^q. 

12(1 - 0 ) 




n®. 


r, = H + 


(4-3 fifty ,-U 

fi + l2(y f - Id i 


(13.91) 

(13.92) 

(13.93) 

(13.94) 

(13.95) 


and 


where 


- . _ _ (4 - 3/0(7, -1) 

1 " /I*+ 3(- /lr - ltd -fini-p. 

r _ i - 1) 113%) 

rj 0 + t2{y„-i)(i-0>’ 


/? = PsJP 113971 

The internal energy and the pressure of a completely degenerate 

gas are functions of density only and have no temperature dependence. 
Therefore, we have xr ~ 0 and Vj= 0 for such a gas There are 
extreme states for a degenerate gas: nonrelativistic tlogp 3 ^ ) 
relativistic degenerate (k>gp^7) stales. For the nonjelativistkaliy 

completely degenerate gas, we have 

(13.98) 


Then* we have 


U * p m and p * P 




(13.99) 


^* r Bonrelaiivistic complete degeneracy For the reiathhticall.- 

completely degenerate gas f we have 


U x p ia and p x P 


( 13 . 100 ) 


so that 


III 
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Xp= r i**y (l 3 | i>h 

« »■ 

defined ^X U "«merie a l^“ laaons - By definition, the squar, „; 

aye T en rvtm fluency. N 2 . is given by 
«■* Bmnt-WMU , , dlnpj 

S 1 - Hi§! = " V V rflnr r, d\nr) 

■«(-S' 4 )- Mis? - £)• 


where W * *e homology invariant defined by 
dlnj? _ GA/, /j 
^ S ~ dlnr rp 


03.1(B) 


Since we are dealing with the spatial derivatives* we have to Uiki; 11 ;;■. 
account possible change in the chemical composition. The m 
density p may be written as 


p = pip T T, Xi), 

(13.104) 

where X ( {i - 1,2*.*.,/) represents the mass fraction of an d, n 
which satisfies the condition 

II 

>? 

(13.105) 

Th» s relation reduces the number of the independent variables Y 
(/-1), Then, we have 

d ^P = / ^InpV / 9 In p\ 

dlnp VSIn T) Pr x, 1 5\np )/.x, 

+ y / ainp\ rfln X, 

- [dinX <’r.p. X , Ul , d\np ’ 

(13.106) 

r s - ln T 

d\np ' 

Furthermore, using the relation 

(13.107) 


I hipi 

fi x' 


t 3 ^P\ 

IteJU* 


( a'n 


L( 


BS \ 
3\npl 


T,X 


ri 




( I3,1(W) 


adiabatic oscillations |f)3 


we 


obtain 




din X, 
f p x, . dlnp 


(13.109) 


ln the fully ionized region, the effect of the spatial gradient of 
homicMcomposition can be represented in terms ut the gradient of the 

S "> o,ecuiar wei8ht>u - 


£ 


f ain p _\ dlnX, 

[ainX'lr.pd\np 


f 3!npt dlnp 
\ 3 inp Ip. 7 dlnp * 


(13.110) 


where 




J_ 


2 l A z -‘ 

i-1 ' 


ix + ] y + 

4 


2 

2 


(13.111) 


with the mass fractions of hydrogen, A\ helium. Y. and heavy elements. 
Z. Therefore, if the pressure in the fully ionized region is approximated 
by ideal gas plus radiation pressure, the square of the the Brum-Vais;ila 

frequency, N 1 , is reduced to 

N 1 = ^ [ 4 " 3/} (P„, - 0 + r„]. (13,112) 


where 

r = (13.113) 

* ~ cilnp 

Equations (13,110) - (13,112) should not be used in a partially ionized 
region, because the gradient of mean molecular weight in the partial y 
ionized region does not represent the gradient of chemical composition. 

We have N 1 « 0 in the completely degenerate and chemically 
homogeneous region because vr - Xt^Xp ~ ^ there. 

Linear Adiabatic Oscillation as a Boundary Value I robknt 


Adiabatic Oscillation , . A at , Mn iimi 

dynamical properties of stellar oscillations can s u _ _ “ ^ - 

111,1 thc specific entropy is conserved during the osci a - eX p rcssc d 
^ In this approximation the perturbations of density t 
y the perturbation of pressure such as 

6p = dph? or p' = />'/?+ %rpN 2 lg- ,H 11 
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I d f + ^ 3 -p' + (N 2 -n z )^^ - ~ 
p dr p<r ar 


and 



(14.2) 

d*P f 

dr ’ 

(14.3) 

f N 2 . \ 


(14.4) 


These equations with proper boundary conditions give a well-posed 
eigenvalue problem with an eigenvalue o 2 , We will consider tin 
boundary conditions at the center (r - 0) and at the surface (p = 0) h 
where the above equations are singular. 

Near the origin r — 0, the quantities appearing in the ah <nc 
equations behave as follows; g 0, Lf « r“ 2 , p ~ const, c 2 ~ const , A 
- (I, and jV 2 /g — 0. Therefore, equations (14,2H i 4 4) can he 
approximately written as 




o 2 \ p 


*') 


0 , 


(14.5) 


and 


1 dp' 
p dr 


0 2 $r + 


d&' 

dr 


^ 0 , 


(14 6) 


IMF) -«' + (l471 

rhe general solution of equation (14,7) can be expressed as a linear 
combination of the two terms which are proportional to r * |f+lj ami r 
respectively. Because <#' must be regular at the center, we adopt the 
vJution 0 J ot t t m then, we have 


d<P> 

dr 


t<t> f 

r 


= 0 at r 0. 


(14-8) 


Similarly, by considering the regularity at the center for the variable^ ■ 
and tflp+v | in equations (14.5) and (14.6), we obtain the relation" i- 
r and p * r T or, equivalently, 


0 at 


r ~ 0. (14-9) 


A DIA B A11C OSCI ] .1. A El ON S 11 n 

c -nations (W-S) and (14.9) P^vide the boundary conditions at the 
b C (** Sectio " I8 ' 1 £ ” f 3 d,ffCrent Way lo dtrive 'he SC equations) 
£? as is ^sily verified, equat.ons (14.2HI4.4J are equivalent .0 a 
S rtli order differential equation with a single variable, the other two 
^ dary conditions must be set at the surface. The physical boundary 
ditions are complicated because of the nonadiabaticitv in the 
00,1 o sphere. The oscillation must be solved in an atmosphere under 
3 dittoes of no mechanical and thermal flux from outside. The 
Nations among the variables at the base of the atmosphere where the 
‘Vjlgbatic approximation is good must be taken as boundary conditions 
n, 1 the oscillation of the interior. However, we will postpone the 
™ jon of physical boundary conditions to later sections and restrict 
ourselves here to the so-called zero-boundary conditions 

"\Ve assume that the pressure and the density become zltu at the 
■face r - 11 With oscillations, the stellar surface may be distorted. but 
H 3 |i no pressure is acting from outside, and therefore, 

dp = 0 at r = R. (14.10) 

Also, since p = 0 outside, equation (14.4) gives d>' * r~' i+l \ or 

r = R (14.11) 


+ lill * = 0 

dr r 


Equations (14,10) and (14.11) are the zero-boundary conditions (see 
Section IK I for more general discussion on the outer boundary 
conditions). Equations (14.2H 14 - 4 ) at)d thc bu “ ntkr - conditions 
(14.8X14 J 1 ) form a boundary value problem with o~ as an eigenvalue. 
Since neither the equations nor the boundary conditions involve the 
index m of the spherical surface harmonics, the eigenvalue o 
degenerates {21 + l)-fold with respect to m. 

'Fhe outer boundary condition (14,10) implies V -I ■ ^ 

boundary. Combining this condition with equation 114.^?. 


£ = -P- 

^ gP 


R. (1«» 

; see Section 15.1 below). 


^ & is neglected (Cowling approximation; 

Hum ion (14,12) is reduced to 

0 2 R* at r ^ R, 

(14.13) implies that the 

■ e -—- tuaiiun vyfl.3 - j ^ — f ^ r tnilf 

oxizontal motion is much larger than the 


h - £i,' C jW 


(14.13) 


' ^pB§ *datit>n (13.61) was used. Equabon^^^^ for fow 


frei 


quency oscillations. or vice versa . 
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14.2 The Orthogonality ^^j^fobatic nonradial oscillation, are 
The basic eq ua, '0" s , 1 different i a l equation, which is not a 
reducible to a to ^ tQ the | inea r adiabatic radial pulsating 

Strum-Liouvdte yp . o ^ shall discuss the orthogonality 

ST SmS— of ■— adiabatic nonradial oscillations, 
m will First show the orthogonality ot etgenfuncttons such t ha 

/Y{dlW-(WV«W'/V[IU 2 +«'+l)ll*IV*. (14.14) 

where gand § denote displacement eigenvectors belonging to the («. /, 
m j_ and(n', /', m')-modes, respectively, and an asterisk represents the 
complex conjugate. From equation (13.60), owing to equations (13.57) 
and (13.58), we obtain 

/ VljT pl;irr 2 * ffYi n {0 . 0) 1'r"' (0,0)’ sin £W(Wtf> 

**W/ 


3 YT ay/?'* i arr ay/”* 


sin 0 t/ 0£/0 


30 30 $in 2 0 30 50 

“ / pm r + KI +1 ) £tf&]»' 2 dr. ( 14 . 15 ) 

It now remains to show that 

w-/ pi^;+/(i+i)5 ; ,|„*i^ r=() for n ± „ - (i4.i6) 

>f o 

obtain SCa,ar Pr ° dUCt ° f " le eqUati ° n ° f m ° tkm (l33(,) W " h 


° pi ■£ + I ■(Vp ' + p'V0 of pV<P') = 0. (14.17} 

Mo* From equations (,4.IH'4 " 

" 1 ^' 5 _ 51 ''' r+ P«'5‘+(4»G)- l 4 c V i .. 1 

= £‘ (V + A'74>rfoP*lT - . Ifa 

+ p0’§ +(4jjG) '0'V0"l 
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^ ,<Yl + -^ 2 -p 'I* + (V 2 p§,i* + <f»'p'* - (4trG) “ 1 V • (0' T0' *) 

_ £^gp*- -I*) + * + (4irG)" 1 [0'V 2 0'» -V• (0T0 r *)] 

_J r p'p'* + N 2 p%rk? ~ (4jrG) - ' V0' • V0'*. (14.18) 

Integrating this equation over the whole volume of a star, we obtain 

+ V$'*yhmddrdBd<t> 

(14.19) 


<7 2 /, 


■=///(> r 


\r^R 


-(4irG)~ 1 (/+ 1) 
where the last term is due to the following relation: 

V ■ [p '£* + p <t>' |* + (4irG) _l <f>' F V'0' * ]r 2 sin 6drd8d<p 


III' 

= (4nG)~ i ^ JJ | sin&ffl# 


r=R 


- ~(4nGy l (l+i) [r0'0'*] _^ t ( 14 - 2 °) 

by virtue of the zero-boundary conditions. The right-hand side ot 
equation (14.19) is symmetric with respect to the eigenfunctions of the 
(«. /, m)- and («', m')-modes, therefore, must be equal to it 

|Hr 

for the case of n = «', this equation shows that a —a ^ ie., the 
eigenvalue is real. When n±n\ a 2 *&\ in general, since the equations 
an d the boundary conditions depend on n. Therefore, we o ai 

orthogonality relation: 

(14.22) 


/ - = 0 for n £ n\ 

l nn v * 


nn - a A\ * 

‘ f jf * o'! This means that the the system of equations (14.2H 1 ■ 

^’^adjpint 

le , though there is no mathematical proof, to th<-.nonexistenceof 

numerical results so far published suggest oscil i a - 

lions J y amon g the eigenfrequencies of ad = „ £ V en jf the 

deeen 11 s P herical star (i e., o 2 - d~ onl y ’ , J t of functions 

can -,r racy cxists ’ il is wel1 known that an or l h0 fTm ' 

Wa ys be constructed (e.g + , Schiff, 1955, 5 
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The eig * d e with a 2 > 0 are the oscillatory modes. The s „ 
g ' m f n?fions is usually assumed to form a complete set together w ith 
f' 8en i“. modes with a 2 -0 («*V e -S" Aizenman and Smcyers, | 9 7 7) 

conservation is noteworthy. For n - n and l l , the first term in the 
first line of equation (14.18) correspond to the kinetic energy of waves 
and the divergence term corresponds to the energy flux. The first and 
the second terms in the last line of equation (14.18) correspond to the 
potential energy of a pure pressure wave and that of a pure gravity- 
wave, respectively. The third term in the last line of equation (14.18) 
may be regarded as the potential energy for perturbations caused by 
self-gravity, which plays an important role in the Jeans instability, '['his 
problem will be discussed again in Chapter V. 

14.3 Variational Principle 

It was first shown by Chandrasekhar (1964) that the eigenvalues of the 
adiabatic nonradial oscillations obey a variational principle. In this 
subsection we confirm the fact by using an operator representation for 
the linear adiabatic nonradial oscillations (Lynden-Bell and Ostriker. 
1967; Cox. 1980). The formal solution of Poisson’s equation for the 
Eulerian perturbation of the gravitational potential (13.31) is 


*-(r ) - -G [ ( 14 . 0 ) 

JV I X ~ r I 


( ‘ 4 ; 23) ’ the continuit y equation (13.28), and the 
as llc rela,,on the equation of motion (13.29) may be written 

- .ST®, (14.24) 

where a linear operator is expressed as 

X (S) * ^ (Vp)V (|*Vp| - -• V(c 2 pV ■ D 

r 


ii?(*)£(*)]d 3 x 




(14.25) 


'deriving the last term in the v . 

S 3 * density p vanishes at thf* < j C ec ! uat ' on > it was assumed that ih 
equation (14.24) with f ce ' fa^ng the scalar product o 

unic " We obtain 10 e grating it throughout the Stella 
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K o 2 / r-*M, = J (,4.26, 

Com paring equation (14.26) with equation (14.19, show , , he H 
c of the linear operator <£; i.e. 

J [| ‘SS(M)]dM r = J' [|-^(| )J d\1 r . (14.27) 

We note that since the zero-boundary condition was used in deriving 
equation (14.19), equation (14.27) for the Hermiticity of £ is valid 
under the zero-boundary condition. 

jvow we apply a small variation on equation (14.26); 

1 M 

(f+A|)*-(|+A £)dM r 


fM 

Jo 


(f+Ag)*-jg(§+A§)</M r 


( 1428 ) 


where A| and A 0 2 are the variations in § and the corresponding 
variation in (T , respectively. Because of the linearity of the operator 
we have 2£ (| + A§) — 2S (§) 4- SS (Af). Using the Hermiticity of £ 
and the relation (14.26) for the terms of O (A°) and discarding the terms 
of 0(A 2 ), we obtain from equation (14*28) the relation 

flM 

^J q ?%dM r =-o 2 J (£*-A%+£&g*)dM r 

PM 

+ / ir■■*(*«)+ a ? 

Jo 

= -2 Re J j (Ar)-[o^-^(DK W |'!4-9) 

means the real part of the indicated quantity. The right-hand 
'isukiv e 9 uat ‘ or > (14.29) is equal to zero if a is an eigenfrequency 
quenr " 8 equation (14.24), Thus, we have proved that the eigenfre- 
th at e!! S ° r bey a variational principle. The variational principle indicates 
f^c,i,M enf ^ quencies are determined more accurately than the eigen- 
' This fact could be utilized to improve eigenIrequencies. 

•4,4 r 

S,,1 ii e ,: enertU Troperties of Eigen frequencies and Eigenfunctions 

®|R! >Values (square of oscillation frequencies) are shown m C- 
I e polytrope with index 3 and Pi - 5/3. In this ig ure L 
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. ^frequencies a, 2 defined by 

of .he normalized eigen. 

2 sr 2 - -— 


• t / There are two sequences of the eigenvalues ( 

are plotted against f jncre ases for a given /: 

of them tends to infinity as » 


cc as w 


oc (p-mode), 


and the other tends to zero: 

g 2 o as a -» 00 (g-mode). (14.32) 

For a given order«, the frequency is higher for the modes with larger / 
Figure 14.2 shows the eigenfunctions for the radial displacement. 
which are normalized at the surface for p-modes (solid curves) and M 
the center forg-modes (dashed curves). It is apparent that the relative 
amplitude of a p-mode (a g-mode) is large only in the outer (inner) pan 
of the star. The f-mode, which has no node in the radial variation of the 
eigenfunction, has intermediate character between the p r mode and the 
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Fiji* 14,2 Eigenfunctions of nonradtal / — 2 pulsations of the N = 3 poly trope arc plotted 
against the distance from the center. The solid curves are (or the t- and 
p-modes, which arc normalized at the surface, while the dashed curves art (or 
the g-modes, which are normalized at the center. 


gi-mode. 


node. 

We note that cr = 0 for the f-mode for / = I t his mode corresponds 
t0 l he trivial solution which describes a parallel displacement o t e 
^hole star. As is easily verified, a trivial solution exists lot tie se < 
equations (14.2)-(14.4) for / = 1 satisfying the boundary condi ■ 

04.8H14.1I): 


% r - % h = const. 


P‘ = PgBr- 

<p> = -g§ r 

a 2 = 0 


= 0 


i.e., 6p 

i.e., 60 = 0 


(14.33) 


Th >s corresponds to the f-mode because there exists no node in t 
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112 NONRADfAL £o the orthogonality (14.22) of the ei 

radial direction, other nodeless eigentnodcs is inhibit, 

functions, the exrstence f . mode of / - 1. We note that ,. 

Thus the solution U 4J3J (he gravitational potential is neglected ([h 

I5.D. the nodeless eige^,^ 
Cowling approximation.^ !or / = ]. However, this solution i s ^ 
with o* 4 II ttai pfirrespondence. 

and has no phys'cai c r adiabatic nonradial oscillation rno ( w 

DMaW proves ° ^ 

will be discussed in tne w* 

14.5 Adiabatic case with / = 0 of nonradial pu \ y J 

Radial pulsation is the pan reduced to 

For radial pulsations equation 

£ . -tfpu + 1*. 

Substituting equation (14.34) into equation (14.4) with / = 0. 

i (' :i fl ■ * c ['V (r ’ 5J r ’ 1 *1 = °- 

where the relation N 2 /g = -dlnp/dr - g/c 2 was used. Integrating 
equation (14.35) under the condition that d<P'/dr is non-singular at > il, 
we obtain 


ion. 


(14.34) 
we obtain 

(14.35) 


+ 4 TlGp^ r = 0. 


(14.36) 


Substituting equations (14.34) and (14.36) into equation (14.3) and 
using the relations for equilibrium structure such as (13.12) and (13.13). 
we finally obtain a standard differential equation of radial pulsations 
[equation (58.1) in Ledoux and Walraven, 1958]: 

)J + { CT V 4 + r 3 -J r K3/'i-4)p]} < 14 - 37t 

This equation with the boundary conditions (14.9) with / = 0 and ( 111 111 
forms a Slrum-Liouville type eigenvalue problem with the eigcnvnlui' 

m , Th I ! m ° de with the smallest eigenvalue is called the fundai^' 11 ' 1 ' 1 
F, whose eigenfunction has no node in0< r s R 'The modes wii" 

mcreaw a?nf i,Cd * h f n ' th harmon ic mode, nH. The eigenfa'quc |UK ' 
pJ 1 ^ """5" 01 nodes of eigenfunctions increases. 
ZZ H-* of .he eigenfunctions am. «*•» 
0 •hose of nonradial p- modes. 
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is. Trapping of Oscillations 

The acoustic and gravity waves which are responsible .. , 

oscillations are prcpa»Mi»e in the radial direction „„l ( i„ , h ) 
regions depending on the properties of the waves The «lob a l nn„rlm . 
oscillations are standing waves which are formed by the reflection of the 
waves at both sides of a propagative region. In other words the 
oscillations are trapped in a propagative region. The trapping of 
oscillations is of fundamental importance in the theory of nonradial 

oscillations. 

15,1 Cowling Approximation 

To discuss general properties of nonradial oscillations the Cowling 
(1941) approximation (#' = 0) is appropriate to use, since it has a 
sufficient degree of accuracy and simplifies the treatment greatly. The 
accuracy of this approximation is quite good for modes with large values 

of n and /. 

Using the Cowling approximation reduces equations (14,21 and 

(14,3) to 

7 T ~dF^ r ^ r) ~ 7^ r + t 1 " = 0 (15,1) 

l dp' 


and 


g 


P f + (N 2 - 0 2 )% r = 0 , 


(152) 


p dr pc 2 J 

With the transformation of variables | r and p l to new variables § 

and f\ defined by 


and 


p 

p 


I . p(-/ £*) 

(15.2) resuti 

# - & - ‘h 


(15.3) 


— dr , (15.4) 


equations (15.1) and (15.2) result in a canonical form. 

r 2 [Q 

= Hin^r- I 

dr 

and 


dn_ = ( o 2 - N 2 ) l 

dr r-h{r) 


(15.5) 


(15.6) 
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where 


h(r) = exp 


m-*y 


> o. 


05 . 7 ) 


It should be noted that the equations of linear adiabatic nonradi;,] 
oscillations are not the Sturm-Liouville type even in the Cowli n „ 
approximation. 

15.2 Local Analysis 

Qualitative features of nonradial oscillations can be understood in the 
local treatment, in which the coefficients of equations (15.5) and ( is n, 
are assumed to be constant. In this approximation, we obtain 

Iw. f l( r ) x ex P (*V), (15.8) 

where 

kr = a~ 2 c~\(p- - Lf)(o 2 - N 2 ). (15.9) 

Equation (15.9) is the dispersion relation, which relates the wave 
number to the frequency. The appearance of the Lamb frequency L 
[defined in equation (13.67)] and the Brunt-Vaisala frequency N as 
critical frequencies should be noted. If a 2 > L 2 , N 2 or o 2 < L 2 , 1 V 2 , the 
wave number k r is real, and k; > 0. In such cases, waves can propagate 
in radial directions. If N 2 > o 2 > L 2 or L 2 > o 2 > N 2 , the w'ave number 
k r is purely imaginary, and k 2 < 0. The phase of the oscillation is 
spatially locked, and the amplitude changes exponentially with r. The 
wave energy flux over the spherical surface of radius r, which is 4tt r 2 p'z r 
and is proportional to £?/*, also changes exponentially with r. 

I here fore, if the propagative zone or a source of waves exist interior (or 
exterior) to the imaginary k r region, the solution exponentially 
increasing (or decreasing) with r should be omitted. Then the other 
goes fk*** CS ^ WaVe * s re ^ ect ed and spatially damped as it 
fhTs regmli ,mag,nary K region * The wave » said to be evanescent in 

We now introduce the horizontal wave number k h by 

k h = /(/ + l)/r 2 = L 2 /c 2 , (15.10) 

1) instead of due'u! I’" the sphencal surface of radius r, and / (/ + 
(15.9) is rewritten as C Sphencal effect - The dispersion equation 


° ~ (A/2 + k2 c 2 )o 2 + N 2 k h 2 c 2 = 


0 , 


where 


(15.11) 
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k = k; + kg. 


( 15 . 12 ) 


«• 15' 1 illus,r "; es ', h 1 e ; d T < f ,k d “*™» «Wd> fepresenl, , hc 

f‘? n5.ll) on the (k h ,a )-plane. In the hatched (Gi , 
"'""itched (P) regions, the quantity kg is positive. whi|e „ d £ 

‘"i other regions. For a given V *0 equation (15.II) is ,cpr eMKd 
* wo hyperbolas as shown ,n log .15 1 The as ym p,„ tic , ines arc , vc „ 


in 

V-2 

by 0 


With kp — 0, wc have 
a 2 = N 2 


( 15 . 13 ) 


and 


t 2 = c 2 kl. 


( 15 . 14 ) 


Equations (15.13) and (15.14) represent the dispersion relations of the 
horizontally propagating gravity wave and the Lamb wave which is not 
propagative in the vertical direction, respectively. 

P There exist two kinds of restoring forces, pressure (mainly in the 
region P) and gravity (mainly in the region G). In fact, for g -* 0 (and 
hence N 2 -* 0), one root of equation (15.11) in the region P is given by 
a - c 2 k 2 and the other solution in the region G is given by a 2 -» 
H-kfrk 2 —» 0. The former represents the acoustic wave due to the 
isotropic pressure and the latter shows the anisotropic nature of the 
gravity wave. As the radial wave number k r becomes larger, the 



Schematic diagnostic diagram for gravitoacoustic WJ "' * ■ ,p) while i> 

Positive in the hatched region (G) and in the cross- ate k e cscn(e j 

ls negative in the other regions. The dispersion relation t ■ 
by the two hyperbolic lines on this diagram. 
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,,-T-T of die acoustic modes becomes higher while , hat 

«“ P ha * ’"*>*>' V. « given 

-'■o k. As|i \ i' ■ 


of the 


by 


tw = 




fix 


and 

a a .. 

V “ ft Ic 2 "*'• U5.1M 

For the limiting acoustic wave (g -» 0, a = at), we have 

V = V ■ «(**). 115.1-1 

representing an isotropic nondispersive propagation. For the litnitino 
gravity wave (g -* 0 or c -* *: incompressible, a = Nk h !k), we h;n' 

V = -p-0-**. -p*r) and 1 -p* = k„); (15.is- 

hence v,,^ v p „ and the vertical components are the same in magnitude 
and opposite in direction. 

It should be noted that equation (15.11) and Fig. 15.1 are not ex.ic: 
even for the isothermal plane-parallel atmosphere [see equation (II , ; 
and Fig. 11.2] in which k r (= k.) is really constant. However, the 
qualitative aspects are well revealed in the present local treatment. I 
particular, the dual character of nonradial oscillations in the m. 
me ium. depending upon the frequency and the horizontal «.. . 
number, should be noted. 


1?.3 Propagation Diagram 

models r a < fti'' !!Ua ** Ze l ^ e c °ndition of wave trapping in realistic mc 
radial coordina^ 111 *k anc ^ N 2 are plotted as function ot : 

propagation m,n ‘ ai ' s - H* <*•*"»» «»> * 

index 3 is shown in Fie Pf^Won diagram of the poly trope »• 
square of dimension^ S f ~ 0r “ ordinate or denote' 

2e & = <»,(GM,R>)1 and A and 

indicate the oscillation Um *\ In ***“ figure thin horizontal I' 

circles on the lines indie .t re< | UenCieS ° f severai modes, and the '»■ 

>«)■ The ° ( * in U r) (.:/. F* 14 I 

the P-type and G-tvpe ornn ^ anc * g‘ m °des appear, respect b 

(15 8 ) and f 15 . 91 ]' t^, ^ agatlve rones, where k; > 0 [see equ- 
8-*odes are trapped in ,J 8 p re clearl >‘ shows that the p-modes ' 

" th€ P and the G zone, respectocb I 



Fig* 15.2 Propagation diagram for the poly trope uith index 3 in the = - v 

|, dgenfrequencics are indicated by thin he: .v - 

nodes is shown by circles, 

larger /, the Z*-curve is displaced upward corrcsponJinL ie the factor 
L?tL %2 = /(/ +l)/6, which explains the increase of r with / tor 

p„-modes (Fig, 14,1), 

The behavior of Lf is qualitativeh not much Jittercni : ^ ^ 

star, being infinite at r = 0 and decreasing monotonicaih r increases 
except in the chromosphere-corona transition. But the behavior or \ 
Ranges sensitively with evolution. In the following part we will discuss 
'he propagation diagrams and the properties of nonradial ma t* 0 
v anous stellar models. 


| £ _ 

• -1 Massive Main-Sequence Stars . „ ( ,f 

^uat,o n (13.112) indicates that the existence or 
'-nveehon and the gradient of chemical composition <rat ial 

distribution Of V in the stellar interior Th^.£*J“ 
significantly » Wage 

main ,es the propagation diagram of / - - auc and a 

O;* (ZAMS > mod el. This model has .‘ ^ KmpeBnire 

S^neous rhf*miral ^nmnnsillOfl t T,, 
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Fig, 153 Prop^gaiion diagram for the Z.AMS model of a 10star in the c^e ot 
(A = 0.7) Taken from Osaki (1975). 



tfce same nlo^rl r ^ atlv ® ^lactmem in the radial direction £ ' u ' : 
10 for I^} S i ^ ^tnaUzanon at the center is t M - - 

Pr»odt.ad fflrt)??* (2( ^" r ) f = 0.1 for f-nuxle. (.') u. 1 
Ofihitv of osciJIi.IL/ 1 '*lof p<-mode. Note, however . il'-' 1 !>K 

100 « Proportional to (from <Kjki. I ’ 
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£convecti’e core and N is practically zero ,he re . F, g „re 15.4 sh ,Ls 
. eicenfunction 8 of re alive displacemcnl the radial direction .Vr for 
f , for the lOMo ZAMS model. Because of the existence of a rdativeh 
evanescent zone due to the convective core, the relative 
^placement of a g-mode is maximum at r!R - 0.25-0.3 rather than a, 
,he center, in contrast to the case of the polytrope with index 3 (fi* 


" As the star evolves, hydrogen is depleted in the central region as 
the result of the nuclear burning, and a highly stable zone due to the 
uradient of mean molecular weight develops. Figure 15.5 illustrates the 
evolutionary change of the distribution of hydrogen abundance X as a 
function of the fractional mass q (= MJM) for a lOAf star. The fully 
mixed convective core in a massive star recedes with time, and the zone 
with varying chemical composition is left in the position between the 
outer edges of the present and the initial convective cores. This fi- 
gradient zone becomes wider as the star evolves. The central condensa¬ 
tion increases rapidly. These features cause a characteristic change in 
the ,V : -curve— that is, a trapezoidal profile associated with the 
((-gradient zone. Figure 15.6 shows the propagation diagram for the 
models with X c = 0.48 and X c ~ 0.07, where X c is the hydrogen 
abundance at the center. The /t-gradient zone acts like a potential well 
that may trap gravity waves. In these evolved models eigenmodes in the 
frequency range between the two maxima of the ,V‘-curve possess a dual 



^ The distribution of hydrogen insiJe . 1 I0.W. aaratvam^evolmion.nv ... 
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r/R 


Fig, 15.6 Propagation diagrams for evolved lOA/^, models, whose hydrogen diMiru 
hems are shown in Rg. 15.5 [(a)A7 = 0.48 (model #6); l b)A ='ihit nn i 
#13)], in the case f = 2 (from Osaki, 1975), 


character such that they behave like gravity waves in the /j-gnttlicni 
zone, hut like pressure waves in the outer part of the star. Because ol 
this dual character classification of the nonradial modes of evolved 
is nut trivial, this problem will be discussed in Section 17. 

The evolutional development of the ^-gradient zone causes ihe 
requencies of low order g-modes to increase as the star cvoKes \ 
ample of this phenomenon is shown in Fie 15 7(a). where he 

of nonradial modes arc ph-"-' 

!“a„ st U, ? a,y ** fo ' ■ IMfc n, ain-sedaen- ~ 

rapidly witb e2"' “"I *«•". 1977). The g-modes move np"-"; 
constant in 0 r A4 “c"' * lk ' ' he “ml p-modcs al firs, remain 
bumped by the e mn ,® l ' n '°^ e approaches the f-mode, the L 
5Ia!iaiS*W*» f ;'-«lc begins 10 move «p«nl •£ 
the f-mode. The f-moii ,i ”? P os ‘tion that was originally occup' 1 

« »' 0977) ha« s"«„ m e ?.c Ump5 ,hc Prmo*. and so on. A.T 

the "avoided crossim;" ,f 1S Phenomenon is essentially the s ‘ llI ’ t ' . 
OtK^iator is identified asi - rno ^ es °f two coupled oscilbi' l,rv 

38 “ ^'ty-wave oscillation trapped in the J- 1 
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Fig, 15.7 Avoided crossing of eigen frequencies with the evolutionary sequence of a 
16Af© (after Aizenman ct aL. 1977): (a) for the full problem, ih r :hc 

decoupled inodes (see text for detail). 

interior and the other is a p-wave oscillation trapped in the envelope. 
The avoided crossing is caused by the interaction between the two 
oscillations. Simple crossings between a g-mode and the f- or a g-mode 
would occur if the interaction between the two oscillations were 
suppressed. In order to show this, Aizenman et al. (1977) calculated 
eigenntodes for artificially modified differential equations. The^ dr up 
l*d the terms Lfp'/(a 2 pc 2 ) and /(/ + 1 )<P't{a l r 2 ) in equation (14.2) to 
in <p- a nd n--modes, which are, respectively, the f- and p-modes. 
Occupied from the g-modes. Decoupled g-modes, which were ca ^ 
y modes, were obtained by dropping the term o~$ r in equation 
l ‘ c resuli i s shown in Fig. 15.7(b). The decoupled rr mode “ 

d ™-;nstra,cd Ihe figure .hot fhc mode "bumping- phenomervon lor 
lhe' ded ccoss ‘ n S) in Ihe original problem is due to the coupti-ghe ro e 
^.Pseudo g-modes trapped in the p-gradient zone and the envelop, 

P-niodes. , re 

L ''tL'h* :>UririS ttle avo * tJ ed crossing, the characters of 'be tVV °^ h t he 
by the interaction of Sre two waves which ,h ™f as a 

Pcitenii^i!? Ct . m ** le evanescent zone. The evanesceit wider, 

a barrier. As the potential barrier becomes hit, 
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f rh, oscillations in the two zones becomes weaker. 
the coupling of tn e he avo jded crossing occur only when „ 

the coupling and ^ modes are very close to each other j h " 
eigen frequencies f ‘ h de . switc hing phenomena are common ^ 

-“isSiiiS-*<*< osaki ' i975;Hansen - : 

KlmTUK*»«**• ,977; Francis ’ 1973; Jonc ' 

IS 3.2 I^wer Main-Sequence Stars 

The spatial variation of N 2 in the ZAMS model and «ts evolution*,, 
change for a less massive star (M s 1.2A/ Q ) are d.ffcrcnt from the >s,, r 
massive stars, because a massive star with M a 1 .2M & has a com,, , 
core and a radiative envelope, while a less massive star with M r ] . 2 . 1 / 
has a radiative core and a convective envelope. Figure 15.X shows tl, 
propagation diagrams for a lAf©star at the ZAMS stage (# I) and at tl 
advanced evolutionary stages (#2 and #3). Model #2 has an inland 
structure close to that of the present sun. The L, z -curves in Fig. ] 5 .* , 
of model #2, but they do not differ much for different moc i 
Hydrogen burning through the p-p chain reactions results m ih, 
radiative core and hence the smooth /{-gradient zone, as shown in 1 1 : 
15.9. 

The condition of wave trapping in the outer envelope depend r 
the structure of the atmospheric layers. The adiabatic approximation 
less adequate but still useful for most cases of interest. Figure 15.1'h 
propagation diagram of the sun with particular emphasis on d 
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t i K , 15.9 The distribution of hydrogen inside a 1,1/ -tar . 

The propagation diagrams of these models e. . 



'*■ tS.U) 




Ole propagation diagram of a solar model The Ha ^ hnl^nhere'ill" lower 
atmosphere is adopted for the structure above the P f ° q( , he 

horizontal scale shows the relative radius (r K} £I . 

Photosphere. and shows the height from the photosphere 
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■ structure for which the Harvard-Smithsonian r e f Cre 
atmospheric strict , ^ Kalkofen, and Cuny, 1971) is adopts 

atmosphere (Gmfi h - c(iromosp here and a minimum of Lf lh . 

««* ***** f r rra of ,he 

>1* » lar «“> s P here ' TI T hye - m ’" u ' c ““"“i-" W 

- Sis trapped below the photosphere because of the large N in tht 
chromosphere. The solar five-minute oscillation will be discussed ln 
detail in Chapter VII (see Section 11 for the observational properties,. 

15.3.3 Giant Stars ....... 

The stellar structure of a giant star is characterized by a high dcnsiiv 
contrast between the small size core and the extended but low den mu 
envelope (which is sometimes called a “core-halo” structure), f igure 
15J1 shows the propagation diagram of a giant star mode! with M 
5Af e , We see from Fig, 15,11 that both N 2 and Lf increase great!;, with 
depth toward the center so that any eigen mode with mode r ^in¬ 
frequency, a , behaves like a gravity wave with extremely short 
wavelength in the deep interior. The Brunt-Vaisala frequency is near. 1 , 
zero in the outer convective envelope, which penetrates into the duup 
interior during the evolution along the red-giant branch. Another 
important point to be noticed is that the width of the evanescent /on in 
the envelope increases with increasing /. Then, p-modcs arc trapped 
more effectively in the envelope with increasing /, 

The radial wave number k r of a high order gravity wave in the u>r: 
is written as [see equation (15.9)] 

k - = K k 05.19J 

Or a 

fret i ucnc y N >* very large (N 2 ~ I0 7 in units of 
^ n p > , ^ lc temer For an envelope p-modc with a model : 
ency o - 10), die number of nodes N g in the core is estimated 

S *~ I k r driv ~ W-L fl5.2>9 

The * eor * ^ 

and to return to thc'^ 31 '! ta *** * or a wave packet to traverse the 

the envelope i* accordingly very long and is given > • 

* 2 / JU , / 


k 
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kfdrln ~ period x jy 


(15,21) 


here V r standS tOT th£ radia * COm P onent uf ,he g™p velocity of hrh 
U ‘ icr g-modes given in equation (15.18). On the other hand, the 
Imping time, rdamp, of nonradial oscillations in the core of a giant star 
\ very short i^damp ' period, Dziembowski, 1971) due to strong 
radiative dissipation. Obviously, this strong dissipation is due to the 
extremely short wavelength nature of the gravity waves. Since the 
damping time in the core is much shorter than the travel time, i.e.. 


T/.j 


« T,, 


the wave may be damped to a negligible intensity long before being 
reflected at the center. In such a situation, standing oscillations 
extending from the center to the surface are impossible ft/. Pesnell. 
1984). However, there exists an evanescent zone between the . ire and 
iheenvelope P-zone. This evanescent zone acts like a partially reflecting 
wall for envelope p-modes, and thus “quasi ’’-standing wave oscillations 
are formed. A method to treat such a quasi-standing wave in the 
envelope will be discussed in Section 23. 
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Pig, 15J 2 Propagation diagram for a cool lAf© white dwarf (log LfL © = -4.2. log I ■ 
= 3.83) in the case of l = 2, where the stellar center is located at the origin < t. - 
the right) of the horizontal axis (after Hansen, 1980). The location of radiL 
nodes for g- and p-modes are indicated by filled circles. 


15.3.4 White Dwarfs 

The propagation diagram of a white dwarf is characterized by the low 
value of the Brunt-Vaisala frequency N in its interior due to strong 
electron degeneracy, which is responsible for the long periods of the 
g-modes of white dwarfs, A sample of the propagation diagram is shown 
in Fig. 15.12 for a 1M 0I purely radiative and chemically homogeneous 
Fe white dwarf with log ULq - -4.2 and log T eff = 3.83, This figu re w 
based on Fig.2 in Hansen (1980). Note that the abscissa is log (1 - r ^ 1 
resulting in placement of the inner part of the model to the right and 
emphasis of the outer layers. In the case of complete degeneracy (i e . ui 
a zero-temperature white dwarf), stratification is neutral, and thus the 
Brum-Vaisala frequency is exactly zero. Although in a real w hile dw ’rt 
uc internal temperature is finite and so is the Brunt- Vaisala frequent 
the value of N is extremely low in the degenerate core. * hc 
rum*Vaisala frequency increases drastically in the non-degenef^ 
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radiative envelope. (It drops to zero in the thin surface convective zones 
due to the partial ionization of hydrogen and/or helium in a chemically 
stratified white dwarf.) The loci of nodes of the eigenfunctions of some 
g - and p-modes are also shown in Fig. 15.12. The low order g-modes of a 
white dwarf tend to be trapped in the outer envelope. On the other 
hand, the central concentration of a white dwarf is not high in general, 
and the Lamb frequency Lf varies gradually from infinity at the center to 
near zero at the surface. Consequently, the p-modes of lower harmonic 
degrees / have rather wide propagation zones (o 2 > N 2 , L, 2 ), and their 
eigenfunctions have large amplitudes even in the deep interior. These 
properties of the p- and the g-modes are opposite to those for the other 
kind of star. The effect of a crystalline core of a cool white dwarf has 
been investigated by Hansen and Van Horn 0979). 

Figure 15.13 illustrates the evolution of a star to the white dwarf 
phase. Losing most of its hydrogen-rich envelope in the asymptotic giant 
phase, a highly evolved star moves blue ward in the HR diagram. After 
passing through the phase of planetary nebula nuclei, it enters into the 
white-dwarf cooling sequence. As we discussed in Section 10, nonradial 
g-mode oscillations are known to be excited in several phases of the 



Hg. 15.13 Evolutionary track in the HR diagram of a 0 Mso&nmm 

phase ,o .he white dwarf coolmg evolutions 

B ..* 

radius for 0.0285/?s- 
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Ho 15 M Period* in second* of (he flop W boHom) gj. g*. L Pi- *"»< (’• ""«(■ ■: 

nooradial quadrupole oscillation* (/ - 2) a* function* of stellar Immi,,,,. i., 
(he ii mM miKfcl* (taken from OmW and Hansen. 197.1* 

evolution from the planetary neblua nuclei phase to the cool whit, 
dwarf phase (ZZ Ccti or DAV stars). As the evolution proceeds, th. 
core temperature decreases and the degree of the degeneracy ol tli- 
electron gat becomes higher, which decreases the Brunt-Vaisah, 
frequency. The stellar radius decreases during the pre-white dwar f 
but remains almost unchanged during the white-dwarf cooling ■ 
quence. A decrease in radius tends to decrease the oscillation r"-'"'" 1 
while a decrease in the Brunt-Vaisala frequency tends to increase tin 
periods of g-rnodc oscillations. Therefore, as the star evolves, the period 
of a g-mode oscillation first decreases in the pre-white dwarf phase du- 
to the effect of decrease in radius and then the period begins to iikt-' 
when the luminosity becomes low enough in the whitc-dwarl coolm 
sequence. Figure 15.14 shows ihe periods of gz, gi. f. Pi. ;in( * P- 
of / » 2 as functions of stellar luminosity for 0.39XM ,, white dwnrl 
models calculated by Osaki and Hansen (1973). For tins model 
sequence the turnover of the periods of g-modcs occurs when tlr 
luminosity is 4/.- ihc luminosity at the turnover of period do pen 1 
on the mass of the pre-white dwarf flower luminosity for a less urn i ■ 
«arj, because the luminosity during the phase contracting toward ih< 
ganetary nebulae nuclei region in the HR diagram is an wen 
SJSjjJft mm Tht num<; rical analysis by Kawaler. 11 <n 1 11 : " l< 
\j ^ the periods of high order g mod'-s <> ■ 

1 model begin to increase when /. t() 1 

- ** , * le observed light curves, Wnn 1 " K 

ODonoghue (19X5, found that the period »l 
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y I-. | s, 15 Radial dependence of (he eigenfunction % f tr for ihe / / / m* *k 

of aailllpofilionally vlr;jiifirid H If* < A fnT‘ r |J * W r - rf A 

tt al, (I9K1). 'Ihe cigenluriUiorr* him w-h rHrrm-sliy- : 'jmr- j? bit ’■ 3 * 
Surface, but the curves are displaced Imud (p ne -rrMhcrr Hk j 
boundaries and convection /jtnes Jirc indicated by ■•t'riH.ai tiuiuum 


pre-white dwarf pulsator PG 1159-035 is decreasing. If the luminosity 
estimated for PG 1159-035, /, Hf7. . is more or less valid 
observed period change of PG 1159-035 may suggest that the ma s o 
this star is less than 0.95M-.,. One possible complexity is the helium shell 
flash. According to evolutionary models from the asymptotic ^ian. 
branch to the white dwarf stage, the last helium flush occurs.a/fouri e 

planetary nebulae nuclei phase. During a helium shell ha • 1 ’ ’-J - <j 
oidnc, and hence the period of oscillations change large > on a 
Kon * ~ ,((• y ,(c. g .. Iter. ISMI. If PC 

flash, its period change cannot he predicted as j lirK 

ma *f and luminosity. detailed structure of 

The above properties do not depend on - - , ^ j cpcn j on 

wh «e dwarfs. There are some interesting properti h 
*hc composition stratification of J^'^^^'hafwnradial g-mode-, 
W| ngct, Van Horn, and Hansen H*!) jfje<1 envelope. F«g«' c 

selectively trapped in the chemical > >n f, If)C tions for the radial 
l5 -15 (from Win J, n, al .. IWU «*»« cgenfunc..-.". 
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Fig, 15,16 The “kinetic energy of osdUatioiT, E km , as defined in the text plotted against 
period for the lowest 23 g-modes (1-2) of the model shown in Fig. |> . I > 
from Wingei, et at. (1981), Modes g 3 , g„, g, 6p and g 23 are "trapped" m the 
surface hydrogen layer, 

displacements of the g,„, gn, and g 12 modes for l = 2, where the 
eigenfunctions are normalized to unity at the stellar surface. In this 
model the composition distribution at the interface is assumed to he 
discontinuous. In this figure, it is apparent that the amplitude in the core 
for gn is small compared to those of g 10 . and g 12 ; i.e. T the gj j mode is 
trapped in the white dwarf envelope. If a mode is trapped in the 
enve ope, the kinetic energy of oscillations for a given amplitude at the 
sur ace, - 2 ® Jn £ dM r is small compared to the adjacent 

modes. Figure 15.16 shows the kinetic energy for several g-modes (/ = 
m .■ m ? e Wlt 5 sma ^ er Eton can be considered to grow to observable 
stratified enu°| C e3S '^ therefore, the trapping by the compositional!) 
am stars h T may bC rela,etl ‘° the grou P in 8 s of the periods of ZZ 
Sormatl n ^ 15 '™' ** peril>d of a 2Z CWi star gives us 
e composition stratification of the outer envelop 


>e 


16 Anal ? sis b y a» Asymptotic Method 

In the previous section we studied tk * i i 

characteristics of nonradial oscillation pr ° perty and the t t ualita,1VL 
various modes in a realistic T ° mvestlgate them precisely h» 

either by using numerical ealcuTationf *° f‘ VC ‘ he wave e <* Uiillon ' 
method. These two methods comni* ° F by usmg an as >' ni P to,K 
appropriate for lower overtones , P .™ ent each ot her: the former is 

mall and intermediate n), while the 
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latter is applicable to higher overtones (large n). In this section, we 
study the g eneral P ro P erties of stellar nonradial oscillations analytically 
using a* 1 asymptotic method (Shibahashi. 1979: see also Tassoul 1980 
Sjers and Tassoul, 1988). 

We use the Cowling approximation, which is accurate for large 
values of n and l. The basic equations are equations (15.5) and (15.6). 

Eliminating £ or ff, we obtain 

d 2 l d\n\P' dl - 

4* d, i ' 06.lt 


and 


d 2 rj 
dr 2 


din Q\ dr) 
dr dr 


- PQi) = 0. 


(16.2) 


respectively, where 


nr) = - l)*W 06-3) 


and 


Q{r) = ~^{a 2 - N 2 )h(r)~ 


(16.4) 


It should be noted that the zero value of P(r) causes a regular singularity 
of equation (16.1) and not of equation (16.2), and the opposite is true 
for Q(r). These equations should then be regarded as being com- 
plementary to each other. For the limiting case of o' » A - equation 
(16/2) tends to the Sturm-Liouville type 

d^V d\n(r h) dq _ 1(1 +j j - = _ °lij , (16.5) 

dr 2 dr dr r~ 

and for the other limiting case of o~ « S', it tends to 

d 2 t) d, i r 2 h \ dtj N 2 -_L . (16.6) 

~d?^ + ~d^ in \N T )~dr r c 2 n ° l r ~ 

Similarly, equation (16.1) tends to the Sturm-Liouville type 


£l 

dr 2 


_d 

dr 


ln (f * ) dr 


\ d l - £* - -f* ' 


or 


d 2 ' 

dr 2 


’k.d . 

p- + -^ln(A )^ r ~ r 2 » o- r 

, .2 . „2 & / ? Since the only subsisting 

depending on whether o » Li or a 


(16.7) 


( 16 . 8 ) 
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For convenience, we introduce the new variables u and », defined 


by 


/ L? \~ m 

v - m-'V = p il2cr ( 1 “^|) ^ 

(16,9) 

and 

w - mi-'W 2 = p- m ri\N z -o 2 \r m P ' . 

(16.10) 

where p c denotes the density at the stellar center. The basic equations 
(15.5) and (15.6) are then reduced to a pair of turning-point equations. 

f 2 + [*? - m\» = ° (i6.ii) 

and 


+ [kr - f(Q)\ w = 0. 

(16.12) 



R§. t6.: 


diagfam 0i a " model. The h,u 

acouflk-waJT*^ y W3Ve pro * >3 ^ atl0n and the cross-hatched region i l 
radicated bwlf*°k *8a<"»n zone. Frequencies of three kinds of modo 

<16 12) are indicai !nk ,lt fi J |i^ flp rurning P° mt * of equations (16 11) 

' “ ,nd ‘ ta,cd b > c,rde S and open dre J. respectively 
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2 __ __pQ given by equation (15.9) and 

with kf 


fix) - 1* 


1/2 


d 2 \x\~ m 


dr 2 


(16.13) 


. .mine points are the points at which k; - /(/>) = (j and k; - f(Q) 
^Vfor equations (16.11) and (16.12). respectively. 

95 / us consider an idealized stellar model whose propagation 

. is illustrated in Fig. 16.1. For simplicity, we neglect the second 
diag ra JR the brackets in the left-hand sides of equations (16.11) and 
tetn1 p) which are negligibly small compared with the first terms k; 

( everywhere except near the singular points and the stellar 
“h* 0 jbis approximation is especially valid for oscillations w nh short 
SU |eneths in the radial direction. In this approximation, the singular 
'^ nts" for one of these equations, at which P = 0 and Q = 0. 
p0 ‘ ctively. coincide with the turning points for the other. Although 
a coincidence is not necessarily required for the following 
iw.tssion it will simplify the mathematical treatment. In Fig. 16.1. the 
SJ p„I„ K of equations (16.11) and (16.12) are indteated by filled 
circles and open circles, respectively, at three kinds of frequences. The 
hatched region is the gravity-wave propagation zone, in which P> 0. Q 
< 0 so that kf > 0, and the cross-hatched region, is the acoustic-wave 
propagation zone, in which P < 0, Q > 0 so that k, (l The other 
region is the evanescent zone, in which k; < 0. 

We will solve the basic turning-point equations in terms ot Airy 
functions by dividing the stellar interior into regions each having on y 
one turning point, and then use asymptotic forms ot Ain tunc, it-n 
join these regions in order to obtain a complete eigenium.tion _ 

turn ing-point equation (16.12) is used to obtain j ^ ; 1 ^ 

singular points for equation (16.11). at wh J* " 1U fcLed to obtain 
the form of v from dwldr, conversely , equation , _ 

the solution of equation (16*12) near its singular P° m s 

In the case of a high frequency denoted by ^ lo 

acoustic-wave propagation zone extends ^ jn (he rcgion 

another turning point r h (r a < r b ). To obta ^ ^ appropr j ate 

containing the turning point r a — that »s. tor variables (w. 

to introduce a Liouville transformation, which transto 
6 to (W, i), by 

c _ ( *)’ [*? - /(Oil - (|-)*’ 

and 


(16.141 
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W 3 ! (\w\) ^ 

(see, e.g., Oliver, 1954; Langer, 1959). Then, it is readily verified th ;i , 
W satisfies the equation 

if + , 

where fix) is the regular function defined by (16.13). To the fj rst 
approximation in which fidrtdQ is neglected, the solution [\ j s 
represented by 

W = aAi(Q + bBi(g) , (16.17; 

where Ai(Q and Bi(0 denote the Airy functions of the first kind and of 
the second kind, respectively, which are related to Bessel functions of 
1/3 order as 

Am | 

! (16.IS] 


and a, b are constant coefficients. For large values of |f|, Airy functions 
take the asymptotic forms given by 


277<-0-““r[-!<-0“J 

for J < 0, and 


(16.19) 




(16.20) 


06N> - (,6 • ,5, ■ anJ ""' 

*~kl ”(||y . do -' 1 

*# 
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£ = ■*"<#> (14/ 


t* *** 

a- _./lA II j J i I sXTJ 

,l6 ' 22 ’ 

. .I., s vmM sgn W » W*r means the sign til function , c u h. . . 

■■‘^tions (16.19) and (16.20) into equation ( 16 . 21 ,. we obtam the 
^ptotic form of the function w which is written as 



1 


5 ( / * dr ) + V! V7 e M[ Kdr ) 


ex P 

n Vk - ,, 

1 - cos (/ krdr ~t) “ VT VT r sin (/ 4 I 


for r«r B 


^_^ 

77 vX 


for r a «r. 
( 16.231 

w jth r = ~k?- The coefficient ft must be equal to zero for the regularity 
of the function w at the center r = 0. Otherwise the upper second term 
in the right-hand side of equation (16.23) diverges at r = 0, because *• = 
[I (/t 1 )] m !r in the region r « r a as a result of the inequality .V 2 « <r« 
Lr To the same approximation as used for equation (16.23). equation 
(15,6) can be written as 


“ sgntQ)!^- 1 ^ • (16-24) 

Substituting equation (16.23) with 6 = 0 into (16.24). we obtain the 

asymptotic form of the function v for r » r a 

~ “ VX Vtr $in [[ k ' dr 

In a similar way, equation ( 16. 11) is used to obtain the function t 
0r r “ < r - The function v takes the asymptotic form given b> 


l,- > (r k d * j-i 

r 7VT.“ s l/ Mr 4) V7vX V, " 


' r 6 


for r # «r«ri* 
for r*«r 
(16.26) 
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oS.r^ **- -* 

r, : - 

for r. « r <i£ r*. T«o kinds, of asymptotic expression of tht f U5 - - - 
awl * for r„ <c r #. r* must agree with each other. Eliminat’ 
coeffkteat d bom the combination of equations 116.23; f with 6 
(16 27). and front that of equations (16.25J and 116.26/. ,-, i; . 

„ /«» 

SMbrff. ic ofnwi 


•i£ t d '~ 2 ) 

d * ~u oos(^ Mr-yJ. 


; 

”■ ' 

*? 'ise«prew*of e for 6c ^ r P'tn try equation l16. 26.,1 t, : •, 
ojetficicm cm the right-hand tide represents the evaney./;- 
“*!?* r> ? tiK atflar ******' ®«f d* sea/nd term .. 

a^ TK **rfll 4yrCTeBt ' ,hC **** CO ®"°« * rfim tht OtrfSKfr; 

««at ant niMk. We set d - 0 as the outer boundary a.' . 
fW.Ilf or (16.121, A* seen from eqasuori r.‘ :■,, 
i tor J * Q m satisfied if and only ft 


r 


k,dr 


tvs 


116 Vl, 


It 


", 

mr vTfato ^jl. lhm * lhc co "^ rt *°" *«» dpenosctllation 'j,:- 

he noted that A, ^ 

12 / , « , -77. "* stde of equation 116 Vj, 

mk ' *» ** Tim « d, 

Mdt *r «y eeanw tent zones ir - *r,.; 

J1 **takkmi>£Zl?* Mw * °* Ufm of f und y , : 
If* M 0-^,^ W * W- *® d* c^ff; 

feat*** of v be ‘*' f **«fo»i 116,30;, fbere ar<: <■- 

prop*****, ajfct J™*?** u > of the function 
«* nodes of t£*Z?* ?* c*»«fierl as p„ m^l- 

tk * 'f&niiWttm mfc/if Vi 

fuiaorie lf#f,-,j(j , t,,,! ^ ^ e( gcnftcqijerp. o 

*** Van ffeohi j^j Tastoul. Dcgr > > ?' 

tt»niog point /-,, n, m mmi'..; 
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to the photosphere. So »e approximate r, « * aw replay the 

*’7L r tKjotKlary of the integral in equation (16.30/ by p b. 

*ti» It, in the propagation zone to be 


qo^_ 

f ole for r„ « r " p 

k, * ( c-Ho 2 - U) m for r - r. t «•»! 

^ hv substituting it into equation (16.36/, »e ccotaiB 

/ ' ds = KT /_';Z 

* r m # " 

wfvre r*B» fadiai dktame helo* vhcvn ... y . 

t r -i tu its value at the center c '■*• t ■ • - • 

7W mov be neeteoeo in contpar.v/- v. fc - i 


,/ xtik ,r he ocgkctt-/j in comparivin to ,nr > By 
term tn the left-hand tide of equatvys <16 32/ e fc»c 

r ^if* Kl^lfe 2 ] ^, 

°l ' V'^^ l * 

~oei'\r* 2 -rl\ y2 -o 7-v %- 

In the cane of a high overtone <« ^ 1 >* ' Ion fcp« 
the inner turning potnt r, *t very dot* to tifc ctsscr 

itt f 0 ^ 0 M flisl 




<J6J<f 


^oJ f c' 1 dr-VU+H)' 1 ^, 

Adding the second integral in the fcftdsmd ude deqna^« ‘ ^ ** 

ofruwi the ctgenfrt^ueiM^ <rf 

0^ =< lM*4 n ~ t - * r 

where 




kfW 


(16J61 


•"■Jfea constant. This formuh «* • i; - ?<r ‘ ^ ^ Tumok. 

I^ilcgree (VaiKhfkiif^ WP- 

fa«hecawofaoowBationintitalo*ft^^ 

16J f the procedure fr/f 
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the case of the acoustic mode with a high fretjuency a p . Let r„ and |-> 
the radial coordinates of the two turning points (r a <r h ). The final result 
of asymptotic forms of eigenfunctions are given by 


wrkM-r-*) 


for r« r u 


^A cos (/. Mr *) 


a (-l)"* 1 . / f n t j jt v 
■VT-7tr S,n (/ Wr- T )fo' r.«r«, h 


a (-1)" 

277-vr exp 


(-/>) 


for r b «r 


and 


w — 


2 

%Hl kdr - t) 


for r«r a 


VH VT, 

a {- 


Vr 

_o_ (-i) 


“7^ t/ for r a «r«r h 

■*) 


[2VT‘V7“ cxp 
and the eigenvalue condition is 


for r b «r. 


r 

I k r dr = nn. 
Jr . 


(16.37) 


(16.38) 


(16.39) 

number of "nodes n^of JVf " modes are classified as g„-modes after the 
to be L eigenfunction v, Estimating the quantity A, 

c . M , BUlpLi ut, 4H) 

the repon r. « , « ,, „ sl „ g the ;^ uj|jly gl r< L , ^ 
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[/{/+1)F 

nn 




(16.41) 


This formula for o„ is, however, formal, since the turning point r u 
, epen ds strongly on the frequency a„ itself in usual cases. For the case 
of higher-gravity modes with low frequencies in a massive star in the 
nuiin-sequence stage, r a and r h correspond to the outer edge of the 
con vective core and the stellar surface, respectively, and are practically 

independent of o„, 

Eigensolution properties can he most clearK depicted in the phase 
diagram If we plot the solution in the (u, w)-p!ane. starting from the 
stellar center and proceeding toward the surface, it describes a curve. 
This is the phase diagram, and its path is called the phase path. For 
simplicity, we use the asymptotic forms of Airy functions even near the 
turning points. The combination of equation (16.24) and the corres¬ 
ponding equation for iv then leads to 


dv . Dri , »’ 

7 - = s*n iPQ)~ 


(16.42) 


The phase point thus moves along a path given by 

v 2 + sgn(k?)w 2 - const.. (16,43) 

which is a circle in a propagating zone and a hyperbola m an evanescent 
zone. If the functions v and w are expressed in terms of the polar 

coordinates as 


f d-Hz$). 

the functions R(r) and A(r) obey 


(16.44) 


dlnft 

~dT 


and 


= |* r |[sgn(P) + sgn(0|cosAsinA ( 16 * 45) 


(16.46) 


~ = |fc r |[- S gn(P)sin 2 A + sgn( <2)cos 2 A| . 

rhe general behavior of the phase diagram is “ e or j gjn j n a 

filiations. The phase point moves clockwise wh j| e j t moves 

'ravity-wave zone where P > 0 and o’< o and Q > 11 

:( >untcrclockwise in an acoustic-wave zone w ’ ^ ua£ ) ran t to the 

? oves along a hyperbola from the secon <» whjch bot h P and Q 

lr st or the third quadrant in an evanescen 
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16.2 Schematic sketch of n h. 

(2)1. gravity waves (3l o * ' ^° r ,wo °f evanescent waves 

7 C1 ,3) ' ant) “coustic waves (4). 


are positive, and in the opposite direction in an evanescent 20 
which both P and Q are negative. The characteristic movcnu." C 
schematically shown in Fig. 16.2. The inner boundary condition reo' 1 ' ' s 
the phase point to start from the origin and to move along the sti 
line i» = h’ in the innermost evanescent zone (P > 0 and Q > 0 th ‘" 8ht 
On the other hand, the phase point is required to move to the 'I^ 1 ' 
along the line v = w in the outermost evanescent zone (P < 0 aiU ] ?f n 
0 ). This is possible only for certain discrete values of a 2 . These v 1 
are eigenvalues, and the corresponding solutions are eigensolut' " ^ 
Figure 16.3 shows the phase diagrams of a g-mode and a p-mode ' r'"' 
clearly seen that the phase point starts from the origin and moves • 1 
the line v = w until it reaches at the inner edge of the propagation/'!'^ 
(r = r a ). For the case of g-mode with frequency a g , the phase ,!!!,! 
rotates clockwise around the origin in the propagation zone and ! 
finally moves along the line v = w in the outermost evanescent /one 
< r). On the other hand, for the case of p-mode with frequency „ „ 
rotates counterclockwise in the propagation zone as shown in Fig 16 4 
It is clearly seen that the phase in the asymptotic form of v given bv 


(l) P>0,Q>0 


(2) P<0,Q<0 


(3) P>0,Q<0 


(4) P <0, Q>0 
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16 1 Schematic phase diagrams of a simple g-mode (left. Ui| and of a simple 
p-mode [right; (b)]. Filled circles indicate turning points of equations 1 16 11 1 

and (16.12), respectively. 

equation (16.25) corresponds to the phase angle measured clockwise 
from the phase point at r = r a . Conditions (16.30) and (16.39) are then 
interpreted as the conditions requiring the phase point of an eigenmode 
to move along the line v = w in both the innermost and the outermost 

evanescent zones. 

In the case of a mode with such a frequency <7j as is shown in ng 
16 l there are four turning points. Let the radial coordinates ot these 
points be r„ r fc , r e , and r d (r. < r b < r c < r d ). The manipulation for 
obtaining the eigenfunctions and the eigenvalue condition is lengthy but 
parallel to that used in the case of simple modes. The final results o 
asymptotic forms of eigenfunctions are given by 


2VT VT CXP ( 


for r«r a 

VH VT r cos (i 

[ k r dr -i) 

for r a «r«r h 

277vt sin 0 

( k r dr^exp[-J Kdr ) 

r a 


+ a 1 

cos(/ **1 

for rft«f« r c 

VH V7 


V~n VT r tOS (j 

(V-t) 

for r c «r«r,i 
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1 


27777 exp 


■(■/H 


for r tJ « r 


(16.47) 


d 


2 V r ff vT 


a 1 


V ff V' /., 


v- 


,{-f\dr) 

'(/ M 'M -i h jsrdrJ 

‘(/_ *>M/_ «*■) 


fo r r <<r u 


for r„« r «r h 


a 1 
=sit 
2VT W 

_L 

T i— /- I 

VJ7 VT 

~V¥VT r ^ n (j r k ' dr ~j) 


C 

2\ r jj 


? 7?*(-f •*) 

■ ,r rf ' 


for r,,«r«r c 
for r c «r«r d 
for r d «r. 


where two constants a and c are 


(16.48) 

•■'>“>*«> u anu c are related each other by a condition 
t-u2cus|^ Mr) cos Mrjexp^ irdr) 

+ |»n(^ Mr)sin(| Mr)exp(-jT*rf r )], (16.49) 


and ,he Ci f nvalue condition is given by 

dw» 

if ' vi, « <p'<< i™ The'n"^^'/ 011 ' ' s esI imated as ,r = |/ (/ + l)l' V 
B -hand side of equation (16.50) is then given 


CAP (' 2 /, - (16-5U 


jv estimated as 10 / >&c i * / / 

baki, 1976a), Let ihis Small"* 3 ' n tyP^a! cases (Shibahashi atw 
Wall qtwnwy be c (0 < e « 1} . J n this «*. u* 
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f the three conditions 

(16.52) 


(16.53) 


(16.54) 


with integers n and m must be satisfied in order for the value of the 
left-hand side of equation (16.50) to be negligibly small. It should be 
noted that conditions (16.52) and (16.53) cannot simultaneously satisfy 
the eigenvalue condition (16.50), of which the right-hand side is o t o 

order of magnitude of e, , 

When condition (16.52) holds, the order of magnitude o the 
coefficient c is (-1 ) n+m (r c lr l >)- l a. Since the kinetic energy of the 
oscillation (c^pr 2 ^ 2 ) is proportional to v~ + w 2 . the ratio o( the energies 
trapped within the inner propagation zone (r„ < r r *) an 1 cou tf 
propagation zone {r c <r<r d ) is evaluated by a"lc~, that is. 


or 


or 


j k r dr » (n + 1/2)77 + O(e), 


i: 


k r dr ~ ttm + O(e) , 


f n 'k r dr m (n + 1/2)77 ± O(VT) 
(\ r dr « mir ¥ O(VF) 


(pf ~ §~)mnerzone_ ^ / rf> ) 2! , (16.55) 

(pr‘§ 2 )oulor zone 

an d it is estimated as 10 +/ if rjr h ~ 3. We find in shibahashi 

estimate is in good agreement with the numenca resu s■ 

«< OH (1976a,. In this case. .he «djbd» ■ —* "3?hart 

me gravity-wave propagation zone {r a * ’ eau ation (16.55) is 

w hen condition (16.53) holds, the left-hand side 9 trapp ed in 
approximated by and the oscUatton * (1^2, - 

•he acoustic-wave propagation zone (6 ‘ , gr avity-wave 

then regarded as the mode trapping ct> ” 1 1 , for t h e acoustic- 

P r °pagation zone, while (16.53) “ T® 8 ?* V | u(les a half-integer as in 
wave propagation zone. Condition ( - “ {he evane scent zones on 

“Ohr-Sommerfeld’s quantization rule becau have the same 

ot h sides of the gravity-wave propaga _ . be noted that the 

combination nf sions of P and Q in this cas ■ _ » V actlv equal to 
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146 nonradial oscillations of s t a rs 

acoustic waves trapped in the envelope cannot reach the stellar ce nter . 
a result of strong radiative dissipation in the deep interior, and thev 
show progressive-wave character in the deep interior ( see Se ' s ° 
IS 3.3; Osaki. 1977). In such a situation, a wave trapping region sh,„ u 
be treated as an isolated pulsating unit with wave leakage in the form 
a progressive wave. Strictly speaking, such cigenmodes are not stand 
waves. However, if an evanescent zone exists between the t"^ 
propagation zones, those modes still have discrete eigenfrequencK 
and the situation is analogous to a virtual level in the potential prob|'■ ■ 
in quantum mechanics. 

Assume a nonradial mode with such an eigen frequency o { - 
shown in the propagation diagram of Fig. 16.6. The oscillation ^ 
trapped in the inner gravity-wave zone and leaks outward in the form If 
a progressive acoustic wave in the envelope. We denote three turn ? 
points as r a , r bt and r c (r„ <r b < t c ). The outer boundary condition? 
then set in the form of 

* * v^r exp K■/ Kdr + H] (16.5f.i 


for r r « r, since the group velocity and phase velocity of acoustic wave. 
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simile 


tan 


(16.57) 


radial direction have the same sign. After some manipulation 
in lhC ?! that used previously we obtain the eigenvalue condition 

({ Mr 'f )“ p ( 2 l H*~T ■ 

eenvalue a is complex even in the adiabatic approximation as a 
^of leakage of wave energy. In the gravity-wave zone the wave 
KSU ber Ay is then reduced from equation (16.40) to 


k r ~ kf 


NL, 

f— 

-,- g I) 

~ c 

U|t 

0R> 


(16.58) 


where o R and o t are the real part and the imaginary part of a , 
respectively. On the other hand, the quantity k is estimated as the real 

quantity K 


__ [/ (/ + 1)] m ir in the evanescent region r h < r < r c . After 

substituting equation (16.58) into equation (16.57) we obtain new forms 
of the eigenvalue condition given by 


f kndr = + ^-Jtr (16.59) 

Jr. 


and 


r r 

tanh / kidr~ I 


, r 1 

k\dr= -^-exp 


K'H 


(16.60) 


with an integer n. The condition (16.59) corresponds to Bohr- 
Sommerfetd’s quantization rule, and equation (16,60) represent tht 
effect of leakage. Using equations (16.58) and (16.59). equation (16.60) 

is rewritten as 


o i 

°R 


1 


I 


4 ( n +1/2)tt 


exp|-2/ 


1 


1 




r^y 21 


( 16 , 61 ) 


ince the 


4 (h+1/2)tt \ * 

i temporal dependence of the functions rand n v™ 

iaation represents the damping rate as a result ot wave ea ag ^ 
&hi~hand side of equation (16.61) is estimated as 10 « 1 « * 

Pieal cases (see Shibahashi and Osaki. 1976b). 

In some evolved stars, higher gravity modes trappe ^ . . 

avity^wave zone with frequencies Oo.high shovvn _ V eloDe In 
atward in the form of progressive gravity waves in t <- ^ ^ fom 

lc h a case, the outer boundary condition must t er 1 _ integral; 

m\\»r fnr the Sim 111 front Of the miegraj. 
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lhe group velocity and phase velocity of gravity waves in the raduj| 
di ection have the opposite sign. The eigenvalue condit.on and Ih 
damping rate are naturally the same forms as those of equations (l 6 , 5y) 

The effect of wave leakage into the stellar deep interior upon the 
acoustic modes trapped in the envelope is dealt with in a similar u av 
Assume a nonradial mode with such an eigenfrequency ct p as shown i n 
Fig. 16.6. We denote three turning points r b , t c , and r d (r h < r c < r ;J 
The oscillation is trapped in the envelope and takes on progressive 
gravity-wave character in the region r < r b . Choosing the inward 
progressive wave, we must set the inner boundary condition at 

V, w * y=-exp[i^ ^ k r dr + cri]] {16.62) 


forr « r b . After some manipulation we obtain the eigenvalue condition 

tn A r. 


tan 


(jf Mrjexp( 2 ^ MrJ = -^- . (16.63) 


9 V ' r t> 

Using the approximate form of the wave number in the acoustic wau- 
zone k r = k R + ik { - (o R + io ( )/c, we finally obtain another form of the 
eigenvalue condition given by 


s: 


k r dr - mn 

with an integer m , and the damping rate given by 

H 


(16.64) 


_£L 


1 1 


exp 


Kdr] 


\-2i 


(16.65) 


* pm - 

4 mn\r b J 

The effect of wave leakage upon the damping rate is then estimate 

^ This ic in ih.- reuii 1 


10*' if r i , av £Jf“ M ® e u P° n , * 1e damping rate is then estimate 

numenrii^ i , . ,s es, ' mate ■* * n good agreement with the result 
numerical calculations (Osalti, 1077). 

paa . of lurnin g-poim equations (16.11) and (16.12) ■ ■ 

1} •» ,,K *!' 

immnniiiiiii i, i WQ)I* In some realist tc stellar m <M -- 

because ,hc Brunt-Vaisala frequence 
rmwi If. ii i i _ nt . convective region. The tun" 

with the wimibif fVKni ° C< * ua, ' on a6.ll; then do not strict!) e"iu 

«f**2C22rjS!’K“ (1642 >’ i,twhichfr? = v ihL 

' er - Vaf > in the other parts. Therefore. 
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OSCI 

eva; 

here 


treatment can be valid even in such a case, if the first exact 
P fesent , jn equation (16.14) is used for the variable £. 

above analysis, we have used asymptotic forms of Airy 
11 But, in order for this approximation to be valid, the turning 
fU ” Ctl °must be well separated. In other words, there must be many 
P°* n j s 0 f the wave functions in the propagation zone, and the 
lUa t zone must extend widely. Therefore, the treatment used 
nC specially valid for eigenmodes having many nodes in the radial 
s f re lion with large / of spherical harmonics Yp(8. <p). However, the 
*1 tative aspects of the present modal analysis can be valid even for 
lower' 1 harmonics and overtones. 

f7> Modal Classification 

w bave ^en in previous sections that linear adiabatic nonradial 
oscillations show different physical and geometrical characteristics 
depending upon the frequency and the horizontal wave number There 
arc g* and p-mode sequences of eigenfrequencies and an f-mode (except 
for the case of l = 1) for a given /. The g- and p-mode sequences are 
attributed to the G and P propagation zones, respecuvely (see F g 
15.3). Classifying nonradial oscillation modes is easy for a simp c s c 
structure such as a less centrally condensed poly trope i r a ierc ' ^ 
main-sequence star, because only one propagation zone i*„ 
for a given eigenfrequency (except for an f-modO an t e . 

ranges of the g- and the p-modes are separated v ear > set - ~ c 
and 15.3). As the evolution proceeds, however, t e maximu 
the Brunt-Vaisala frequency in the core increases. wtaJOjJ* » 
avoided crossings between a g-mode and a p-mo c 
burned in Section 15.3.1. The frequency «"»=> for * 

P-type propagation zones come to overlap a" -a iHvjaj We win 
tas es. the classification of nonradial eigenm <-* • evolved 

discuss how to classify the nonradial oscillation modes 

star. 

, .. > t ’,.ulin° Nomenclature 

I Phase Diagram and Generalized UJ* 1 * that if we plot an 
1 the previous section, it has been , . oves counterclockwise 

lenfunction in the (t/, w) diagram the P° m j t moV es clockwise 

<>und the origin in the acoustic- wave 11) *one ^ ^ conven ient to usc a 

1 a gravity-wave (G) zone as r increases. _ “ * mo des. We use the (g,* 
^ase diagram in classifying nonradial t>sU /V because the former is 
>) phase diapr^m r;ither than the (i% ^ I 1 ^ vector* The two 


7.1 



,, novradial oscillations of stars 

bi^t tbc same general properties, because m ^ 
approximation. ^ and are related to i- and w through" 
5r=/,(r.o)r (1~ ], 

5* = Mr,o)w (r; 

»itb poMthe-definite functions f\(r. a) and fer.o) given by 

/i(r.o) = p~ v Vr-'Cl - L, 2 /® 2 !)'* <r 5 

and 

£<r.a) = o-V^W - ® 2 |)' 2 . <17.4, 

A sample of tbc <*. > phase diagram is shown in Fig. 17.1 for the:., 

lowest inodes (fc. g, Jf. p,. p?) of / = 2 for the ZAMS model of a 1 \/ 
star, whose propaeaboo diagram and eigenfunctions for c, are show r. - 
Res 15 3 and 15.4. respectively. In Fig. 17.1 the open circle indica¬ 
te stellar center and filled circles indicate the stellar surt^.. 
Obviously, in the phase diagram the curves for g-modes and p-m. 
cross the line of £. = 0 (i.e.. at a node of clockwise ar.; 
counterclockwise, respectively. 

Figure 17.2 shows the main-sequence evolution in the HR diacr •- 
for the 10.W- star whose propagation diagrams at some evolutions, 
stages were shown in Figs. 15.3 and 15.6. The numbers along th.- 
«woh<innafy track indicate the model numbers counted from the ZAMS 
stage. The propagation diagrams in Figs. 15.6(a) and (b) are for 
models of Nos. 4 and 13. respectively. As the evolution proceed' :r.. 
Brunt-Vaisala frequency in the stellar interior increases due to the 



rr.i 
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__ Q f the central condensation and the formation of a u-eradient 
^teeefig. 15-6). and the frequencies of g-modes increase. Avoided 
0 f“modes occur when the star evolves enough (see Section 
In such an evolved star, the frequency raneesfor the G-tvpe 
,5 ;'p. t vpe propagation zones overlap significantly The eigenfunction 
-the ffl°d e wbose fre< * uenc > falls in the overlapped range has extra 
These inodes with extra nodes correspond to the modes with 
^pcaa es like a a . shown in Fig. 16.1. which have two propagation 

Z£,ne p,cFure 17.3 shows eigenfunctions of the relativ e radial dtsplacemen: 
- r for the lowest three modes of / = 2 for the evolved model of Fig 
f^ (b ) (model No. 13; see Fig. 17.2). The eigenvalues ,r= o'- G\l 
-hi gf these three inodes are 27.2. 22.6. and 11.2. respectively These 
Qjodes can be continuously connected to p : -. f-. and g -modes. 
Mpectively. of the ZAMS model as shown in Fig FA. where 
| 1M »< or are plotted against the model numbers The existence : 
extra nodes is apparent in Fig. 17.3. Such extra nodes also appear in 
eigenfunctions for polytropic models with high central condensation 
iOwen. 1957; Robe. 1968). in which the maximum of the Brum-\ iisala 
frequency in the core region is significantly larger than the minimum 
frequency of the P zone in the outer part. _ _ 

The phase diagrams for these modes are shown in Fig 1" 5 They 
behave like gravity waves in the u-gradient zone but like acoustn * -ve> 
in the outer part of the star. We can classify nodes of the eizenfun-.:o: 



f *- ,7 - 2 E»otuuonar> track of a 1U.W nea: :r.= 


sei?oence , ftv »o-k.-i < ^» 
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Rg, 17 3 Eigenfudctiom of the relative radial displacement %Jr for the same model as 
m Fig. 15,6 (b)The upper figure shows details of eigenfunctions in the mr. r 
pan, while the lower figure does the same in the outer part. The hatched a: 
indicates the zone with a varying chemical composition (from Osaki. 1975 


into g-nodes and p-nodes, depending upon whether the phase point is 
traveling clockwise (g-nodes) or counterclockwise (p-nodes) at the 
crossings of the axis |Jr = 0, as r increases. Comparing asymptotic 
expressions of eigenfunctions given in Section 16 with Fig. 17.1 we see 
that the numbers of p- and g-nodes are the integers m and n in the 
nght*hand sides of equations (16,52}-06.54), The phase angle (the 
angle at which eigenfunction sweeps in the phase diagram as r increase 
r 3m t e inner to the outer boundaries of a propagation zone) decreases 
e ^ rav,t ^ wav ^ (G) zone and increases in the acoustic-wave fP) ^ nnc 
the ^^rnes higher. Consequently the difference between 

frequency h*° P ** es an ^ °f g-nodes increases monotonicallv as the 

,-Jd Co^wTuMlf ,er ' (19?4) and ° saki < 1975 ) S cnL ' riti 

extra mjde^hv^i, 941 u n0niencature of modes to oscillations having 

the number «f g-n^U An^"^,‘t et ' Veen the number of P nodes and 
Table 17 1 «,h.rh ' An eXdm P le of this classification is given m 

eieenmodes ° f the 13 
The third ’ i 4 tor l - 2 in order of increasing w"[~ 
” ' "" r<l slKXK th. number of g-nodes. N,. »" J 
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17 4 The variation in dimensionless eigenvalues of nonradiai r..j<k> = : - 

evolutionary model sequence (after Osaki. 19751 Tne sbwissi -:!s^ Oe 
number (see. Fig. 17.2). The arrows indicate the mode, -'.ere , m.: * 

nodes appears for a given mode They are models Nos ana - r ' 
mode, model No. 9 for it = 1 mode, model No ': fr r = I — ■ ~ 

No. 12 for n = — 1 mode. As for the definition of 5 -ct :.-o- 


(he fourth column shows the number of p-nodes, \ p . We find that ihei. 

difference. 


is tnonotonic with respect to or and conserved during die . >> -a-t -v 
change of the stellar structure as shown in Fig-1 4 7 . ,,f 

number h defined in equation (17-5) is suitable as t c , 

classification, while the total number of nodes (the sevotv 
fable 17.1) does not behave as well. By using this noment a u • _ ^ 

eas % pick up all the modes in a given frequency .- n -~ 


- Mode Classification Based on Modal P™!* ' j( does not 

" e w ^akness of the nomenclature discussed a .we exa mpte. the 
ie cessarily represent the characteristic of the mo , num ber ft 

"° de with h = -1 in Table 17.1. which has the s ^ ^ of Pr mode 
Jl of the ZAMS model, has eigenvalue w strn character of 

l he ZAMS model (see Fig- 17.4) and shou ^ ^ as expla> ne d * n 

rmode j n the envelope . as discussed in Section —_ separated by an 
«»*> 16. if thr* tvun nrnnaeation zones arc ■ ,-iassified into 
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F,. I?.* Proper, digram for '.£* 

two types bv observing their mainly trapper propagation^- ' 

the frequencies of two modes are similar, an 3 ' 01 .kl modes then. 

and the modes are trapped in both propagation ,v 1 ^ ^ , 

have mixed character.) Shibahash, and Oafa 
classification scheme based on the characienstK - ^ - nl v m the 
zone In this classification G, indicaxe^the m ode 

J ^ adient zone havin ? " ? QO<fcS I l P Tz^e hav.ne -r jvnodes tbenr 

trapped in the envelope acousnc-«ave (P <■ . t the envelope G 

The symbol §,, is used for the mode trapper _ ^ ertviT represents 
2anc separated from the "u-gradiem G wn. . zone. 

^Wffication based on ibe charaeten>tK 1 , ^ j ^ _j uid —2 

According to thisdassificarion, the mcJes A1 n -^ - fmodei 

Table • 1, for example, are classify f L -, r the ZAMS 

tespe-em ely. Comparing Fig l 7 -? * !in j 1 F" . e the same ph}SK%i 
®°del- Fig. 17.1. we see that the f- ano P-'^Vg sinp } e , model In Fig 
Ptopen . as the f~ and p E -modes of the £- - -evcIiiMa 
,7 *4. the parts which show gradual immea- -1 ‘ (1 e . g.-- t- -- r ^ 

COrT cspond to the modes trapped in * 7 " -i r sample, x - 

Pn-inodes), while the rapidly i^^een mode: >•> 

m °de. between model Nos. dando." - ^ nae > tend to *re 

9 ana 11 __ 4 ™ n_ modes. »nose tm. 
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Fit, 17.7 Eigeofyoctioai of relative radial displacement * r /r for G*- and gi-modts of 

4 tot tbe model *»>*£ propagauon digram is shown in Fig 17.6 The ord^ . 
!>cak is arbitrary (from ShibaiLasfci and Qsaki, 1976aj. 

for die ZAMS model. An avoided crossing is formed when a rapidh 
increasing pari intersects with a slowly increasing part. The character 
Ik behavior in the lower frequency part (Le., avoided crossings betw een 
G, inodes and g, modes) is more clearly seen in Fig. 1 of Roth arc 
Wetgert (1979). 

The propagation diagram of oonradiai oscillations for an evolve'; 
3<Mfe star is shown in Fig. 17,6. This model consists of the homugenc- 
ous convective core, the p-gradient zone, the thin convective shell ju- - 
outside the original convective core, and the radiative envelope Sir,.. 
the thin convective shell behaves like an evanescent zone, the gras 
waves with low frequencies are divided into modes trapped mainly :• 
e -gradient zone (G„ modes) and those trapped in the envelope (1 
aooe it modes). Figure 17,7 shows eigenfunctions of the relative ra<; 
aoptacerwrot gjr (or the G r and g r modes of / = 4 for the model show 
J? T • d *^* rence between the two modes is dearly see: 

«t parentheses tn Uus figure are the ordinal numbers it defif 
by equation (17.5). 

for ^ ^ ** atunt:r “-2l 'Calculations are summarized in i able 1" 
ikik m. *, r A ! >( ,h * ■“W- The cohimn headings in 

" UffiS/er «f modes 6, the number of node'. ' 

, * * pressure-wave type A(, and respectivets and 

def *** d ** “ f&tGM. The quantity A »■ 

4 * 

U P& l **i*4r 


f|7.G) 
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stands for fo e radius at the outer edge of the p-gradient zone. It 
' Vi,ere res fo e ratio of the kine,ic ener &> of oscillations within the 
me3S dient zone to that of the whole star. The number of nodes in the 
“ ^dient zone is given as «g in column 6. and those in the G- and 
“'^ propagation zones in the envelope are given as n t and n P , 
P t ctivel)’- it should be noted here that for some of the modes in 
fCi ff 17 2. N g * n i + «d or N p * n p . because one of the nodes exists in 
Tab Evanescent zone between the two propagation zones. The ninth 
^ mn shows foe mode classification representing the physical nature 
^ r^rai-iri ons The evanescent zone between the u-gradient zone and 
he envelope P-type propagation zone is wider for larger /. Moreover. 

a mvenwidth of the evanescent zone the degree of the trapping in 
he p-gradient zone is larger for larger I jsee equation (16.55)]. 
Ther fore the separation of the modes into p r mode trapped in the 
envelope and G„-modes trapped in the p-gradient zone is generai!;. 
dearer for larger/. However, it should be noted that during an avoided 
rrossine. mode mixing, where modes are trapped m both oi the 
propagation zones, occurs even for a large t. although the frequency 
ranee where the mode mixing occurs is smaller tor arger 

Figure 17.8 shows the relation between eigeafrequenc.es er and . 
for modes specified in our classification_ scheme. and w 

the diagnostic diagram shown in Fig. 15.1 because k„ K 1 ■ 

The envelope modes of p„, f. and g„ are connected by soi- ‘- r -^ ^ 

gravity modes G„ trapped in the p-gradient zone are connect, 
dashed lines. The saturation effect of eigenfrequencies is see ^ 
envelope gravity-modes g, at a moderate -.alue o - ^ ^ 

G„-modes until to 2 ~ 100 (/ s 30). The reason for the differ* _ 
the profile of N 2 in the p-gradient zone has a narrow but nign r■ 

#Z - 100. while in the envelope .V 2 shows a wide ^£*”“£,3 
plateau with N 2 = 8 (Fig. 17.6). The d.spers.on 

gravity waves, a = Nk^k (see subsection 1- -b ' befe v stands 

will occur when k k a k,. Since k h " 1 r an ’ ^ ^^uon for the 

for the width of the G-type propagation u • ■ ^ ^fferrace in 

occurrence of the saturation is reduced to ~ - rtma ^ el thus 

’he saturation effect of eigenmodes between vjmstJi ciht 

emmd by the difference in the width of P , diagram 

■fctxunum value of N 2 . It should be w\< _ of the star: 

tPig. 17.8) gives information on the in '- cr ^ % (see Chapter 
therefore. jt» the basis of helm- and ^rovers®*® 

V,, > hereafter utilize both 0* 

To specify nonradlal modes. ^ ^ ^ ^^mal number n w- 
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T,l»te 17 2 Pulsational properties for nonradial modos of the evolved 30Af o model wi ltlNl . 
propagation digram is shown in Fig- 1<A. 
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0 

0 

2 

P: 

0 

1 

1 

26.6* 

O.H2x!fl- fi 

1 

0 

1 

Pi 

-1 

i 

0 

15.44 

0,907 

1 

0 

0 

Of 


2 

0 

2 

64.13 

1.00 

0 

0 

2 

G u 

1 

i 

2 

57,40 

0,882x10- » 

1 

0 

2 

P: 

0 

t 

1 

37. St) 

0.293x10-“ 

1 

0 

1 

Pi 

-1 

i 

0 

28.99 

0.983 

1 

0 

0 

G, 

-2 

2 

0 

20.51 

0.726x10 ,4 

2 

0 

0 

f 

-3 

3 

0 

16.58 

0,935 

2 

1 

0 

g 2 


4 

0 

10 81 

0.921 

3 

1 

0 

c a 

-5 

5 

0 

7,167 

0.947 

4 

1 

0 


-6 

6 

0 

6.368 

0,243x10 - 1 

4 

1 

0 

II 

-7 

1 

0 

5.160 

0,921 X10 

5 

2 

0 

Iz 

-8 

8 

0 

4.950 

0.960 

5 

3 

0 

o. 

-9 

9 

0 

3,823 

Q. 356 x1a- 2 

6 

3 

0 

& 

-10 

10 

a 

3.570 

0,958 

6 

4 

0 

Oe, 

/-30: 

l 

2 

2 

83.61 

1.00 

0 

0 

2 

Gn 

0 

l 

i 

61,69 

0.88 ix ia ~ ib 

1 

0 

1 

Pi 

it 

1 

0 

49,20 

1.1XJ 

1 

0 

0 

G, 

-2 

2 

0 

35,02 

OJBOxHT” 

2 

0 

0 

f 


* Numbers holdface arc wed for the mode identification in column 9. 


the Classification based on the oscillation property in the mainlv trapped 
zone, depending on the problem and on the degree of trapping <’t 
eigen modes to a certain zone. These two different classifications arc 
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l ie. I7.fi Variation in dimensionless eigenvalues ® 2 ot various modes *ith foe <1=?™ ‘ 
for the same model as in Figs. 17-6 and 17.7 (from Shrtahasln and (hak . 
!«(.»)- The solid lines; envelope p-. f, g-modes. ^ev frmodB- 

Filled circles and ope,, circles mdieric ,bra:iu„=lh '<»>'- and urw, ». o 

'' si... -I.. r’ lector V\ 


JSa JRperka/ Method 

l*-l Dimensionless Formulation of Elions and Boundary Condi- 

1,1 ™ntrasl to the asymptotic method which i is s “^ e n f Hattons. 
Study and has better adaptability to hig ^ - a n y f or the sludy 
numerical investigation can give high mo d els, 

of l«wer overtone oscillations with rca _ adopted, and the 

In this section, the Cowling approxima 1 ^ ra | ent se t of simul- 
tail fmirth_™vw HiffprpntiHl eoualions or an h filiations 












)<* NON RADIAL OSCILLATIONS OF STARS 

(14 ’WM 4) Here, the oscillations arc assumed to be adiabatic 
Monad iabatic effects will be studied in the followmg chapter. 

[a numerical analysis, the use of dimensionless variables j^, 
preferred. We thus rewrite the basic equations 04.2)—(14,4) bq f 0Ur 
first-order differential equations with four dimensionless variably 
Following Dziembowski (1971) T we use the followmg four variably 



(18-1) 


(18.2) 

y 3 = — <P\ 

73 gr 

(18.3) 

and 


1 d&' 


>4 8 dr 

(18.4) 

The variables p\ and d&fdr are then represented by 

fr = ryi. 

(18.5) 

p r = pgr{y 2 - 

(18.6) 

&' = gry 3 . 

(18.7) 

and 



(18.8) 

~dr~ ~ gyi ' 

Hie substitution of (18.5H184) into equations (14.2), 
(14.4) gives 

(14.3). and 

■*- • (? - * f (# - 

-f - -w - ,.) 

(18.9) 

2 




(18.10) 
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dyi = 4 nG A T~yi + 4 -l; l>r - v-. 
t-f B- - 


~s 1 


+ [«/+l)-4trG ^ + (18.11) 

and the combination of equations (18.7) and (18.8) gives 


(18.12) 


dyi _ dln(gr) 

T ~dT ~ ~dlnr _> ' + 

Further, the dimensionless radius x defined by 

* = rlR (IS. 13) 

is use d as an independent variable instead of r. Then, equations 

( 1 ^ 9)_(XgJ2) are rewritten as follows: 


dyi _ 

r -y— — 
dx 


= (V g - 3)y, + - v s \y 2 + Kjtfc 


(18.14) 


x . d >'2- = ( Cl nr - A*)yt + (/»*-(/+ D.V: - A*y 3 , (18.15) 

OX 


. dy 3 _ 


dx 


= (1 - U)yi + y*. 


(18,16) 


and 


where 


x^. = UA*yi + UV g y, + (/</+!)- UVJ^- I/y». <18-17) 


v _ V _ _ 1 d\np _gr_ = *»jr 

v * r, r, dlnr c 2 • dial- 


(18.18) 

(18.19) 

(18.20) 

_ -rA = rg~'N‘- <*“> 

In this way, the basic equations of linear Rations 

** reduced to simultaneous first-ord d jn tcrin5 0 f 

(18.14)-(18.17). in which the coefficients are exp 


and 


Cl _ (riRfnMr M). 
or = irR'nGM). 


A* m ~tA = i 
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dimensionless stellar equilibrium quantities. 

These equations form an eigenvalue problem with their pr ()pct 
boundary conditions. The boundary cond.lions were bnefly examined 
Section 14. However, the discussion will be more precise here, » nd , h( . 
use of the present dimensionless variables is more convenient for actual 

computations, . . . 

[f the oscillation is seriously nonadiabatic m the atmosphere, the 
adiabatic solution should be terminated at the interface where the 
interface conditions require the continuity of y u y lj y 3 , and >- 4j i n thj 
procedure t we can first solve the oscillation in the atmosphere with in¬ 
appropriate surface boundary conditions and then derive two asympi,, 
tk relations among fu Yi* Y& an ^ Y+* lhat are sat isfied towards thu 
adiabatic interior by eliminating arbitrary constants of integration 1 hi 
is the bask idea of deriving the two outer boundary conditions lor ih. 
interior oscillations. However, since the conditions of oscillation djjf,, r 
greatly from one mode of oscillation to another and from one star u> 
another, we will outline here the procedure of deriving the boundsr;. 
conditions taking, as an example, the simplest case where the oscilknior, 
is adiabatic all the way to the atmosphere (cf. Section 14.1 and Seeiion 
11 ), 

Near ihe center, dimensionless quantities of stellar equilibrium 
structure approach their central values as follows: 


U 3 + 0(x 2 ) 
V 0 + Q{jfl) 
A*-* 0 + Oix 2 } 


as x -+ 0. 


(mil) 


f quaimnt (]&J4)~(IS,J7) may then be regarded as differeniud -■■ ■ ■ 
wuh umMani coefficient* near the center: 


(IK.#) 



y, 1 


’ Yi 1 

d 

dx 

Fj 

y» 

■ («,/) 

Yt 

Y% 


* i 


* j 


with thr constant cocffktcni matrix 


to#) 



(IH2 4J 


*3 
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Thc characteristic equation 

det(a* - = o, H8.25) 

determines two double roots given by 

A, = 1-2 and ;, 2 - -(/ + 3) fIS.26) 

Yhc general solution of equation 08.23) is now given by 

v =(A i + BMx)x X, +(Ct + &itox)x*% (i= 1,2, 3, 4). <18.27) 

where A, and B f denote eigenvectors associated with A- while C and fj, 
^re those associated With A 2 , Since eigensolutions have to be regular at 
( he center (x = 0) t the vectors B If C„ and O t should vanish 

B, * 0 and C, = />, = 0 i\n 2Kj 

Then, eliminating jr* from equation 08.27] ? we finally obtain two 
homogeneous relations near the center, which arc given by 


■y> - y? = ri 


- y* * <J- 

(18.30) 


These are the two inner boundary conditions In these cooditum* 
variables appear separately in pairs of fy 3 . yi) and ty, >#K ’ u ^ 
matrix (<*,,) which U semi-diagonal 

The proper outer boundary condition* tan similarly be obiainc ■ 
Owing to the surface (assumed quasi -isothermalj properties that 

u-«. v,~ v..«j „ , „ 0) 

A*-+A*(x m l) r \ 

equation* flK. I4J—418,J7J are rwlutcil to diffcrenual equation* 

®Wtant coefficient* near the wrfa«, given by 



' y> 


r Y\ 

4 
x , 
dx 

yi 

yi 

- m 

Y? 

n 


y* i 


, y* 1 


*ilh 


118.32) 
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(N) = 


V,-3 |(i+l)/» I *’*V* V * 0 

J-A* l+A' 0 

0 0 11 

0 0 *0+1) 0 


The characteristic values of rite matrix (ft,,) are 

i, = -I. 


and 


where 


k> = 1+ L 

A± = vtt 1 '* + A * ~ 2 > ± r 1 'I 


r ^(A'-K.+^+dl/tf+^f^-lVKor-A*) 
The general sotuiien of equation (1832) is then given 


Jl 

1 | 

A 

72 

= A» 1 ~ I x~' + fi? 

ft 

7s 


i 


1 -w+l) 1 

l 


x^i 


i 1 


1 

i--*u 


i*-*U 

+ Cl 0 

i*- + D, 

ite 

0 

' o 


, 0 J 


_ ft tafrz3 - * 0 

^^11 + iK^32+ O’ ” ^12^21 

= _~ hz;46ii + 0 

C^ll + 0(*ZZ +1) - *2^1 * 


*1 


— b. Jhs-hdbg-l - l) 

(l»ll — I — IKh^ — I — I) — h i 2&Z: 


(1833) 

<1S34| 

(18.35) 

by 


. (1836) 

(1837) 
(18381 


( 1839 ) 
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add 


~ ^(frn ~ J - 1) 


( 18 . 46 ) 


Here Ltie 

in order 
The 


coefficient should be set equal to zero: 

B 3 » 0 , ( 18 . 41 ) 

for the potential perturbation y 3 not to increase outward. 
kinetic energy density of the oscillation, (Fp£r. is 


115-42) 


yDCC 

p x n-s.-Ci 

Fnr the solutions associated with A = * = . the kinetic eaem dnot = 

then given by 


^ 31 x 


r —tA" 




118.44) 


and osefflations near the surface are evanesoem j 

depending on whether y > 0 or v< 0. The roots of - P«- - 

critical frequencies tu Cl and «k.( cj c < #AJ- 
4V S 


y= - -b 


HSJi> 

to" ^ 

ff the frequency <*> is kmcr than <*k t and ; = i s at 

the quantify yis positive and the oscillation* ^ -- 

fn-ercuit. On the other hand, the quantity ' > ^ < < 

'■jniiilid with I = JU represent progress - _ \ ^ I , - the 

•-These- critical frequencies <*L- *** free *be 

IPT I in Section 15 The ^ ^ 

***teuce of the first term in the right “7 ^ art i - 

**«attse of the fact that hit) defined b> 1 - " ^ . 2 nd - 

in Section 15. Thus the 

* e P«*em the critical frequencies fc ^_ nr^ si ' 

»"«pasattr e acousttc waves near the *££££ 

S »*eev**eq. I; :; 

the kinetic energy ttensit) ol die > - _ Aw" 2 ** - “ ‘ 

while that of the ^d 

i ^rvi.^Lrxn chould he reje^ 
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D\ - 0- (IS.45) 

Eliminating X~ ! and Jr'" from ^nation (18.36) with B 3 = O, = (), We 
finally obtain two homogeneous relations among y,, y 2 , y 3 , and y„ as 
follows: 

(/ + Dyi + yt = 0 (18.46) 


and 

These are the two outer boundary conditions in the case of £o r < ox 
m c . Equations (18.46) and (18,47) are the potential boundary condition 
and the mechanical boundary condition, respectively. 

[f the inequalities 

A*, V s » Q?, /{/+l)/co J , 1 (l*.l*i 

are satisfied, the mechanical boundary condition (18.47) may l l 
somewhat simplified- In the limit of the zero’boundary (A*,V S -* «) in 
which the density and pressure vanish at the stellar surface, the 
mechanical outer boundary condition (18.47) turns out to be 

yi * yi + y$ = 0. (i k. 4y j 

This condition is readily reduced to the free boundary condition 

6p = 0. C ] K. c-1 1 :■ 

On the other hand, tf the surface pressure is finite, the condition (IK.-I > 1 
is simplified to 

Yi{l + [/(/ + l)h? - 4 ~ a?\fV} - y-2 


+ M 1 + + 1 )/m z - t - \\iV) = 0, mk.mi 

which is accurate to the first order in V~K This form of the condition 
was uiiliudI by Dziembowaki (1971) and by Osaki and Hansen (19T*) 
If Bm frequency m is either higher than ax t . or lower than r lS|L 
quantity y J* negative and the waves cannot be reflected at the 
S5 ,tlc l ^ r,1 P<>rttl dependence of the oscillations is taken ,i s 
**Z } \ lhe A : Elnd elutions represent waves whose ph^"' 
+mmi, respectively. Il should he 
ectto . ^ ^ 'ju|> velocity and the phase velocity in the i; jl |j 

y waves (Sli inn] 1J) Became wc consider sidlai tl 
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s dllati° 0S- the i0Ward P ro P a 8 atK,n of wave energy from the outer 
*’ njary should be rejected. Thus for acoustic waves with m > ay, the 
solution associated with X, is improper, so that 

D > ~ ®. (18.52) 

and the mechanical outer boundary condition for o> > ay, is obtained as 
A--i>n I <*i(A_ -i>n) 1 

since the quantity A_ appearing in equation (18.53) is a complex 

quantity, given by 

A- = y[(V, + A* - 2) - /Sri 1 ' 2 ], (18.54) 


the eigenvalue o> 2 and eigenfunctions y, are also complex even in the 
adiabatic approximation. This is due to the leakage of the wave energy 
from the system in the form of progressive waves. On the other hand, 
tor gravity waves with (O < co Ci , the solution associated with/, should be 

rejected so that 


C, = 0. 


( 18 . 55 ) 


The corresponding mechanical outer boundary condition is then given 

by 


A+-&H _ [ rri(A,-fen)-|„. = n (18-56) 

' b l2 y> n L b i- _l 


with 


A+ = 4-[(V* + A* 


2) + *M ia l- ( |8 - 57) 


Thus the four proper boundary conditions of 1 tnner 
equations (18.14H1R.17) ■« now th/ouler boundary 

boundary conditions (18.29) and (18,30) and . ^ ^ conditions 

csnsxiilions consisting of equation (18.46) an *j r L ency D f ihc 
08,471, f 18.53V and (18.56) depending on the to** 3 


IK 2 Method of Calculation . . we mity successively 

p* Solve boundary value problems numen ^ boundaries to a 
integrate the differential equations Ironi.-.* ^ ^ initial conditions. 
fRling point, regarding the boundary conditions fiuing point agree with 
Ul,, ’l lhe two kinds of values of functions* at the 
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each otter by the correct choice of the eigenvalue On the other hand 
ite reiaiatm method usually called the Henyey method 
Forte*, and Gould. 1%4) is powerful m solving boundary v ^. 
problems like the construction of stellar models (cf. Kippenhahn 
Wcteert, and Hoffmetster, 1967), and ■* car5 aJso applied to Mt iu f 
mediation problems (tf. Baker, Moore, and Spiegel, J^7|j Jn fhj 
subsection. we describe the algorism of the Heuyey method of VJ |v Jf ^ 
tte eigenvalue problem of stellar oscillations. 

Dividing tte region of independent variable x by N mesh p< w 
V), we have a system of MN ~ 1) difference eq^ fKjf; 
from the tour linear differential equations (18, !4)-m 17) ih-v 
difference equation* are then regarded as linear algebraic equations U, 7 
AN -f 1 unknowns, viz,, the correction A// to the assumed af* u * and t t t <_ 
corrections to the assumed $\x n ). The four bounder, 

coodftiom plus a normalisation condition, tay T 


ft - *- 


fl&5#) 


at the outermost mesh point, together with MN - |j different 
equations, form a system of 4A + f algebraic equations for 4A ■ 
unknowns We can succes^vdy iterate this procedure until all if 
correction terms become small enoughs Thus both the eigenval-j- -, 
aod tte w>rresptmdmg eigenfunction* yXr ff > are obtained sjmv 
laneoMdy, 

!w/w we will consider more precisely bow the Henyev ■. . 
ref mmsrn method » applied u> stellar oscillation problems, To uw 1 
to ocher problem* easier, we discuss the method of y»! 
eigenvalue pf'JA/cfm of / bm^order differential equation* am: 
“**??*** '• h * *t*pte**f, die symbol r ; is used for y*M J >* J 

RSS Sffi <U - ) .2 !,k r.. 

appr 4/tmm by the corresponding difference equation* jpveu 

¥*** » t* 

' SST •**) + »,1Sy?j» '"■'■■ 

*">'!* i, „„ / and k » I, „„ |f > 

«■!, 2, 1, <)*'>■ 

Xllt * '*** "«'■'«! » -- 4 * J "■ 

Ww* *1* ,r W ' wtiaMdy -<"■« 

tHMmtd -.-****,_? *..*a**»<*X» pf«bk»» with / In ' - 

wZwl / S Ih* MMlftt: > '/I 

- / J.Z. * m h W lxllf rtw (Vwmalj/;,ii-.r, 

* *** ******** uf itw mm st *«d ite •<«*' f 
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Elions, te*pccwe\y (/./ < /) "fTien the in/ Kf ^ 
^^larv condition* can be written in the totrm 

gi(yh }* )=<>: 1= 1 2 /., 


fte ^Jf/rr 


f)\) 


and 

|i(U/ V ; I = L,*2. !. ‘.'till 

tdpectively. where i = I, 2,..., / and A = 1, 2. . r. 

^tet f'/ be trial eigenfunctiom and ). t he trial agemUaer A, 
gj^unc that the true eigenfumrtjom and eigemalu-r. art j,.u •?, 


y?=]>? + />y?‘, (= 1.2./: n=12.- .A 


and 


Xk = ~&k + k - 1, 2, , K 


We define 

/' * 2 . / n - i. 2 




fe = J, 2.A. (U^S) 


If “ giifUkh t = i. 2. ■ L >- iUM > 

tf - K,iy?Xy. I = L, + 1. O - 2. /- 

ft * 5 f* UL = s t‘ , (W**> 

" 3^' 5/,> 

<?i- . ¥o I.2. c *■«" 

' y 9>J 32* 


Of- Ig 


f 

.tf * 


M 


— r. ^ '■ m ’" 

Ilte A>* wt nfctein Ifct Mi-rw«* /' “ ^ 

4 v^r 1 + 4 A/;i 4 d; : <> « 12 ^ 3 

*?. ,j 1 lU 

and 
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Q^jSyf +aK w* +1^"0; /—£./+l, t/ + 2. /.. (18.7.1) 

where the Einstein summation convention is used Cor / and A, 

AJJ = “ 9()F^ +l ~ <5 (/ , (18.74) 

BJ) - &x,AF<l + V 08.75) 

A#3k = Ax*[(l “ + (18.7b) 


and 


rf «= -iyr'-yn +Ajr„[(i - e,)fr 1 +t in.77) 

where <7, denotes Kronecker's delta. At a first glance, the system of the 
equations looks too large to be solved by matrix inversion. But there are 
many zero elements in the coefficient matrix, and the Henvey-type 
relaxation method makes use of this characteristic property. 

First, we consider a set of / equations which consists of the /,, 
equations(18.72) and / - L ,equations from (18.71) (for example, i - I. 
2. I- L t ). The set of equations may be written as 


(18.78) 


where 



dyi \ 


dvr 


<5A, i 
6A 2 

(Pi) 

<Sy| 

- «?l) 

d.V; 

+ (fli) 

; 1 


* 


" 


6A X 


1 d.V/ 1 


, dy; 


, 1 i 


(Pi) = 


G'n 

G'n 

U|/ 

Gi, 

Ga 

G'u 

g'm 

G't? 

GlL, 

B'n 

Bjj 


P’i 

flU 






(18.79) 
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«?i)r 


and 


(<Ji) ' 


0 

for i=l,2. 

L t and j= 

1,2. /; 

-A{/-t,y 

for i = L/+ 1 , 

Li + 2 . 1 

' and j = 1 

f -An 

—A '2 

“A lie 

“Si 1 

—A 21 

-A 22 

-Mk 

-S: 

— Ai. ( i 

A/. ,2 

-A}.,* 

-tl 

-Mi, 

-Mia - 

-M\k 

-d\ 


-AfU 

-M\k 

-d l 2 






(18.8(1) 


(18.81) 


This set of / equations includes 21 + K unknowns 6y ,, dvr (' = -— 
/), and 6X k (k =1,2 . K) so that I unknowns are expressed by linear 

combinations of the other / + K unknowns; i.e.. 


dy{ 1 


Syr) 

dy2 

= (R,) 

dyl 


: 

dy/ 1 j 


1 6 >‘‘ 1 


+ (fi) 


dAj i 

6X 2 

Wk 

1 


( 18 , 82 ) 


where 


(R,) = (Pi) ’ 

(r,) = (Pi)" 1 («»>• 


(IS.S3) 
(18.84) 


and (P[) 1 denotes the inverse matrix of (P^- _ j _ Li+ L /" 

Next, we combine the remaining L-i equa 1 . equations (t = 

fe +2 ‘7 > in (187,) I 0 / " = 1 ■^Thisset'of equations can be written 
U . / - L,) in (18.71) for n = 2. This set h 


as 
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1 Ay , 1 1 


' Ay? 


' Ay? 1 


r AA, , 
AA, 

( 8 .) 

Ay! 

+ (#y 

Ay! 

= (ft) 

Ay? 

+ ( 92 ) 



Ayr | 


, Ay / 2 j 


[ A.v? 1 


AA* 

1 1 


(18.85) 


where 
(S^ = 


B(i~i. { +i)f lor i 1,2,,..,Li 2 nd j 1,2, 

0 for/=*£/+!, Lf+2,...,I and /= 1,2./ 

(18.86) 


I/I 

4'/-/,,+ 1/2 *** 

A\i-l,+ui 

# 

^(/-e,+ 2,2 *** 

A\i-L,+2>I 

* 

4j» 

4/z 

k 

A 2 , 

#12 

Bb 

0 |l 

# 

# # 

B\, 

0 

# 

A 2 / 

/ f 

' # 

Bb-t,)/ 


(18.87) 


«hk -( 9 lm W-'fh /-U./; 

l for l*L/+1, L/+ 2 ,,,,,/ and /«1,2, .. I 

(18.88/ 

and 



Mr /,,* u, 
Mr 

r 

1 

# 

Mr i,,* m 

M b f.,*2n 

* 

* 

*** 

*0* 


~di/ i.,*n 
-da /.,•/, 

(fc) - 

-Mi 

“Mi 

-Mi 

■ t % t 
\ 1 1 

4 * 

*00 

*** 

0*0 

* 

* 

-M)k 

—M* 

“Me 

-4 
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~Mh-L,n - -M?/- -4, ,, 

08.89/ 

Substituting (18-82) into (18.85), we obtain 


(18.90/ 


' Ay? 
Ay! 

- (* 2 ) 

' Ay? 

Ay! 

* 

* 

+ (t* 2 J 

AA, 

aa 2 

1 ^ 1 


l Ay? 


A A * 

1 J 


where the matrices (Jf 2 ) and (r 2 ) are defined by 

(«,) = [(5,)(#,) + (f^rVO) 

and 

(r 2 ) - [(«,)(«,) + tPi)l '((</,) - (* ^ 
fujuation (18.90) can be generalized as 


'Ay? 

Ay? 

* 

* 

* 

Ay? 


(*„) 


Ay?*' 

Ay?*' 


Ay?* 1 / 


♦ (f,tj 


AA, 

d/,j 

AA* 

1 / 


with 


( *"> * I) + (#’-)) 'fft) 

and 




(1891/ 
(18 92/ 


(18.93/ 


(18.94/ 


!t -> |(£*.,)(lf„ ,) + <FJl J |(#,) " iS ” * fm 

where 


(or , J 2 /./ and / = 12- L. 

0 1oti-L t +\.L,+2 . /and/ = l-2 


(1896, 
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(P») = 


A "/-£,+1)1 A ”/-£,+1 )2 
A*r\+ 2 )\ A"r-L,+ 2)2 

A/T* ATT' 

bs, Bh 

B?, Bzz 




A +2)/ 


aif 1 

B n v 

Bh 


(18.97) 



i Ba-Lji 

B(l-L,)2 

B"i-l,)i 1 

«?-)«= 1 

0 

for i= 1,2,...,L/ and /=1,2,...,/; 

-A (•_/.,)/ 

for i~L)+ 1, L/ + 2, 

and /= 

and 

—Af(V_£ f+ l)I 


— A/"/_£,+ !)* 


— 2)1 

—M"/J L ,+Tfl •** 

—M"/_r.,+2)/r 

( 92 ) = 

_ JL#n-l 
M/i 

-wr 1 - 

-Mr 1 

-a/?. 

-m? 2 

-Mr 


-A/5. 

-MS, 

» # 

-A/r 






(18.98) 


_ JJI—1 

+ 2 ) 


-dr 1 

-dl 

-dl 


-dti-L,) 

(18.99) 


At the outermost mesh point n = N, combining the remaining /-. 
equations in (18.71) for n = .N - 1 with L - L, outer boundary 
conditions in (18.62) we obtain 


<X) 


\ 

Arf-' 

+ (II) 


= (w) 

dA| 1 

ba 2 

[ ^ 


Ay/, 


, bx k 

i 1 , 


(18.100) 


where 
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7k 


for i=1 ’ 2 . L ' and j~ 1,2,...,/; 

0 for r = L/ + l, L, + 2,...,I and /= 3,2./. 

(18.101) 


(/T) = 


and 


(w) = 




f A(/-t,+t)i 

aN-I 

**(/— Lf+ 1 )2 

aN- 1 

A </-£,+1)/ 

Av-l,+ 2)i 

aN-I 

A </-£,+2)2 

p „ 4*“ I 

^(y-Lj+2)/ 

A^- 1 

i/v-i 

A /2 

a*. 4*“l 

A // 

C{JL,+ 1)1 


/^jV 

0 (ty+l)/ 

G «.,+2)I 

t r*N 

o a y +2)2 

(L t +2ll 

Go 

O U. 

tj u 


mjN- 1 
</-£,+1)1 

-M*iJ Li +1)2 — 

u N -1 

—M u-Lf+W 

ijf N — 1 

-M (#-£,,*2)1 

— A/(/-/,,+2)2 

-Mu-L,+2>K 

-M /i 

tar .'V— 1 

-Af /2 

“Af/jt* 

yt JV 

A (£-/+!)! 

a N 

_A (L,+ l)2 

-Ai^+ijjc 

_ aN 

A (£,,+2)1 

- A (L,+2)2 

-A u.,+2)x 

-Alt 

-A^2 

-A'lk 


(18,102) 


jx-i 
(/-VI) 
jN~ 1 

-Of 

-I ^,+ 2 ) 


-tf /• 

(18.103) 


Substituting equation (18.93) with n ~ * - 1 equati ° n 


)+(/!)] 




AAi 

s y r 


&X 2 

6y? 

= [(w)-(X)(fv-«)) 

i 


SX# 

*y/\ 


1 J 


(18.KM) 


Or 
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*r' 

6y? 




by? 
6X, 
6X 2 


< C) 


bX K 


08-105) 


with the i/~ A')-th order square matrix (Z) whose elements are given K 

z = jKD<**-,)+</I)L, for /= 1,2*...,/; 

iK-Z'KOf- 1 >—for /— /+1* 1+2 . l+K. 

<18.106i 

*** 1 ~ *’ 2 ./+IC(*L), and the column vector (c) given b> 

i=l, 2....J+K. U8.KT) 

Appiyuig the inverse matrix of (Z) to equation (18.105), we obta 


hf 

by? 

by? 

A/., 

bX } 

bx* 


- (zrtey 


( 18 . 108 ) 


"“•> P**. V" 0-U . '>*"* 

nxmrcmce relation (18 «#3>^»^* >CCl J nSCrt,ne ,hcsc solutlons ,n! 

* H — | Ay *-1 - A) - 1 , we obtain the solutions 

m^b am *?' W,mt: *****»«. the solutions for the inner 

cquaiMJm(I# A3) ,hest 
and /, Lfliew tfw M L wc obtain the corrected v alues t< • 

dependent variable* v" . rC .* >stem *he equations is linear in *|J 

4 *ill not be trw **’ ho *' c ' cr - ,he corrctieJ 

but wmDlv . ■*“*•*» °f equations (18.59). (18.61 >• *•'- 

hetier approximations. Since the system : 
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tjons for nonradial oscillations is nonlinear in terms of the 
e ^“ nva iue (oscillation frequency), we have to iterate the procedure 
e,?C l the corrections, by" and b/+. become sufficiently small. 

^ q*p adopt the Hcnyey-type relaxation method, starting inal 
eeovalues and eigenfunctions are needed. The convergence of tins 
C iaxatw® depends on how good the initial guesses of eigenvalues and 
16 (junctions are (and on the degree of nonlinearity of the system of 
ei "uations)- Castor (1971) invented the following method of making a 
Sod guess in solving the radial pulsation problem. If we se: aside one of 
fhe boundary conditions while keeping the normalization condition, we 
^ solve this system of equations with an arbitrary value of er No 
iteration is necessary in this case, because the system of equations ts 
Jjnear in terms of unknowns.) We then substitute this solution into rise 
excluded boundary condition. In general, the condition is not satisfied 
for the arbitrary or. but the numerical value associated with the 
boundary condition senes as a discriminant for eigenvalues of the 
original system. Once we get a reasonably good initial guess of the 
eigenvalue and corresponding eigenfunctions, we can -se tr.e relaxation 
code to obtain solutions for the full system. This method is 
also to the nonradial oscillation problem. Few instance. »e choose the 
potential boundary condition (18.46) as a discr im i na nt. 

D(«r:v; v ) - 0 ~ U*? ~ a ' 109) 


which becomes zero if and onlv if nr is one of *be eigenvalues. A - 
ev aluate D for various values of «r and use the v alue of or near the zcto 
points of D as an initial guess of the eigenvalue . “ 

discriminant O. unknowns are only y". in tenn> *^ c * 3 c 

equations is linear, so that any values for the initial. ' ^ , .urd 

be adopted and the solutions for a given value of - r -■ - -- - 
without an iteration. . . ' K ^** 7 , m 

An example of the behavior of D as a ’Vf ‘ 10 - 3 , vthh 

^8*18.1 for a white dwarf model (from OsaU ^ " wnmodes In some 
help of the discriminant we shall not miss an) e L ^ not 
c *e*. however, the discriminant given by equatKv - • wen 

behave smoothly as in Fig. l*.TVen caused * 

to suigular pouits. where D - _ 2 ,' en ia i u e of r at the 

H*® the function y, takes zero by accider. - • • _ - a rvhtd In order to 
“***) point where the normalization mo ° sV ' , ^aiminani with 2 
* w °kl the problem, we only have to e* ?* . • oJ - ^ dacrumnan: :s 
normalization. That is. better coodirion dNided 

**ained if we adopt the deviation from «e ^,, jppbed to at 


a «! 
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outer most mesh point. Sometimes a good discriminant can be ob. ained 
In using an inner boundary condition. 

' in the cases of progressive boundary conditions (18.53) or (] 8 5 , 
and of nonadiabatic oscillations (Chapter IV), the eigenvalues am! 
eigenfunctions are complex quantities. Such problems can be solved 
either hv applying the algorism of complex numbers in the above 
formulations or by separating the complex variables into real atld 
imaginary parts to form a system of 2 / real dependent variables and 2K 
real eigenvalues. In cither cases, the discriminant D depends on the real 
and the imaginary parts of o) so that it is difficult to obtain good trial 
functions and eigenfunctions by using the discriminant. In most cases 
however, the imaginary part is so small compared to the real part that 
we can use adiabatic real solutions with the reflective boundary 
conditions as trial solutions of the problem. 



Hf- i*. i 


Behawnr <>( the 

* white dwarf 


(hwnmifiani given in equation (Ift. 109) as a (unction «f «> 
".'-hrl " f 0 . (from Osaki and Hansen, 1V731 
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The Influence of Velocity Field and Magnetic Field as Treated hv 

1 p ertu rhation Theory 

, perturbation Equations 

* far we have considered linear, adiabatic oscillations of a nonrotating 
S ° wit h no magnetic field. However, real stars rotate to a greater or 
j; a er degree and have magnetic fields. Their influence on nonradial 
illations sometimes has to be taken into account. For example, the 
beat phenomena of early type O, B variables are well explained by the 
nonradial oscillations of rotating stars, and the rapid oscillations in Ap 
stars arc interpreted as nonradial oscillations of rotating, magnetic stars, 
as discussed in Chapter II. However, since the theory has been 
complicated for the case of rapid rotation or strong magnetic field 
except in some special cases, we shall consider here the effects of a slow 
rotation and a weak magnetic field upon nonradial oscillations in a ease 
where the equilibrium structure can be taken as spherically symmetric. 
The influence of rotation will be discussed in greater detail in Chapter 

VI, 

The equation of motion in the presence of a velocity field and a 
magnetic field H in a rotating frame of angular velocity fl is given by 

dv + (v-V)v+2H< l y ,*r 


(19.2) 


= _?</>- 1 Vp + imt 

fi 1 4Jip 

where h is described in the MHD approximation hy 

= v x (v x H> 

3t 

In equation (19.1), the third and fourth terms in.We 
represent the Coriolis force and l J e cq dllbriom magnetic 

suppose the equilibrium velocity Vi > 
ft are so that 


(19-3) 
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11 k- unperturbed slide without osl ittatimis is then described |> y 
(*n ■ V) Vu I 2tl<|XVo4 (In X tin < r 

- -V0u - ^ V/)„+ 4 “ (VXB„) X « (l (10.5) 

;t(ul, it the velocity field is solenoidaL 

(Mi'VJVd — (V{rV)lio » 0 , 
while the linearized equations arc 

J * + (V(| • V)v' + (v' • V) V(| + 20(, x v' 
d t 



4/r 


(V X B„) X Hu 


— —Vp 1 
Po 


+ 4j7 ■ [(V x B') x B(> + (VxB„) x B'| 

(19.7) 

5/P „ , , 


5t =Vx(v XB|,) + Vx(v„x/i') , 

(19.8) 


where llie prime denotes the Eulerian perturbation. Hereafter, th 
suffix (1 lor the equilibrium quantities is omitted for simplicity. Tli 
Eulerian perturbation ol velocity v' is related with the displaeenien 
vector | by equation (13,26). We set the temporal dependence n 
eigenfunctions as exp(ior) in the rotating frame. Substitution o 
equal ion (13.26) into (19.7), with the help of the linearized equation 
describing the mass-conservation and the adiabatic energy conservation 
gives (c). Lynden-Bell and Ostriker, 1967; Gough and Taylor, I9W 
Dziembowski and 0045 ( 16 , 1984) 

V l (/J Vp\~pV(V ■ |)+p- '(§- Vf>)Vp 


po 2 ^+pV <t>‘ +2iop[ft a x £+( v ■ V)|) 

+p{f , " v ) 2 5-2n 0 x[(gV)i'-(vV)g|-(§.V)(vV)v] 
^frr) ‘[(p '($-V)p+y.£]Bx(VxB) 

- ((VxB')xB+(VxB)XB']]=0, 


(19.9) 
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w „ieh is symbolically writtten as 

'£$(S)-o 2 5+oM(S)+N(^+B(^ o , (p, , 0J 

w |,ere the operator S?(B is defined by equation (14.25) and 

M{%) ™ 2(|(l„ x § + (v-V)|] , ( 19 .H) 

W(g)-(vV) 2 |-2flu x [(S'V)r-(vV)||-(fVj(vV)r. 

(19.12) 


and 

B($) m ( 4ff P)~’ [\P ~'' V )P + V• m' (V / IS, 


—[(V x B') xB + |(V x B) x B'|] . (19.13) 


Here, B ' is related to | through equations (19.8) and (13,26). Besides 
the influence upon the equilibrium structure, the effect of the presence 
of the unperturbed velocity field appears in the operators M and N, and 
the effect of the magnetic field appears in the operator B 

Wc regard the effects of velocity fields and magnetic field on the 
equilibrium structure and on the oscillations as small perturbations, and 
expand any equilibrium quantity such as p , the eigenfunctions, an 
eigenfrequencies as 


and 


p = p m + P il) +- - 

(19.14) 

§ = g<«> + £ (l) +- , 

(19.15) 

a = a ((,) + a 0) +- ■ 

(19.16) 


instituting (19.14)—(19* 16) into (19.10) and neglecting the tcrms 
and higher orders, we obtain 

m <«)(§<«>) - = 0 ‘ 
milarlyj discarding of the second and higher oidus >ic 

« (o) (i (i) )+^ (i ) (^)- ff (o, 2 r ,, - 2fl<lv 1)5,11 

(19.18) 

»° h ^ z „, areope „ lm 
trc , the operators with a superscript, su ^ ort jer. As seen in 

'nsisting of eauilibriuiri quantities o affects both 1 L 
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equilibrium structure and the oscillations in the same « rt i er 
magnitude. The equilibrium structure is no longer spherically syni 
nc and the small departure from spherical symmetry is represented , 
terms of and In contrast, velocity fields (relative to an i nertj " 
frame) affect the equilibrium structure in the second order, while thejr 
effects on the oscillations appear even in the first order. The operator 
N (0 > represents the departure from the spherical symmetry, but it j Sof 
the second order, and then we do not discuss it in this section. 

The solution of equation (19.17) gives the eigenmodes 0 f ;i 
non-rotating non-magnetic star, which are represented in terms of 
spherical harmonics K, m (0,0). Since such a star is spherically symmet¬ 
ric, there remains a freedom for the choice of the polar axis, 0 = (). Here 
we arbitrarily set the axis and let be the set of eigensolutions with 

the eigenfrequency a^ 0) given by equation (19.17). The eigenfrequen- 
cies with a fbted set of (n, /) are degenerate with respect to the 
azimuthal order m(m = 

If we take account of the effects of r« and B. the star is no longer 
spherically symmetric and its normal modes have a specified direction. 
The zero-order eigenfunction of equation (19.10) must satisfy both 
equations (19.17) and (19.18). Let us now consider the (n, l) multiples 
and represent the zero-order eigenfunction |* 0) in terms of the set of 
{£*.}: 

6 (0) = 2 «£•** • ( 1919 < 


The set of combination coefficients {ot OT } should be uniquely determined 
for £ (0 ’ to satisfy both equations (19.17) and (19.18). Also we expand 
the perturbed displacement in terms of as 


^ ( )- S S P"-im £n rm'+^Yrmir)*li m- - (19.20) 


In the first term on the right-hand side of equation (19.20). (/W) is a 
set of constants and 2 ' means the summation over n' and /' except l*>r 
n ’ * n considering the perturbation in the eigenfunction-- 

we must include, for the completeness of the eigenfunctions, toroida 
o' ’ = 0 given by (c/. see Section 13; Aizenman am 


"'"-WToM 0 - 158-4-' 

(19.211 

The second term on the right-hand side of equation (19.20) repre** n,s 
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contributions from these toroidal modes, and is a set of functions 

^ r In the following, we derive the expansion coefficients of and 
to)- {cr,,,}, and tW'm'}- Substituting equations (19.]9j and 

f 19.20) into equation (19.18) and then integrating over the whole 
volume after multiplying by |Vrw with an arbitrary set (n'Tm"). we 

obtain 

— 2 Onl* O ' In! "b - 0-: 



(19.22) 


(19.23) 


» r X 

+ 2 0C m f Mn’fm"' M m (%nlm)dM r 

m ^ 

fM 

Jo 

Here, 6i f is the Kronecker delta, 

fM 

In, - / - 

Jo 

and we have used the orthogonality of | n / m . equation iU .-L and 

f VnTm’ Vl^dM^O . 

Jo 

For (n\ V) = <„, /), equation (19.22) is reduced to 

i (ou. - 

for m“ *= -l . i (Dziembowski and Goode, l^r. 

■ <19 - 27 ' 

and 

l /“ & ,.|I |,I (W + * ,,I(WI "' ' 
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characteristic values of the matrix O = (O nfm ) and the comh mat . f . i 
coefficients a„, are the corresponding eigenvectors of the matrix \v„ 
rewrite equation (19.25) in a matrix form: 


Oa = aA , 


09.29) 

where the matrix a consists of the eigenvectors, and the ma , m 
is a diagonal matrix consisting of the character¬ 
istic values. 

The expansion coefficients for are obtained as follows. For 
/")={„', /'), equation (19.22) is reduced to 


-°t)l 


+ I StwM 0, (Sn,m)dM, 

fM 

+ j + Wj=0. (19.30) 


Then 




X 


+ 


'ZaMV / ¥nr m -M i 0 \$ nlm )dM r 

1 Jo 

l V*-rm‘ • i # 0) ($ nlm ) + Si 1 HSnimMMr] 


(19.31) 


Similarly, by substituting equations (19.19) and (19.20) into equation 

(19.18) and integrating over the whole volume after multiplying >1 t- 
we obtain 


Yrm~o ( $r 2 


m /0 

Here we have used 


(19.32) 
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19,2 Influence of Rotation on Spheroidal Modes 

ltl evaluating the operator in equation (19.27). we suppose 

the equilibrium velocity field v () is due to the rotation of the star. Let us 
suppose the magnetic effect is much smaller than the effect of the 
rotation and investigate the effect of the rotation in this subsection. The 
assumption may be justified in most cases. The equilibrium velocity 
field is given by 

v 0 = Cl X r = (0. 0. rftsinfl) , (19.34) 

where the angular velocity ft of the star at equilibrium measured in the 
rotating frame with an angular velocity ft, is assumed to be axially 

symmetric so that 

ft => [ft(r,(?)cos(?. —ft(r.0)sin0. It] (19.351 

We consider the problem in a rotating frame whose rotational axis is 
identical with the rotational axis of the star. Using the relations among 

the unit vectors 


3 e r . 

— = * t m6 . 

(19.36) 

4^- = e# cos ft , 

3(p 

(19.37) 

and 


= -e r sinfl - e„cos8 . 

dtp 

(19.38) 

We obtain 


\ f£,| M <0) (| m ) = -mft|V- | m -/(ft+fio)^'.^ Sin 6 

-((ft + ftl)|m".^">.‘f’ C0S ^ 

+ /(ft+ft.)^ ... 

co.’. 6) . 

(19.39) 


w bcr e Q 0 denotes the angular velocity of ” ‘ 
Affixes n and / representing the multiple £*• 


frame- Here the 
ar t omitted for 
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simplicity, and the suffixes r, 0 , and 4 >mean the r-,0-, and </>~comp 0llCrit 
of /measured in the spherical polar coord.nates, of which 0 = 0 i s taken 
as the direction of the rotational axis, and the azimuthal dependence of 
L„ is taken as exp Then, if we take the polar angles (0, 0) with 
respect to the rotational axis of the star as a base for the integral of 
equation (19.39) over the whole star is reduced to 

1 r$ W'^\^ !m )dM r = 6 m - m rn x {fl„ / p(r)r 2 (:+ ^ )dr 
* Jo 


2/+1 (/—|m|)! 


-T r 

'■ Jt)=i> Jr=U 


+ 1 


2 JFH) 
(-| r 2 + 2 |^)(Pi ml f + 

dP\' M 


p(r)r 2 fl(r, 0 ) 


(19.40) 

while the denominator of M, /„/, is given by 

/ |£ ( 0 ) | 2 dM r = f p(r)r 2 [£ 2 + /(/+ l)^]z/r (19.41) 

/o /o 

Equation (19.40) means that the matrix AI=(M,„-„,) is diagonal: 

. (19.42) 

As a consequence, the eigenvector matrix a is the unit matrix. That is. 
the zero-order eigenfunction is given by a single spherical harmonic 
Y, (0, <f>). The perturbation in eigenfrequency of the mode labeled by /» 
ue io the rotation measured in the rotating frame of the angular 
Irequency O„ is given by (Hansen, Cox, and Van Horn. 1977) 




\^>! p{r)r 


(2|r|ft + ^/ 2 )df 


+ 2+1 (/-|m|)i f” f'< 

2 WR y-LJ^ 

x [(-^ 2 + 2 ^)( p ) Hj 2 


P{r)r 2 U( r ,d) 
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r |i dpj m ^ cos 6 idPW\2 m 2 
+ ^2P} m d 0 sin0 ( -jq ) _ ^0“t jP J' ,,| ) 2 ]| d ''sin0d0| 

4 p(r)r 2 [& + l{l+l)%l]dr ] . ( 19 . 43 ) 

With the help of the properties of spherical harmonics T/"(0, 0 ), the 
integral of equation (19.43) is rewritten in another useful form 

(Cuypers, 1980): 


y (.)«"= m x 


f R 

H 


p(r)r 2 (2£ r $ h + Zf l )dr 


2/4-1 (/-|m|)! 

z: 2 (/+i»*i)! 


i fR f" 

H P{& 2 / (Pj ffl, ) 2 (n(r. 

■ Jr= o l /e=o 


0)sin0 


x(2 ^,-| r 2 + ^[l-/(/4-l)j) 


-( 


30 

30 


cos 04- 


1 a 2 o 

2 30 2 


sin Jjfljdrj 


H x [ ^ p(r)r 2 [§? + /(/4-1 )? A 2 K ] ‘ . (19.44) 

fhe perturbation in frequency in an inertial frame is given by equation 
(19.43) or (19.44) with = 0. As seen from equation (19.43), the 
perturbation in frequency due to the rotation is dependent on the index 
m °f the spherical surface harmonics Yf(d, <p)- Thus, the (_/ + I Ho 
degeneracy is resolved by rotation. This result is similar to the Zeeman 
e *lect of magnetic field in which m is the magnetic quantum num it. 

b may be instructive to consider some simple cases. _ n c ‘* . 

uniform rotation 1} = const., equation (19.44) leads t e per li ^ 
Tequency in an inertial frame of fin - 0 (Cowling an 
Ledoux, 1951); 

, = ■ < 19 ’ 45) 


where 


Ctfi/m lincrtial frame 


p r 2 \2l r Sj,+jl\ dr 
CnI ~ f^pr 2 l^+t(l +l ^^ dr 


(19.46) 


j{\ pf * rT*n I 

d constant depending on the model and on the national angular 
i erturbatinr- c _ ™™MirtiOOal to ub 
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velocity 11 and to the azimuthal order m. A aonradial mode with m * 
travels around the polar axis with a phase velocity - a j m 

+ (1 - C„,)Sl. In the reference frame co-rotating with the sta' 
(ft = 0 ), the frequencies of traveling waves are " 

Onfm I co-rota ting frame — &nl +/rtC n /ft(j , (19.47) 

and they are lower or higher than the frequency (undisturbed h v 
rotation) of the standing wave with m = 0 , depending upon whether the 
traveling directions are the same or opposite to the rotation. In the case 
of p-modes, with an increase in the radial order n , since the radial 
displacement comes to dominate over the horizontal displacement 
the quantity C n / tends to zero. In the case of g-modes, in contrast, it 
tends to l/[/(/+i)], since % h becomes the dominant term with 
increasingly higher overtones. 

In the case of ft(r,0) = ft(r), equation (19.44) leads to 

fa VHr + 1(1+1 )%l]dr 




r 

(19.48) 

Again, the perturbation in frequency is linearly proportional to the 
azimuthal order m. In other cases, in general, the perturbation in 
eigenfrequency depends on m in more complicated forms. 

1^-3 The r Modes 

In a non-rotating non-magnetic spherical star, the toroidal vector fields 
of velocity correspond to the trivial solution with zero frequency for the 
adiabatic linear nonradial oscillations as discussed in Section I . 1 
However, the toroidal displacement vector must be incorporated with 
usual spheroidal displacements to represent an arbitrary displacement 
(see equation (19.20)], | n a rotating star, the toroidal modes become 
non-tnml, having oscillation frequencies of the order of the rotation 
requency (Papaloizou and Pringle, 1978). These modes are called 

similar, °o K ° r0idal m ° dcs) - The Character of the r-niodo '' 
keln ° y " aves whic h appear in the Earth’s atmosphere or 

tnUT’ ! 8 ’. GrCenR P an ’ 1»»; Chapter VI). 

mag^t^ fieM and° n ’ ^ rotation and nonexistence o 

thC CO ’ rolati »8 frame, ft = (). The anpa 
2 STSjJSSi® ln an iriertial frame is obtained by adding -ml ■■ 

m ,hG corota bng frame. For a uniform'' 
reduced to ** S ' ar ’ eqUa,ion (W. 10 ) is. in the co-rotating fraim’- 
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~ ° 2 % + 2, rrfio x | = o . ( 19 49) 

The frequency of toroidal modes is zero in a non-rotating star (o ,0 > = 0) 
which is equivalent to the relation 

^ (0, (| (f ”)=0 

for a toroidal displacement Because of o ,8) = 0. however, we 
cannot use equation (19.18) for the r-modes. 

Toroidal velocity fields have no radial velocity but have non-zero 
radial component of vorticity (the curl of velocity), while spheroidal 
velocity fields have finite radial velocity but no radial component of 
vorticity. Therefore, the toroidal velocity fields do not disturb the 
equilibrium configuration of a non-rotating non-magnetic star. This is 
the reason why the toroidal displacements have zero angular frequency 
(see Section 13) in a non-rotating spherical star. However, in a rotating 
star, the radial component of vorticity interacts with the Coriolis force 
and disturbs the equilibrium structure of the star. This is the reason for 
the existence of the r-mode oscillations with finite angular frequency. In 
discussing the characteristic of the r-modes, it is instructive to separate 
equation (19.49), which consists of three component equations, into the 
following three equations: 


o 2 ('V, x |) r - 2i a [ft,,(V, • D - (flo - V, )f], - [V x x £ <{)J,, 


(19.51) 


■Kid 


<r 2 V ■ |+2i0flu ■ (V,xf)=V ± -i£(?). (W.52) 


2/aftosin= f.S?(S)]' l ’ ^ r ' (I I 

equation (19.51) is the /--component of the operation T 
’Plied to eouatifin (IQ 401 eauation (19.52) b obtained by , 


''here equation (19.51) is the r-compone.it of 

>phed to equation (19.49), equation (19.3-) - tigs'*) is the 

oration V : - to equation ( 19 . 49 ), and equation t = Q for any 
component of equation (19.49). Since | * . right-hand side of 

^placement vector the non-zero terrm o . equilibrium 

l-Uon (19.51) are associated with J. 


1 
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Let us consider an r-mode whose zero-order displacement vector 
proportional to the toroidal vector and assume the displacem*. * S 
vector as 

§=£*(r)tf/ m + ^ n 7'm?nTm + ^ Y l ’( r ) T h'm , ( 19.5S) 

where the form of the toroidal vector rj lm is given by equation (19 tj, 
and £, Tnt represents the zero-order eigenfunction for the spheroid !; 
mode with quantum numbers rt'l'm. The leading terms in equation 
(19.51) are of the order of ft£ because a is 0(ft 0 ). When equation 
(19.55) is substituted into equation (19.51), the leading terms ir 
written as 

a l0,1 a(r) (V x X n , m % + 2io w a{r) (ft,, - ) r = 0. (19. 56) 

Using in the above equation the expression for t), m given by equation 
(19.21), we obtain 


a< 1 ’ [ crU ’ ” ] *(0 V/(/+1) >T = 0. (19.57) 

Then we obtain the non-zero eigenvalue of an r-mode as 


j n) = 


2m ft,, 


(19.58) 


which 15 identical 10 the angular frequency for Rossbv (or planetar;, 
waves (Longuet-Higgins, 1964; Chapter VJ). 

Equation (19.58) indicates that in the co-rotating frame tnv 
r m es propagate counter to the stellar rotation in the azimuth.; 

retrograde waves in the co-rotating frame), becau'e 
it/rrSfr ° f ,he ei S enfunction is approximately written av e\r 
‘ ^ ^ ote that the leading term of eigenfrequenev ot 

cotnnnivm ^ termmed only by ihe angular dependence of the radial 

To the ordernfn^l!^ ^ rotatlon of the star (see equation (19 
the radial d 1'* e e! Eenfrequency of the r-modes is independent 

* dra “ ° f eigenfunction, In this sen..- * 
ESSTJL'T? deeme “ 'be order of II.. 

When w e siih.t7 * e " We a>ns ' t l er the higher order lerm- 

*»« Ihttl Z S com e<1U, ‘ m i5) im ° 53). -htedl 

b» die effect of i0heroktaU&nf‘ h ' C ° n0liS for “ " u,sl be 
P eroidal displacement . we find 

flsg) . (19.591 

• if we substitute equation (19.55) into equation ( 19. 5!) ag* 1111 
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„d take into account the higher order terms, we obtain 

IT I *■ 

QY m 1 ^ f 

+ (5 r +§h) S < n ^'^ _ J = Z; . (19.6(1) 

m a r * 

Since [V A x5? {1) (^,7m)]r = O(Hg), we obtain 

a (2> = O(OH) . (19.61, 

( Papaloizou and Pringle, 1978). The value of d 2 ' is determined as the 
eigenvalue in the numerical calculation to obtain radial dependence of 
the toroidal displacement a(r ). We note that in determining d Zf and 
a{r) the spheroidal components with /' = / ± 1 must be incorporated. 
But y/(r) is not necessary' to obtain d z \ Further discussions on the 
properties of r-modes are given in, e,g„ Provost, Berthomieu, and 
Rocca (1981), Smeyers, Craeyoest, and Martens (1981 >. and Saio 
(1982). The overstability of r-modes in slowly rotating stars was 
investigated by Saio (1982) and Berthomieu and Provost (1983) 


19,4 Influence of Magnetic Fields 

Next, we consider the magnetic effect. Let us suppose the magnetic 
effect dominates over the effect of the rotation. The rapidh oulbt.ng 
Ap stars seem to fulfill this condition (see Section 9). In contrast to the 
case of rotation in which the effect on stellar equilibrium coniiguration 
appears in the order of ft' but the effect on the oscillations appears in 
ihe order of ft, the effect of magnetic field appears as a term or 1 m 
equation < 19.18) in the order of B 2 both in the equilibrium contigura ^ 
and in the oscillations. Therefore, in a genera! - J>t " a V th 
equilibrium model is needed for consistency in or 
influence of magnetic field on the stellar nonradr x ff) x 

^xcepijon is the case of force-free equilibrium tu. 

< However, in the absence of the unperturr^d ^ ^ 

{ ake the polar angles (0, <p) with respect tode * JiagonaJ; 

35 a base for the matrix B - l*-- 

B - ® * 

. - . u, i single spherical harmonic 

and the zero-order eigenfunction is gi'“- f5 - ii'm« is given by 

U’le. 0). For a potential Geld (VxB-01. <V 

I /%'»'".. I” 63 ’ 
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if the energy loss [(| (0) x B)*B') from the surface is absent. In the case 
of a dipole field, 

g = g 0 V(r” 2 cos d) = B(i2r ? cos 6e r +r sin file,,) , ( 19 . 04 ) 

equation (19.63) is reduced to 


Bq 


ADmaK _ _ 


L 


p 'p, m dM r 


\ & o)2 +m? )2 )dM r 

J 0 


(19.65) 


where 


P,m = {li & 0) - 2^ (U) ) 2 + (/| ir - 2^X6P> - g 0, )( 1 - 3 4„) 

+ (& 0) " £ 0) )% + [-^ (r^°»)] 2 (l - A 0 ) 


+ dr (r ^ 0)) ^ (r ^ 0>) (1 " 34o) + [^T ('■&° ) )] 2 (/i - »r - A , I 


and 


/? = /(/+!), 


a - 2(/f — m 2 ) — 1 
0 (2/— 1)(2/ + 3) 


4 _ 2/? - w 2 (2/? 4 - 3) 
(2/ - 1)(2/ + 3) ‘ 


(19.66) 


19.5 Nonradial Oscillations in a Rotating Magnetic Star 
Some Ap stars posses strong magnetic fields whose symmetric axis 1 
inclined to the rotational axis of the star. The observed magnetic ficK 
s rength then vanes with the rotational phase of the star. As describe 
? 9 ’ ra P>d oscillations have recently been discovered in some o 

vlteetl a i t Se oscillations look like axisymmctric dipole mode 
inclined to the ^' C aXIS ,s identical with the magnetic axis which itsclt 1 
the nonradla ZT^ ** ° f the star ' We consider in this subset 
account both th'"' f ^ r" * rotatin 8 magnetic star by taking 
oscillation ec s o the rotation and the magnetic fields up 1 ’ 1 

equations A .*** h e( l uation (19.25). As sect. » 

H 19.28), the expression of matrixes O, M and B ar« 
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Fir. 19.1 Geometry of various frames: (jc,. v,. r,) - (r sin 0. cos <>. <■ Mn 0, sin 0 

0 k / f - -ft ft i D The transformation formula of spherical harmonics is 
given by means of the so-called Euler angles and the explicit torm is given b\ 

equations (19.68), (19.86). and (19.88) 


dependent on the choice of the base of eigenfunctions that is. t e> arc 
dependent on the choice of coordinates. Let us now suppose t a 1 
effect of the magnetic field dominates that of rotation In sue a ca c. i 
is more convenient to adopt a reference frame co-rotating *i 
magnetic axis with the angular velocity Ho, and t ocho° s e / * 

describe the eigenfunctions rather than to use V/ ( ' _ q 

<P/<) and (0 Ry (p R ) are coordinates in the co-rotating Tdmt ‘ jo 

and 6 r = 0 are the directions of the magnetic axis an c Uy, R (see Fie. 
respectively. The angle between these two axes is cm c . ^ - 

19.1). In .he following, we derive .he expression of .hr Mm V . 

"Mans of the coordinates («». <f «) component of O due to 

Let us first obtain the expression of «*• was no ted in the 

the rotation, by means of the coordinates ( «• 

Previous subsection 19.2, in the (#«* ram <19 67) 

■■ . re present those expressed in 

“ere the quantities with supersenpt ( J m . icn etic axis, and A - 
I 1 ",„<«». M frame co-rolaring •££££«> We- 

’’“W The spherical harmonKS WOh top ^ 

are expanded by means of / v » 
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4>b) = S d mm'(^) Y r 0«) » (19.68) 

where 

d<£ m . (j8)= f r Y; n '*(e R , <Pr) rr(0B, 4 >b) sin . 

J^o J () B =0 

(19.69) 

Inversely, Yi n '(8 R , 4»«) is expressed by means Y™(0 B , (p B ) as 

y, m (0«, 0«) = 2 A-wirtf*, 0»). (19.70) 

m--l 

Hence 

<r w = W fl) , (19.71) 

where the matrix d consists of (*££„< (/3), superscript f means the 
transposed matrix, and superscript (B) means the expression in the (0 /( . 
0 fl ) frame. It should be noted that 

d~ l = ! d . (19.72) 

Substituting equation (19.71) into equation (19.67) and then multiplying 
d from the left-hand side, we obtain 

dM (R)l da m = a (B) A . (19.73) 

The right-hand side of equation (19.73) should be M <iB, a {B \ and hence 

M lB} = dM iR >‘d . (19.74) 

Since M' 1 ' 1 is diagonal and is given by equation (19.42), 

Mffl, - . (19.75) 

k-~l 

By adding equations (19.62) and (19.75), we eventually obtain the 
expression of the matrix O IB) in the (0 H , frame (Dziembowski ami 
Goode, 1985, 1986; Kurtz and Shibahashi, 1986): 

= al^ g 6 m - m + i)rot . 

*.-» (19.76) 

liic <>f(-diagonal components of the matrix 0 (fl> are of the order <»> 
and therefore they do not contribute to the eigenvalue to d K 
The eigenvalues are given bv the diagonal component" 
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of 

oW - °\T« + Si d, &m 2 oi l)ntt . 

* = -! 

Hie corresponding eigenvector matrix consists of 


(19.77) 




1 for m" = m ; 

) for m"~ —m ; 

mag 

‘Vi 


(19.78) 


Therefore, the zero-order eigenfunction of a slowly rotating magnetic 

star is given by 

I 

g (< V f y/"(Bfl,0fl) + 2 a{ m"m Yp {&B, 0 B )j 

nC--l 

In a case of uniform rotation, measured in the reference frame 

co-rotating with the star with angular velocity Oo is 

oi l)rot = AC* ft,. (19 8(,) 

which is obtained by substitution of fl = 0 into equation t N 44) 
Since, as Aizenman, Hansen, Cox, and Pesnell (1984> s owe , 

^[d ( i\(P)\ 2 kn ( , = mC„,ihcosp ■ ,l4Ml 

k—l 

a (D ^ + mC n! Oncos/J (19 82) 

y nt \m I 

The eigenvector matrix is then given by 


for m" = m ; 
for m" - 


for * ±m 


(19.83) 


^■r (|)ma| ^^4 1)^8 . 

*Vl l ' rt1 . , slowly rotating magnetic 

herefore the zero-order eigenfunction of a > 

is given by 


Mm „ f I/m i a. + 
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x exp[/(a (0 >+4r* +mC " ,ftoCOS ^ )f ] (1984) 

for m = -l . I, where 2” means the summation over m" except for m" 

“The observable luminosity variation due to a single mode labelled 
by m is obtained by rewriting the eigenfunction in an inertial frame and 
inteirratinfi over the visible disc (see Fig. 19.1). As a first step. we 
transform the spherical harmonics F/"(0». <Pa) into Y t m (0«, <p K ) in the 
co-rotating frame using equation (19.68). In the co-rotating frame, the 
perturbed physical quantities/'(r, /) of the single mode are given by 

f)-/;,(r)2S W YTV* ^)expW<> + a<!>)r]. 

m* rfi 4 




Next we move from the co-rotating frame to an inertial frame, whose 
polar axis coincides with the rotation axis of the star (see Fig. 19.1 and 
Table 19.1). Let (0/, <j>,) be the coordinates of the inertial frame. Then, 
since 

YF(0 h <pi ) = Yr(0R, </>*)exp(/m((V “ *)] 

=(-l) m V, m (0/j, <p H )exp(im ftoO. (19.86) 

where r=0 is chosen as the time when the magnetic pole is the closest to 
the line-of-sight, the eigenfunctions are rewritten as 

/' fl , w (60“A/(r)XS <*&»' O3)1T'(0/. 4>t) 

Xexp(i(a^l +- m'(la)t]. (19.87) 

We transform the coordinates (0/, <p/) into another set of coordinates 
<0/..$9.) in the inertial frame, where 0 ; =O coincides with the linc-ot- 
sight. Since 

TO/. <P,) = £ d^ i^Yr'(B l , <t> L ) , (19 « s > 

a here i denotes the angle between the rotation axis of the star and the 
line-of-sight (see Fig. 19.1), 
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X exp(«(o»/ +cr m ) m Oo)f]. 

Integra 1 ' 00 of equation (19.89) over the visible disc, 0 L =[O, ir/2] and 
^[0, 2ir], leads to obvservable luminosity variation due to the single 

mode. Since 

J YF"(0 L , <p t )d(p = (19.90) 

except for m”'~ 0, we eventually obtain an expression for the observable 

luminosity variation: 

A Lobs a 22 (-l) m 'a%ld% m '(P)d% 0 {i)Y?(d L , 4 >l) 

m' m * 

x exp[/(a$ ) + o, ( n l) - m'Slo)t\. (19.91) 


In cases of a uniform rotation, equation (19.91) is reduced to 

|»* f 

(-i r‘[dlL- m 

lU 


«a.wxa<»]} 

-•=-< °\m\ °\m"\ .=-< 


X d (0COS{[a£/ ) + ogJT + m Hl) cos ^ Hi Hn|() . 


(19.92) 

The form of matrix d for 1= 1 can be seen in Edmonds U957),.and 
those for 1=2 and /= 3 are given in Shibahashi ( 1986). Equation ( - 

will be applied to the observations of the rapidly oscillating Ap stars in 

Section 43. 


Table 19.1 Relations among various coordinates and the transforming fnrniuU 

Line-of-sight 


0-axis 


Rotating frame 

inertial frame 


Magnetic axis 


(0*> <Pft) 


( 19 . 68 ) 


Rotation axis 

<pft) 

( 19 . 86 ) 

{6 h <Pi) ~ (19.88V 


{&l- <Pt.) 












,0, nonradial oscillations of stars 


29. Influence of Convection 

>0 | Influence of Convection , . - . 

In most stars, there are convection zones either in the interior or in the 
outer envelope Convection in stars should be in a state of fully 
developed turbulence because of its high Reynolds number. Our main 
concern however is the influence of its large-scale statistical average. 
The corresponding mathematical description will be the coarse graining 
average in which fluctuations on a smaller scale than a certain grain size 
are smoothed out. In nonradial oscillations, wave lengths may not 
always be longer than the characteristic scale of turbulent convection, 
which is supposed to be of the order of the scale height. We will, 
however, treat here those cases in which the wave length of the 
oscillation is much larger than the scale height, by taking a grain size 
large enough to smooth out the convective pattern. The influence of 
convection on the oscillation is described by the spatial average of the 
nonlinear couplings in the momentum and energy exchange that can be 
prescribed in analogy with the viscosity and the thermal conduction 
The basic equations governing the convection-pulsation system arc 
given by equations (13.!)-(13.3), We will, however, represent the 
above prescription explicitly by introducing the turbulent Reynold? 
stress ft and the turbulent conductive flux F K in equations ot 
momentum and energy conservation. Let us first define the mass- 
centered velocity, w. by 

pit = pir, (30.11 

and decompose it in the average (oscillation) velocity, v. and thv 
turbulent (convection) velocity, V, 

w = r + V, v * w, (20.31 

where the overbar denotes the local spatial average. Likewise, other 
symbols are decomposed into 

«=»+iic, p=p+pc, p = p+pc. etc-- (20 '• 

*faere subscript C. represents the convection. We define Q>, and Fi b ' 

= < pUtjV'i, > = < pu,V n > (20.-i' 

and 


- < p (fcc + nV/2) V, > = < p (h + irrZ)V, >,(-° 51 

Ifce convective turbulent velocity V has been decompo> cJ 


ADIABATIC OSCILLATIONS 199 


virtually in to the lam ' nar convection V, generating no viscosity or 
conduction and the turbulent motion V r generating viscosity and 
conduction We will, however, omit the subscript l from V) hereafter, 
following the renormalization technique sometimes used for the 
evaluation of turbulent diffusivities (Nakano. 1972). Then, the basic 
equations (13. lH 13 - 3 ) are rewritten in the following form: 

4“ + = Cl- (20.61 


+div(puu) = -Vp-pT0-div (20.7) 

at 


and 


pT [+ (u ■ V)S] = p(e,v+ s v )-p,V - o- V- (F r +F k I (20.8) 


where 


(&th =Mr - (&'h =P &>' ■ UjC V 


Pt m - 


pV 2 


e,-j = 




pe v = grad u £f,{u). 
F k = -x,V[(p+p,)/p]- 


(20.9) 


( 20 . 10 ) 


( 20 . 11 ) 

( 20 . 12 ) 


with 


P» = /uPV< V > z/ r- K,=fKP\< V > :1 ‘- ljU ' 1 

l ' bein B the mixin g length./, ~ 0.1, and'a^ referenced 
We somewhat uncertain (however, see Lnn ^ of stellar 

diff ein) ! W>trOP> ° f * i S ,nn7s?e an eg ,n Dumev (1987)], but is 
differential rotation and circulation [see- e ^ e iidt forms of ?, 

disregarded m equations (20.9) and (20. )• gra dient diffusion 

and f; , n equations (20.9) and (20. L.) are s di ffo s iviiies. That is. 

a Pproximation in analogy with that of mo t under constant 

** specific moment, u (the specif* ent ^ || ^ irect j ol is so that the 

pressure), is transported by mass flux, p - , ^ proportional to 

061 momentum (thermal energy) transpo ' *- appear that the 

,he gradient of «, (T). In the renormahza.on^J ^ Bul the 

®*«ribution (pW) in equation (20. >) diffusion approxima- 
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lioa treats essentially the moment «i of one mean-free-time earlier, and 
the nonlinear inertia of the laminar flow is not included in 
Therefore the renormalization takes care of the nonlinear effect i„ 
smaller scales by the turbulent diffusivity, while retaining the nonlinear 
effect in larger scales as before. The analogy betweewn turbulence and 
molecular motions in the momentum diffusion are thus prescribed. l n 
the same spirit, three terms, -p,V ■ n. pe v , and - V-F K , have been added 
in equation (20.8). The term, -p,V ■ u, represents the work done by the 
motion against the turbulent pressure gradient, pe v denotes the viscous 
dissipation due to the turbulent viscosity, and F K given by equation 
(20 5) as the small scale convection is deformed by the renormalization 
technique (Nakano, 1972) to be the turbulence counterpart of the 
molecular thermal conduction, which has been neglected compared with 
F r in equation (20.12). The form of F K in equation (20.12) is due to the 
gradient diffusion approximation of i(u)- The introduction of p, and 

in equation (20.8) is for consistency with the introduction of & < in 
equation (20.7), which is necessary also when numerical computations 
are performed with the use of artificial viscosity. To show this, we derive 
the equation of the kinetic energy conservation from equation (20.7) by 
multiplying u scalarly, 

_idp^) + V.(lp^u) = -u-V(p+p f )-p« V0 + u div *,(u). 

(20.14) 

Then the thermal energy conservation, equation (20.8), is transformed 
into 


4- (plO + v •</*»>-II- 'Hp+p,) - p(e»+s*> - v • (F»+ F«>. 

(20,151 

where use has been made of the thermodynamic relation 

TdS = dU + pd(llp) = dh - (1 tp)dp, ( 20J(,) 

and of a useful formula derived from the continuity (20 6), that i 

p(dldt)Q = (3/a/)(p<?) + V(p(?u) , ( 2 ° 171 

lor an arbitrary quantity Q. Adding equations (20.14) and (20. l-'O- 
obtain the tola! energy conservation, 

/, [p(£/+-y-)]+v [p|a + ~-Ju] + pu V4' 

= pr.v - f' 11 1 ' 
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where « ■&'(«) represents the kinetic energy flux transported by the 
turbulent viscous stress. The work against the turbulent pressure p, 
cancels in equation (20.18) by decreasing the kinetic energv but 

increasing the thermal energy. 

The coarse grain average of equations (20.6), (20.7). and (20.18) 

gives 

4f + V-(pv) = 0, (20.19) 


and 


p(-Jy+ v-V)v+V(p+p,) + pVd> = div&,(v), (20.20) 

WL ^ jp(L7 + -^)] + V-[p(^+^-)v] + pv-V0 
= pe N - V-(F /f + F c ]-^-(ypV 2 )-V-[F A --u ? f (v)]. 


where the convective flux, 

* - (4 + -tH 

absorbs the turbulence contribution < V- :?,( * n < 0 j* L. ' 
and p u v and pU are approximated by P yy and P f m 

thermal energ? equate" of rhe average mono, .s ob .«edj^ 

equation (20.21) by subtracting the kinetic energy p 

(20.20)], in the following form: 


pf( ~ + v ■ V) (5 + 5,) = p(es + M ’* 


(20.23) 


r k defined by 

w here the entropy of the turbulent motion 

3 n)c- 3 { l pY : )+* F ^ pS " t:t> ' 24) 

^(a7 + v ' v ) 5 ''3f <2 ioi6) 

10 anai °gy with the thermodynamic relation^ # general jlow 

These equations describe the . nper turbed state U - 
^^sociiited with turbulent convection. ( 0 t,taiiK f rorn et * ua 

VV ’ l h rotation nr nirnllation 
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V-(ppvo) = 0. (20.25) 

(1 + 6i)Vp 0 + poV^o = -At(*V> -V ) v «’ + div 

(20.26) 


and 

V ■ (Fr. o + Fc.o) - PoitN.o + £ v,o) = - (1 + &i)pnTo v n ■ VS„, 

(20.27) 

where 

« 5 , = p'/p and 62 = S,IS, (20.28) 

and subscript 0 denotes the unperturbed state. For a spherical 
symmetric star without rotation and circulation (v« = 0 ), equations 
(20.26) and (20.27) are reduced to 

(1 + d,)^ + = 0, (20.29) 

and 

^ - 4nr 2 po€,v.o = 0 . (20.50) 

Equations (20.19), (20.20), and (20.24) are also the basic equations 
governing oscillations under the influence of turbulent convection. The 
latter influence appears as F Cr p f ,S f and & in <§#, and i t through equations 
(20.9) and (20.11). The £y-term is crucial in accretion disk physu- 
rShakura and Sunyaev, 1973), but it is small in stellar oscillations and i s 
neglected hereafter. The linearized equations of oscillation are then 
obtained in the following form; 

P' + V (a,D = 0 , (20.311 

At jp- + (1+ 6 j)Vp' + p'V<f> () + p,,V <P '=div (a o( v) 1 • (20.32) 

and 

' 1 +*i)pbT<r^{S ‘+1 ■ VS 0 ) = (pt N y -V‘(Fr' 4-F c '). (20.33) 

The turbulence corrections, dj and 62 , are troublesome to estimau 
precisely. These corrections, being small in any case, are taken here |L 
be constant under the assumption that turbulent motions bchu' 1 
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similarly to thermal motions in the course of oscillation. For p„ only the 
equilibrium value is needed, but the evaluation of F c ' requires the 
solution of time-dependent convection induced by oscillation. The 
adiabatic oscillation is described by equations (20.31H20.33) with the 
right-hand sides put equal to zero. In that case, the influence of 
convection appears only through 6j and 6j. which are normally small. 


20.2 Convection in Oscillating Medium 

Equations governing the convection superposed on the oscillation cap 
tie obtained by subtracting the coarse grain average from the basic 
equations. For instance, subtracting equation (20.19) from equation 

( 20 . 6 ), we obtain 

4^ + V (pV) = 0 . (20.34) 


For simplicity, however, we employ the anelastic approximation (Ogura 
and Phillips. 1962) for stellar convection. 

V-(pV) = 0 . (20.35a) 

suppressing acoustic waves, or even the Boussinesq approximation 
(p c = 0, p = const.) for qualitative studies, 

y. y — 0 . (20.35b) 

The monentum conservation in convection. [( 20 . 7 )—(20.J))|, is given by 


J_ + ( V+ V)-vlv + p(V-V)v 
dt J 


= -Vp c - pc(V<P+v) + div 


(20.36) 


where 




(20.37) 

oximated in the Boussinesq 


(20.38) 


The density excess pc > n buoyancy is appr 

J Pproximation by 

Pc - v r % Tc 

-nation for convection is 

The derivation of the thermal energy li n ^const-. we 
somewhat involved. Using the appro* 1 , 
rowrile equaiion (20.151 in *bc toUo «»8 fon ” 
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(l + 5 2 )p7'(^ + °‘ V ) 5 = P £n ~^' Fr » ( 20 - 39 ) 

in comparison with the corresponding average equation (20.23), 

(1 + 6 2 )pf(^ + v-v) 5 = pe w -V-(F K +F c ), (20.40) 

where e v is neglected. Here, the. turbulence entropy S f has been 
assumed to be similar in form to 5, in equation (20.24), as follows^ 

pt( 

although we will not use such an expression to estimate <52- Subtracting 
equation (20.40) from equation (20.39) side by side, we obtain 

(1 + d 2 )pr[(~ + v- V)S C + VV5] = (pe N ) c - V- (Fr.c+ F kx ) • 

(20.42) 

where the radiative flux from a convective element, F RX , and the 
conductive flux of convection energy, F KtC i are given by 

F r c m -KVT C , K « (4/3)(flc*r 3 /irp), (20.43) 

Fk.c = (1 + &2)(pTS(;V) — Fc = ~~K t c p V Tc, (20.44) 

where the last expression is due to the same vein of approximation a- 
the gradient diffusion approximation. Equation (20.42) is further 
simplified in the Boussinesq approximation in which {dpc) is neglected 
in the thermodynamic relation, 

tdS c = CpidTc-V^jdpc), ( 2 °- 45) 

since the convection is an unstable gravity mode which is the slow m< '4- 
having small pressure perturbation, p c . We then have 

c ![(ji+* V)Tc+V.(VT- V^j Vp)] 

= «w.c - jV (F r , c +F k ,c), {2i> W 

where 

if - (1 + » 2 )c p . <2° J7 ’ 


J- + u-Vl 5, = -pev+V-F K +p t V u. (20.41) 
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Following Xiong (1978), we now employ the statistical theory of 
hulent convection to study the convection-oscillation coupling. With 
l “ r -,a of equation (20.35), we construct a closed set of equations for 

energy densities X, Y, and Z, defined by 

X = (1/2) < pi' 2 > = (3 2)p, . (20.48) 

Y = (c p !T) irz < pT ( V. > . (20.49) 


Z = (V2)(c p (f)< pTi > . (20.50) 


arranging equations (20.36) and (20.46). To make this possible, wc use 

several approximations: 

(Al) Spatial structure of a convective element i' practically 

unchanged by the presence of oscillation and is approximated by that of 
the stationary Rayleigh-Bernard convective cell with free boundaries 
(A2) Turbulence is isotropic, and its characteristic scale i> much 

smaller than the wave length of the oscillation 

(A3) The third-order correlation (<pVV>. for example) is 
estimated by use of the gradient diffusion approximation 

From equation (20.36), we obtain the kinetic energy equation o 

convection. 

d,x - v-{{p t tp)vx\ + ps-y 




where 


d, = ( did !) + * v - 

e second term on the l.h.s. is due to the appruumati^J^ Ult |, 

MV 2)V>, and the wave flux. Few - </ ^. rox j ni arion (A2) and 
‘nvection can be neglected on account of i <- J PP ^iHatory with 
e Boussinesq approximation unless the con '^ f equation (20.36) 
agnetic field or rotation. From the -'-component ot eq 

ld equation (20.46), we obtain . , 

d<Y+(dV i /dz)Y+(c P / 0 U2 P‘tt a * ,dz) ~ 

-V • [(*,/p)VT] * 2i»r l(Z + ' ,Z 

/ «*&-[(-£+*+*) 

+ r.T 11 * 
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where .he term. (c p lfT< ° n ,he Lhs bcc„ 

neglected with the approximation (A./;, 

„* = U7 — <^c/i> / [fe + ^ SS ^' (1/3) (20M ) 


by the approximation (A.2), k denot^ the representative wave number 
of a convective dement, (e.g. k=\ r fn/l l ) and £ N .c has been approx¬ 
imately 


£jv,c = £n £ t(TcIT). (20.55) 

Multiplying equation (20.46) by (fi/f)T c , we obtain 

d,Z+(c p r |/2 )[31n fl3z-V aii d\npldz]Y-2V-[(K,/p)VZ\ 


= (2(e w e T lc p f) ~ [( Klc P P ) + (K,lp)]k 2 ) Z, (20.56) 

where the difference between c„ and c* has been neglected for 
simplicity. The nonlocal effects represented by the second term of 
equation (20.51), the fourth term of equation (20.53) and the third term 
of equation (20.56) are important in the penetrative convection (Unno. 
Kondo, and Xiong, 1985) but are small compared with the correspond¬ 
ing diffusivity terms (the last term in each equation) in the main bod\ of 
the convection zone. Since we have adopted the Boussinesq approxima¬ 
tion which is consistent with the local theory (Spiegel and Veroniv 
1960), these nonlocal effects will be neglected hereafter. 
Summarizing the result, we have 

[d>(2/3)V- v+2(p,/p)k 2 \X = v T (g + v 2 ) ( c p f)~ m Y . (20.57) 


\d, + {dvjdz) - {c p f)~ l E N E T + {c~ i K + p l +K l ){k 2 lp)\Y 

= 2vf (g+v,)(c p f )~ m Z- (2/3 )(c p f) ia (V- VJ)(d In plBz)X . 

(20 ? SI 


[d, - 2{c p fy l e N e T + 2 (c~ 1 K + K,)(k 2 !p)\Z 
= -(c p f) ta (V- V ttd \{d\npldz)Y, 


where 


(20.59) 


(20.60) 


V = 3In 77 Jinp . 

These equations are nonlinear in X, Y, Z because of p, and k, that ^ 
proportional to X* Without oscillation, they are reduced to 

[id>^ + 2 ip,/p f)) k 2 \X = v T g(c p T t} y ' : v. < 2t,M ' 
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[(d/at) (c p To) 'fijv £r+(Cp ‘ AT+ M(+ K'Xtf/pv)]Y 

= 2 v£g(c p T (y y uz Z + (2B)(c p T 0 ) m (V~ V ad )Hy l X, 

(20.62) 

[(3/ dt) ~2{c p T 0 ) ~ 1 e n e t + 2(c~ 1 K + kvX * 2 /#,)\z 


- (c P T,,)' 2 (V- V aJ )H p -'Y. (20.63) 

where H p denotes the pressure scale height. 


** P 



(20.64) 


In the convective core (fyv^O), the convection is unstable until the 
turbulent conductivity k, is increased to satisfy the following stability 

criterion: 


PqE N £ t - c p T 0 (k, + c p 1 K)k z -- 0, (20.65) 

in which the equality gives the amplitude of the steady state. In the 
convective envelope — 0), the system is stable and settled to the 

steady state given by 

2(c p T 0 ) 1/2 p ate X u = v rS p,\\, 66) 


=2vf gPn Z {) + (2/3)(c„pijT (l )( V- V, ad )H r -'X a . 


(20.67) 


and 


2(c~ 'K-k, fl )/rZ(i = (c p To) ir2 (V- V*)(k^' *o. (20-68) 

& «*■ —-— 




Chapter IV 


NONADIABATIC OSCILLATIONS 


2L Basie Equations of Fully Nonadiabatic Oscillations 


As discussed in the previous chapter, dynamically stable adiabatic 
oscillations in a non-rotating and non-magnettc spherical star arc strictly 
periodic. In mathematical terms, the eigenfrequencies and eigenfunc¬ 
tions are purely real. Oscillations in nature are, however, inevitably 
nonadiabatic; i.e, T energy exchange among mass elements occurs during 
oscillations, and governs the vibrational stability (amplitude growth or 
decay) of the star. This corresponds to the fact that the eigenfrequeitdes 
and eigenfunctions are complex (non-real) in the mathematical descrip¬ 
tion of linear nonadiabatic oscillations. The fact that the eigenvalue and 
eigenfunctions become complex due to nonadiabatreity is recognized b\ 
looking at the linearized equation of energy conservation (13.66), which 
includes a coefficient of complex number, because the equation of 
energy conservation involves a first-order time derivative. Since we 
e *Press, m this monograph, the temporal dependence of perturbed 
quantities as exp(ior), the amplitude of oscillations grows it the 
imaginary part of the angular frequency a is negative. 


Differential Equations , . _ i: n . 3r 

rdcr to obtain the eigen frequencies and eigen ]0DS Q f 

idiabatie oscillations, we have to incorporate L _ r 13 66) 

ey conservation and the flux equation (13 ® “ ^ria. 

» UE h these equations ate written ^ On, f „ 

o nations of nuclear energy generation ' ' p,. nur baiions. 

" 15 convenient, in ptacliee. to use 8 p(IIUtbaI in„ s of 
reason for this is that if we use iht „ ^ £ j 0 noi need to 

-|r energy generation rate and (he chem j ca l compori- 

] der the dependence of these quant - - h eca use the oscillation 
which rnncprv^d in a mass etmc #■:«!<* scale of 


209 



210 NONRAD1AL OSCILLATIONS OF STARS 

nucleosynthesis or the time scale of particle diffusion. The linearized 
perturbation equation of energy conservation may be wntten as 

- i(Lv-f), (21.1) 

where energy flux Fincludes the radiative and the convective fluxes [ c f. 
equations (13,17) and (20.23)]. The first and second terms in the 
right-hand side of equation (21.1) represent, respectively, the energy 
gain (or loss) due to the excess (or deficient) energy generation and the 
energy loss (or gain) due to the excess (or deficient) energy outflow. 
Using the equation of mass conservation (13.35), the latter term can lx* 
written in a different form: 


= — f—- F— S(V ■ F) 
\p > PIP 


= ^-[-(V-©(V-F)-V-F'-(|-V)(V-F)] 


= -^-V-(F’ + £(VF|]. (21.2) 

In the following we use the fact that the energy flux has only i 
radial component in the equilibrium structure (i.e., F=F r e r ). Furth¬ 
ermore, writing the flux perturbation as 

F' - F/e r + F/, ( 21 - 3 ) 

with F,' being the horizontal component of the flux perturbation. »c 
define the luminosity perturbation bL r as 


dL r =4m 2 ^6F r + 2^-F r \, (21.4) 

which represents the perturbation in the spherically symmetric pari ot 
energy flow. Then equation (21.2) leads to 




3bL r J_- £/, (II., 

Wr P V F ( +/ ( /+ D y dMi 


(21.5) 

where / ls the total (convective plus radiative) luminosity at ' 
" !,r i0n (,3 - 18) - The ter ms in the right-hand side *■ 

^gy fllx rePreSCm lk ' L fka " f the n °n-spherical perturbation ■" 

flu, k 5“ a « eri °» diffk ’ulty in treating perturbation of cnergv 

g eral, energy llux-consists ot radiative and convective 
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ver, time-dependent convection theory, which is necessary to 
"kulate* perturbations of the convective flux, has not been fully 
i doped. Although some attempts to include perturbations of the 
dCV vective flux have been made (e.g., Unno, 1967, 1977; Gabriel. 
CMtlaire, Noels, and Boury, 1975; Gough, 1976; Xiong, 1978; Baker 
j Gough, 1979; Gonczi and Osaki, 1980; Saio, 1980; Gonczi, 1982; 
Stellingwerf, 1984), the treatments are very complex and include several 
certain points (see Sections 20 and 30). Therefore, in most of the 
"nvestigations of nonadiabatic nonradial pulsation, the perturbation of 
the convective flux is neglected for simplicity. This neglect is sometimes 
called a “frozen convection” approximation. This name is, however, 
somewhat misleading, because this treatment is not necessarily an 
approximation even in the cases where the oscillation period is much 
shorter than the turnover time of the largest convective eddies. 

In order to avoid complexity, we neglect perturbations of the 
convective flux in this chapter. (The time-dependent convection theory 
is discussed in Sections 20 and 30.) There are several ways to neglect 
perturbations of convective flux. For example, if we set dL ( 

0 and Fc ± = 0, equation (21.5) becomes 


where the radiative luminosity L K and the convective luminosity L ( at 
are given by L R = A^F R , r and L c =^rF c , r respectively. If we set 

6(i V-F c ) = 0, equation (21.5) becomes 

<=>■’» 

\p ! oM r p 


Furthermore, if we assume 5(V-F f )=0. equation (21.5) becomes 


3(rS,) dL < (2L8) 

rdr <IMr 


Gther ways are also possible. Although we h ‘'' L (he expression in 
reason to prefer one relation to the others, w __ ^ Before we 
Equation (21.6) in the following discussions _ of the above 

Proceed further, we should caution t a « ect near the bottom 
‘‘Pproximations can cause a fictitious CXCI d t j, e paid to this 

Phe ,h ° C ° nVeCtiVe ^ analysis- 
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In the diffusion approximation the radiative flux is given by 
equation (13.6), and its linearized form is given by equations (13.5fj) 
md (13 51) with the Eulerian perturbations of the physical variables. 
Transforming the Eulerian perturbations to the Lagrangian perturba¬ 
tions and using the fact that the perturbed quantit.es are proportional to 
a spherical harmonic Y'm<Ph we obtain 

&F K , r = F R \— K +2 --‘(I'+ 1 ) r * T d\nT/d\nr j 


and 


V-F^ = - 


d\nT!d\nr 


/(/+ 1 ) T 
r T ’ 


( 21 . 10 ) 


where F H denotes the radiative flux in the equilibrium state. 

Thus the differential equations for the radial part of eigenfunctions 
of the fully nonadiabatic nonradial linear oscillations given in equations 
(13.62)—(13.66) can be written as 


d_ 

dr 




A 2 p' 
g P 


+ (N 2 -o z )% r = gv T 



( 21 . 11 ) 


r z dr F, dr * r \ o 1 I pc 2 o 2 r 2 c p 

( 21 . 12 ) 



(^) 


, .. -55 

= -4j rGpv T —, 


(21.13) 


ioT6S=6e N - + W+U [gJI. 

dM r din T/d\n r pr T 

-4-1(14-1 )(-l* dL, I L _Lft \ (21. H) 

\ r dM r r 4 nr'p /’ 
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6Lr ^ 5 . -/(/+ 1 )~ + 4-^L+ ^hi^nr 

% K r r T din T/dlnr * 


(21.15) 


The relation between -57 and 65 is obtained from a thermodynamic 

relation [equation (13.80)]: 


65 


( 



)• 


(21.16) 


and c h is related with (p 7 p+0 r ) by equation (13.61). The perturbations 
of opacity and nuclear energy generation rate may be represented as 

functions of dp and 65: 


and 


where 


5k 

K 



+ 





(21.17) 


£n 






(21*IS) 




( 21 . 20 ) 
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/ 51n % \ __ 
£s - c p (- 9 s J p 


v T £ P 


In deriving the above relations we assumed that the chemical composi¬ 
tion of a mass dement is conserved during the oscillations. This 
assumption is justified because in most cases the period of oscillations is 
much shorter than the time scales of nucleosynthesis and particle 
diffusion. When the time scale of nucleosynthesis is comparable to the 
period of oscillation, more careful treatment is necessary to obtain the 
expression for Se N (see e.g.. Cox. 1955; Kawaler, 1988a). 

Thus, linear nonadiabatic nonradial oscillations are described by six 
(four if the Cowling approximation is employed) first-order differential 
equations of the complex variables. 

21.2 Reflective Boundary Conditions 

The six differential equations discussed above and six boundary 
conditions form an eigenvalue problem with a complex eigenvalue o. In 
this subsection, as a natural choice, we discuss three inner boundary 
conditions and three outer boundary conditions. In the deep interior of 
a star, the thermal time-scale must be extremely long compared to the 
oscillation periods. The adiabatic condition is nearly perfectly satisfied 
for oscillations there. Therefore, the inner boundary conditions for the 
mechanical variables such as <P', £ r , and p' are the same as those 
discussed in Section 14. These are 0' oc r 1 , r ,_1 , and p' x r 1 near 

the center. Using these relations, equations (21.11)—(21.13) can be 
reduced to 


and 


near 


-(-1 

( P ~+0') = 0 

(21.21) 

a r 1 

(P > 

d<P' 

dr 

i k 

it 

(21.22) 


dS « 0. 


(21.23) 


UJ = U, t/l 

bounda^^h * a ? We “ trappcd in thc envelope of the star, the innei 
the oxcilLtin! S ? SOm ^ where between the center and the bottom o' 
neglieiblv small nveope ‘ ^ ,nce ln l h* s case the oscillation amplitude r 
ST?2Slj5r.T TP' 6 i0ner boundary conditions such »j 
<« «*«*- 0). We note that for many case 
well trapped in the envelope, the Cowling approx" 11 


cases 
ia- 
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. is a good approximation and the system of the differential equations 
p reduced to four first-order differential equations. 
can since the outer boundary of a star is ill defined, some difficulties 
, ir i s e in setting the outer boundary conditions for oscillations. In this 
subsection we will discuss simple boundary conditions, assuming that 
the pressure and thc density near the surface decrease steeply outward. 
In this case we can use a reflective outer boundary condition for the 

pressure perturbation: 

dp = 0 at r = R, (21.24) 

The outer boundary condition for the perturbation of the gravitational 
potential is obtained from the condition of continuity at thc surface: 

+ (/+1)— = 0 at r = R. (21.25) 
dr r 

Above two conditions are the same as those for adiabatic conditions. If 
the radiation pressure is dominant at the outer boundary, the first 
assumption that the pressure decreases steeply outward may not be 
allowable. In such a case more careful treatment is necessary, and 
replacing dp with dp gas (p gas ; gas pressure) in equation (21.24) is 
probably better (see Shibahashi and Osaki, 1981a). 

Another condition can be given by using the fact that there is no (or 
negligible) inward radiative flux at the surface: 


= SeI - 


(21.26) 


where J is thc mean intensity and f E the Eddington factor, whit is 
reduced to 2rr in the Eddington approximation. Perturbing equation 
(21.26) in a Lagrangian sense gives 


dFq 

Fr 


dh_ 

/e 


+ 4 


6 T 


(21.27) 


Fr je 

I" order to obtain the perturbation of the Eddmfr 11 ’” r [ncorporat- 
however, it is necessary to solve nonlocal radiums.™- ^ ^ vei y 
ln £ perturbations due to nonradial oscillations. i 985 a),this 

difficult problem (see Christensen-Dalsgaard and Frandsen. 198- J, 

term is not taken into account for simplicity m 

21.3 Progressive-wave Boundary Conditions in the C urt of a 

As mentioned in Section 15.3.3. in the large (N 2 ~ 

^d-giant star th« Rmnt-Vaisala frequency N is extrem . 









m nonradial oscillations of stars 

tr-Kimh Therefore, in such a star, any eigenmode with a 
10 m units of GS1R l . ' , ike a sho rt wavelength gravity wave 

moderate etgenfrequeu ^ order of a thousandth of the 

»«.«• » »•« traveling ,i» 

core radius in long , the damping time is much shorter 

through the core ts o«n»V, ^ (15 2 l)and (15.22)1, which means 
than the traveling tune are dampe d before reaching and 

that waves traveling u _ Then a near ]y standing wave cannot be 
being reflected near ' wave penetrating from the envelope 

formed in the • evanescent zone is absorbed in the core 

without'beimTreflectetM cf. Pesnell. 19 « 4 ) In other words kinetic 
energv of p-modcs trapped in the envelope leaks into the core. In such a 
cLit is convenient to set a progressive-wave boundary'condition at 
i he outer part of the core propagation zone (Osaki >1^7, Dziembow ski 
1977a) rather than obtaining eigenfunctions throughout the core by 
rcsobing their thousand spatial oscillations. 

Since the thermal time scale is very long in the core of a star, we can 
^ifelv use the local adiabatic condition in the outer part of the core, 
furthermore, for g-waves with short radial wavelength in the core the 
Cowling approximation may be used. Since the vertical component of 
ihe sjoup velocity of gravity waves has opposite sign lo that of the phase 
velocity (Section 15.2). the inwardly propagating wave has an outward 
phase velocity An asymptotic form of inwardly propagating adiabatic 
gravity^ waves with <r«N 2 is given, under the Cowling approximation 
by equation (16.62). which may be rewritten as 


* r 


(21 >' 


The radial wave number k f is given for highnjrder g-waves as [see eq- 

(15 19)| 

for ^ <<N 2 (21.291 

oc trr 

DrficTcauaimg equation (21,28) with respect to r, we obtain 

c.-« 

MMMkg ufiaikm (21.30) into equation (21.12) with r ' : 

= 0 - ** cA *** 'be mechanical boundary condition 
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l i 1 V 2 g , tflniVu Lf \ p' 
■ji 2ik ' r g c 2 dr ( a 2 Ipr 2 ' 

_^ e ol bcr inner boundary condition, under the Cowling 

£ion . can be chosen as 


(21.31) 

appronuma- 


° s = 0 - (2L32) 

Equations (21.31) and (21.32) form a set of progressive-wave inner 
boundary conditions for p-modcs trapped in the envelope of a red-giam 
sUI with highly condensed nondegenerate core. 


22 Weakl* Nonadiabatie Nonradial Oscillations 


22.1 Degree of Nonadiabatieitv 

The ratio of thermal to dynamical time scales is one of the most 
important parameters that govern the nonadiabariem (entropy per¬ 
turbation j of stellar oscillations. This fact is apparent in the dimension¬ 
less equation of energy conservation. Multiplying equation (21.14) by 
iprlF R ) ~ AnrpJLft, we obtain a dimensionless form of the linearized 
equation of energy conservation. 


T th &S _ 4 ur^p 

T dyn Cp L H 



ddLii | < /+*) T , 

dU r J dlnTdlnr T 


** 4 - p 1,7 i:: n 
+f(f+!)— Lr dMr 

“here ihe thermal timescale t,„ and the dynamical timescale Ta,„ are 

defined as 


Jt- 

GM 


( 22 . 2 ) 


Trt = and = \ 

Lr ^ j 

®^aiion (22.1) indicates that for a given energy ^^iger for larger 
** * e q ua tion (22.1)] the entropy ^ 

WT rfyjt . Rgu re 22.1 shows r, fr W as a fun^ ^ (fag UL -3 25 ) 
r R for massive zero-aee main-sequence stars o “ [arse in the 

20W, (log ULo *= 4.64). The pmport^ 

^lericjg of a #iar except near the stellar *ur ^ ^ ^ model is larger 
? !he & to luminosity ratio M L ^w-abatie eigcnfunctkms of 
*■> in the 20iW e model for a given r_R S*o and Cox 

J^J^node with 1= 2 are shown m big- - hfi efl{TO p> perturbatKm 

®®0) for the same models. The amplini*^ 7 -7 fa ’ w r* r.- - “ 

appreciable only near the surface. 














218 NONRADIAL OSCILLATIONS OF STARS 


9,0 

7.0 

"i 5.0 

if 

£ 

w 3.0 

Ofl 

O 

1,0 

- 1.0 

OjO 0-2 0,4 0.6 0.8 1,0 

r/R 

Fig. 22.1 The ratio of thermal to dynamical time scales^,versus fractional radii.- 
rfR, in massive zero-age main-sequence stars. 
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rable to or less than unity. The eigenfunction for the radial 
cort? jjjgnt is almost identical to the adiabatic one shown by the 
j^p^tTlines 22 .2. In most of the stellar interior, oscillations are 

dasilt aC jj a batic. Thus, the adiabatic period of oscillation is. in many 
a very good approximation for the period of nonadiabatic 

oscillation^^ evo i ve d star with a low MIL the value of Tjr dy „ could be 
all enough for nonadiabatic oscillations to significantly deviate from 
^adiabatic ones . Even for large r, k lr dyn large entropy perturbation is 
thC ible in the following cases. Equation (22.1) indicates that the 
v perturbation could be large if the dimensionless frequency w is 
e ° - low This corresponds to a thermal (or secular) mode for which the 
Srinary part is much larger than the real part of the eigenfrequency 
Thesecular mode will not be discussed in this article (see eg. Hansen. 
1978) Another possibility is having a large value for the right-hand side 
of equation (22.1), which can be realized if the radial wavelength * very 
shori or if / is very large. Such oscillations ,n which dynamic^ and 
thermal effects couple strongly, have peculiar properties, 
discuss very nonadiabatic oscillations in Section 

22.2 Quasi-adiabatk Approximation 

When TjT dyn (-c.) is very large, eniropy pcrturb.rion “'."l SffsJ 
so small that the real part of the angular freque .i.-ahatic 

same as its adiabatic value. In such cases, we can use _ a *1 _ . t[M . 

approximation, in which the terms of 0(c 4 ) are eakiv 

folio. ing part of this senior, we diseuss the properr.e s ^ weal d. 

nonadiabatic oscillations by using the quasi-adiabalic ,pp 

well as the Cowling approximation. nonadiabatic 

In the quasi-adiabatic approximate. equauonWor nxna^ ^ 

nonradial oscillations can be reduced to o nenurbadon as a 

adiabatic oscillations. Let us first express t e ^ ^ [uminosin 

function of £ and p'. First of all we need toJJmo equation (22.1) 
perturbation as a function of £, andp to >u ( j, e OT d C r of c 4 l - 

b is apparent from equation (22 11 th^ 1 ' IO ,hc order of c-. 
Therefore, we need the expression for o * * (21-15) and in the 

• c,, we can neglect nonadiabaticity m Lt J“ = =p'icrrp) under 

right-hand side of equation (22.1) ’ . relations (21 16H-1 J 

Cowling approximation and using from equation Cl L'l 

Without the terms proportional to oS, uf+J) p 

& Lo / i v p 

r ~— (4 ^ad~ K “d Ir'r dlnr P 
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Pud 


(dp 

VV 

dlnr 1 

i P 


) + 0(c 4 -'). 


( 22 . 3 ) 


where c 4 - zjr dyn [equation (22.2)} and V is defined by (13.107). 
In order to eliminate the term with d(6p!p)id\nr m equation (22.3), Wc 
use the relations for adiabatic oscillation given in equations (15.1) and 
(15.2); 

1 d /6p\_J_ (£Pl_-v^\ 

V d\nr\ P I V d\nr\p P r ) 


Substituting equation (22.4) into equation (22.3), we obtain 

- D^ r + D 2 £- + 0(c 4 '), (22.5) 

Lr P 

where 


—[4 + + 


^ad | 

f d in V ad 

v 1 

[ dlnr 


4+ V + Li¬ 


ra 


-)]■ 


-1 


( 22 . 6 ) 


and 


0 2 




4P 0( / + 


V ul j rf In V ad V ad \ / F ’mi 
W dlar V n V 



1(1+1) 

a 2 r 2 


(22.7) 


If we substitute equation (22.5) into equation (22.1), wc have terms 
proportional lod$,ldM r and d(p‘ ip)ldM r . To eliminate these terms we 
again use relations for adiabatic oscillations given in equations (15-11 
an H5.2). After some manipulation, we can express the eiitrop) 
perturbation in terms of and p' as 


— = ; fc . . D 4 n' , 

W 4 p + ° {C * ) ’ 

where /> 3 and Z>« are defined by 

4 rr 3 p 


( 22 . 8 ) 
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3v 1 \ rr / 
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~D z (N 2 -o 1 )r 

(22.9) 


and 


4ar 3 p( n dL R p )_ /(/+!) 4irr- ! pq v /(/+() 


lad 

P 




rN z | dD z 


dlnr ' 


( 22 . 10 ) 


respectively, and to is the dimensionless frequency, ot(GMIR > ) ia . The 
relation e N ~ dL r /dM r was used in equation (22.10). 

Substituting equation (22.8) into equations (21.11) and (21.12). we 
obtain equations for nonadiabatic nonradiaf pulsations under the 
quasiadiabatic and the Cowling approximations: 


1 d(r 2 £ r ) 
r 2 dr 


-( 


C (OC 4 


)* 


-H) 

l L 

a 2 J 

V 


. £>4tTl P' _ . 


( 22 . 11 ) 


and 


■ £> 4 gVr_ W 

10C4 ! p 


\ WC 4 / 


( 22 . 12 ) 


Since these equations are similar to equations (15. j in “ 
adiabatic oscillation, we can use a way similar to t at use ^ u j sat j 0ns , 

anil 16 to discuss properties of quasi-adiabatu. ' lonr variables 
Following ,h. in Section 15.1, we introduce new vanahtes ftv 


Following the discussion in Section 
and rj N as follows: I 


In = r-| r exp 


bf( 


7 + " 




Wl (22.13) 


and 


i}N ^ y ex P 


iT< 


/V 2 . Djg _nr 

-+ 1 —^7“T 

g (l) c 4 


)4 


(22.14) 


_ 1 . . v . ir iables for nonadiabatic 

where the subscript N is used to distmguis usc d in Sections L*> 

^illations from those for the ad.abatic osallum 
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and 16 Using these variables in equations (22.11) and (22.12;. We 
obtain a canonical form of the differential equations: 

. Dj? v T \ - 




dr 


(22.15) 


and 


djjiv 


I 




dr rh#(r) V WO 

where the tenns of 0(cZ 2 } are neglected and h v (r) is defined as 


*,M - «p{/ (^—«2 17, 


These equations are quasi-adiabatic versions of canonical equation- 
(15.5HI7) for adiabatic oscillations under the Cowling approxima¬ 
tion. Furthermore, eliminating £ v or ff s from equations (22.15; an: 
22 16). we obtain the second order differential equations 

Hs I dP N d% N 


dr 2 


dr dr 


-PsQnZn = 0 (22.IS; 


dr 2 


1 dQ N dtj s - 

Qn dr ~dT P"®" 1 *" ~ 0 


(22.19; 


where P H and Q s are defined as 

r, - 

C 0JC 4 I 


( 22 . 20 ; 


(22 21, 


w yrtful/ F^uarions (22.18) and (22,19) are quasi-adiabatic vers 
-J>and(16.2). Equations (22.15H22.21) are used 11 . 


&vcn ,n *** fodowing subsection 


K-3 A vmplrtk Andy** 

(2- H)M d (22.19) have the same (firms as eq u 
' fW ******* oscillations we can 
HMfe, ??1^_*** that given in Section 16. Using a " J • ' 

16 <Ue, I9#5a) with WKH ' 
(22. W) and (22.19), we obtain, alter 
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manipulation, eigenvalue conditions for high order nonradial pulsations 


35 


/; 


R e(k,)dr = nz 


( 22 . 22 ) 


and 


/' 


Im (k r )dr = 0 . 


(22.23. 


where Re(fc^) and lm(k r ) are the real and the imasnarv pans, 
respecti vely - of the radial w ave number and r, and r k are the rad:: at the 
inner and outer boundaries, respective!;, of a propaza*;' -. zone N. te 
that r a and r b depend on the oscillation frequency -7 a> the 
equilibrium structure of the star.J Under the quasi-adiaba:;; approxima¬ 
tion the radial wave number k, is given by 




22 24 


Or, using the fact that the imaginary pan of the eigenfrequency. °\■ a 
much smaller than the real part. Or. equation (22.2-t is written as 


*~7W-***0-** ’i 


OJrCj, 

[ a £ ' OJ fiCi O K ' 

*hcre «r means the real part of the dimensionless .. 

for high order g-modes (o£«S~. Lib ° r Ti 

(22.25) 




v i ^ [f . r 

Erom the eigenvalue condition for the real part of k, gi eq ' 

f 22.22), we obtain 


oh 


equation is the same as the expression r« ‘""j ^ thaI tlse effect 


VW+U f- 


dr. 


(22.27) 


* f ,, r lll€ adiabatic frequency 

equation is the same as the expression ^ ‘ * Hk tC4 the effect 
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of c 4 “ 2 . From the eigenvalue condition given by equation (22.23) f or the 
imaginary part of k r we obtain 


=±r 

2 A. 


ojD 4 Nr Dag 1 v r 

1(1+1) Nr \<OrC 4 



( 22 . 28 ) 


Thus, the imaginary part of the eigenfrequency, a,, which determines 
the growth- or decay-time of oscillation is a quantity of the order of c r 1 
For high order p-modes (or » N 2 ), the radial wave number k, 

is reduced to 


[ <* + 

Vt j 

l Dig _ 

Ur 

2f/j R c 4 ' 

{ Or 


In this case, from the eigenvalue condition for the real part of k r given in 
equation (22.22). we obtain 


o R = m 



(22.30) 


Again, the nonadiabatic effect on the real part of the eigen frequents is 
of the order of cj 2 . From the eigenvalue condition for the imaginary 
part of k, given by equation (22.23), we obtain 


J!U* 

<7r 2 J,' \ ogcfw rC 4 



(22.31) 


Thus, the first order correction from nonadiabaticity appears in the 
imaginary part of the eigenfrequency which governs growth or decay <>: 
the oscillation. Discussion on the modes which have two propagation 
zones is given by Lee (1985a). Asymptotic analysis without using th-_- 
quasi-adiabatic approximation is discussed by Dziembowski (197-ai 


23. Very Nonadiabatic Nonradial Oscillations 


For stars with LW> ijx dyn is so small in the envelope tha 

radial puisanons or nonradial oscillations trapped in the envelope art 
very nonadiabatic. In this case, it is difficult to identify oscillan 
modes, because there is no one-to-one correspondence between - r - 
^diabaUc and nonadiabatic eigenfrequencies. Because of this compi- 1 
ny - investigation on very nonadiabatic nonradial oscillations is not 
developed. 

Om way to investigate the properties of very nonadiabau- 
iwi MMiniit to artificially change the effect of the nonadiabaticity an j 
Me wha« happen during the continuous change of the degr- 
r,mad*aos.*iaN Shibahashi and Osaki (1981a) used tire procedure ' 
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Fig. 23A Variation io reaJ part of nondimenikmaJ f - - rradi* 

pulsations with / = JO with the multiplying factor 3 ■ fat thsrr- ^ 
(from Sbibahashi and Osaki. 1981aJ. 
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which r,„ T^r, in equation (22.1) is replaced by orc,jT dyn and eigenfr e . 
quencies are obtained for various values of a. In this numerical 
experiment, or— * 0 and or— » * correspond to extremely nonadiabatic 
and adiabatic conditions, respectively. Figures —3.1 and 23,2 show the 
result of such a numerical experiment performed by Shibahashi and 
Osafci (1981a) for 1= 10 modes of a high luminosity Population I mode] 
with parameters (M V/ . L I- - - log T r ff, ft/?©) = ( 12, 1 0", 3.85. 207), i n 
Fig. 23.1 the real part of eigenfrequency is plotted against a. while j n 
Fig. 23.2 the change of the eigenfrequency is shown in the complex 
<y-plane, where the arrows indicate the direction of increasing a and the 
open circle indicates the adiabatic eigenvalue with or = «=. Note that the 
complex eigenfrequencies in the case of a = 1 (unmodified ease l are 
very dose to those of a = 0. In other words, nonradial oscillations of th c 
unmodified model with / = 10 are extremely nonadiabatic. 

The eigenfrequencies of the modes corresponding to the adiabam 
pi*, p 2 *. and pj- modes do not vary very much with a large variation in a 
The frequencies of higher order p-modes at the limit of a = 0 tend to k 
smaller than the corresponding values at the adiabatic limit (a = *i 
This is a manifestation of the decrease of the sound velocity frorr. 
\Tiplp (adiabatic sound velocity) to \/i( r p/p (isothermal sound veins- 
ity). In the limit of a = 0 or = 0 (i.e., 6(£ N — p -1 V- F) = Oj. n> 

thermal wave exists because the structure is adjusted to the therms 
equilibrium instantaneously. In this limit, all the coefficients of the ba-:. 
differemial equations and boundary conditions for nonradial pulsatin' - 
become real numbers, and the frequency io appears only in the form 
as in the case of adiabatic oscillations. Then, if w = air + iv )j is ar. 
eigenvalue, its complex conjugate, ai = o>r — ioj%. is also an eigenvalue 
In fact, modes B and C form a complex conjugate pair in the limit of a ' 
0. We note that for radial pulsation. dL R is constant in space in v .-- 
envelope in the Umit of TjT dy „ = 0, while dbL R idM, * 0 in the same 
limit for nonradial pulsations because the perturbed radiation field 
not spherically symmetric. 

23-1 shows that new oscillation modes enter into 
frequency range of low order p-modes when a is smaller than ~ I" 1 
this model. Mode C has the positive imaginary part (damped oscillate 1 
of frequency which is comparable to the real part for any cr. In the ^ t7 ‘ 
of o = 0. the eigenfrequency of mode C is the complex conjugate m 
eigenfrequency of mode B, which continuously changes to adiab J - 
m * (fringes to infinity. The imaginary and real parts of 1 L 
etfcnfrequency of mode C increase rapidly as a increases in the rant- 

rise wok cxfKfuncm appiitd to nonadtabaiu. radial puKaiions by Sai<> ^ - 
Md Cm (KIM). 
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, Fr0 m this property of mode C it is inferred that a large entropy 
perturbation and hence a large imaginary part of the frequency of mode 
C are attributed to a large value of the right-hand side of equation (22.1) 
due to the steep gradient of the luminosity perturbation. Similar modes 
appear even in radial pulsations (Saio et al.. 1984). 

Mode A has a very' interesting property. The frequency of mode A 
is purely real when a = 0, and it moves downward nearly vertically in 
the complex w-plane (see Fig. 23,2) as a increases. When its imaginary 
part approaches —I, it turns toward the imaginary axis. It finally settles 
on the imaginary axis when a becomes very large. Since pureiv 
imaginary modes in the adiabatic limit are convectively unstable 
k-modes, the mode A must originate from a convective mode. This 
model has convective g _ -modes in the adiabatic case, because it has a 
convectively unstable zone due to hy drogen ionization, which is located 
just below the photosphere. This interpretation may well be supported, 
because the eigenfunction of the mode A in the case of overstable 
oscillation with a finite but non-zero a is trapped in the convective zone. 


24. Numerical Method for Nonadiabatic Anal} sis of Sonradtai Oscilla¬ 


tions 


As in the adiabatic case (Section 18). it * ®“* 

nondimensional variables in numerical analyse? A> a !l ®F‘ , ^ 

of the nondimensional variables defined in ectn. 

following variables: 

h 


yi = 


l-T+l 


y 3 = 

gr 


y 4 = 


TS = 


1 d<P' 


g 

6S 


dr 


(-4.1) 

(24.2) 

(24.3) 

(24.4) 

(24.5) 


and 
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y« ■ 


6U 

Lr 


(24.6) 


where v . v , v, and y* are the same as Dziembowski's (1971) variable 
used in his adiabatic analysis. We choose the entropy perturbation 
rather than the temperature perturbation as the fifth variable for the 
following reason: Although the nonadiabatic effect is considerable in 
the outer part of a star, the thermal time scale is much longer than the 
period of the oscillations in the deep interior. Thus the oscillations are 
almost adiabatic in the deep interior of the star, where the independ¬ 
ence between the temperature and pressure perturbations tends to he 
lost numerically. Therefore, choosing the entropy perturbation tends i 0 
cause less trouble in the nonadiabatic analysis. 

I sing the variables defined in equations (24. . t he di ft ere n 

rial equations of linear nonadiabatic nonradial oscillations (21.11>- 
(21.151 are written as 


dyi 

dlnr 


-(n-%.+[^r- V*y*+ v T y s 


(24.7) 


dy ; 

dlnr 


= (c,«‘ t * )yi + (.4 * - V + l)y 2 - .4 * Vj + I’r.Vs. 


(24.8) 


dlnr 


0 — t/)„V,v+y*, 


(24.9) 


Jty* 

dlnr 


VA \v« + t/v t v> + IW+1) - f/VJy 3 - Uy* - Ut'ry <. (24.101 


dy 5 

dlnr 


m -4(r w - n+c;Lv, 



W 

A* f. 


1 T(4-* v )v*-VT V(l . 


flnr *w f 'f j‘i+jfwCjV-/(/+l)| ^* / + It ' 


(24. Ill 
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-£ ai }C^\y?,+ 




dlnf. B 
dlnr * 6 ’ 


(24.12) 


where 


Cl = i K ad~ 4T', K f)T r+ r 0 ,| 

dlnr^ V 
dlnr }' 

(24.13) 

4rrr 3 pf,v 

^3 / 

Lr 


(24.14) 


4xr 3 pTc r - / G\f 

L r V R> * 


124.151 


and t-|, Vy,, and A* are defined by equations (18.191. (18.18). and 
1 1S.2 IV. respectively. The quantity o represents the ratio of a local 
thermal time scale to the free-fall rime scale of the star and have a large 
value in the deep interior of the star (>lri). 

The central boundary conditions (2l.2l)-(21.2a) are given bv 

y, = /v ; (c, «r). (24.16) 

and 


= 0 


(24. IS) 


near the center. . ... . . >. in m . 

The outer boundary conditions (21.241. (-1 — ■ Jnu ~ 

written as 


y, {1 + !/(/+ U - 4 - n»- V 1 ' v - 
+ vv{i + i /(f+iv^-^un-o. 
(Z+llvj + >4 - 0, 


and 


t24l91 

(2420) 

■ p-4r_t0y, +4r„r<j* -" l+J " ~ v " fH, 

, , i lfV pfiauned m ,tK ' 

J * r=R Hte terms proponR'nal to \> >1 

boundary condition in equation U * ^ \<i) y> 

‘hese terms become leading terms when equate t- 
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int0 AHenyey-lVpe relaxation method as described in Section 18.2 Can 
. H tn Obtain the eigenvalue « and eigenfunctions y,(r). In the core 

rfa^^tormd toe sca,e Is so long compared to , be os*,* 

Ume scale that numerical instability sometimes occurs m the entropy 
time scale amp iitude of the numerical instability is. in mam 

casT vtrv small because the entropy perturbation is negligibly small 
there' so that the numerical instability has no practical effect on the 
results Sometimes, however, the amplitude of the numerical instability 
could be large enough to disturb eigenfunctions of other quantities. This 
difficulty can be avoided by using the method invented by Sugimoto 
(1970) for calculations of stellar evolution: In the Henyey-method a 
differential equation 

(24.22) 


1 - 


is 


converted to a difference equation 


y<- 


,n+1 


= (i -Qi)f? +X + ojr 


(24.23) 


%n +1 Xfj 

where n indicates quantities at the n-th grid point. The average weight. 
6 h is usually set at 0.5 (centered difference scheme) for better accuracy. 
According to Sugimoto’s (1970) prescription, the numerical instability is 
suppressed if we adopt (0 5 , 6 b ) = (1,0) or = (0,1). Since adopting I - 
0 6 ) = (0.5,0.5) is better for accuracy, a better way may be adopting 
0 6 ) = (1,0) or (0,1) in the deep interior (in the region where c 4 ' s 8 rcak ' r 
than, say, 10 4 ) and = (0.5, 0,5) in the outer region. 

In applying a Henyey-type relaxation scheme to solve the eigen 
value problem we sometimes encounter a difficulty, in that the matrix 
in (18.78) is singular. In equation (18.78) three inner bouneai 
conditions and three difference equations are incorporated to obtain ^ 
relation between the corrections for the eigenfunctions at the innm' 1 
grid point and at the second grid point [equation (18.82))- If we in 
the three inner boundary conditions given in equations (24.16H- 
and choose three difference equations which correspond to equnii ^ 
(24.7H24.9), for example, to construct a matrix equation sUt 
equation (18,78), then all the elements in the 6th column of the 
/'■ are zero and P , does not have its inverse matrix. This occurs 
the variable y* docs not appear in any of those equations. This i ^ 
can be easily avoided by changing the order of equations so that i ul nu L ‘ 
variables appear in equation (18.78). For example, we can eXC 
between equations (24.9) and (24.11) or (24,12). 
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If the nonadiabatic effect is small (i.e., cu[/o> R « l, where to, and &)„ 

,he imaginary part and real part of the nondimensional frequency 
adiabatic solutions for the eigenfrequency and eigenfunctions can be 
a) i for trial values in the enyey-type relaxation method described in 
Son 18.2. However, for a very nonadiabatic case the real part of the 
infrequency could be far from the adiabatic eigenfrequency. 
furthermore, since there is no one-to-one correspondence between the 
d’abaffc and nonadiabatic eigenvalues, it is not certain whether all the 
a ' a |ues have been picked up for a certain region in the complex 
f t(J ,)-plane. A way to obtain a good initial guess of complex 
eigenvalue is to use Castor’s (1971) method (see Section 18.2) 
C neralized to complex variables, in which one boundary condition is set 
iside in integrating differential equations for a trial eigenvalue, and the 
boundary condition is used as the discriminant to see whether the trial 
eigenvalue is dose enough to a true eigenvalue. 

In addition to generalization of Castor's 11971 j method to complex 
variables, Dziembowski (1977a) and Shibahashi and Osaki (1981a) 
invented a method of seaching for all the eigenvalues in a given region 
of (u) R ,( 0 [)-plane by introducing concept of mapping as follows. In their 
method, a discriminant D(u)) is produced from a boundary condition 
The discriminant is zero for an eigenvalue or. i.e.. 

Z>(<-„> = II. '- 4:4 ' 

and D(to) must not have singular points in the parameter are. 
considered (see below). Let us consider the mapping from n. 41 I 4 
ru-plane to the complex 0-plane. A closed loop m [ 4 1 P . (Jie 
mapped into a dosed loop in the 0-plane. H the,*, ose ' 

D- Plane winds n-times around the origin, there / ma pping 

inside the loop of the w-plane. Figure 24.1 tllustra e . _ ^ on t he 

bom the to-plane to the 0-plane. The j ar ^. e . plane which 
'"'Plane is mapped to the closed curve A P ( - ’ ' reC ^ n gle in ,u 

'rinds around the origin once. By dividing 1 4 a C exists inside the 
b a straight line EE. we find that an 4 'b 411 * 

' -'tangle AEFD but not inside the rectange a regular function. 
Ibis can be understood as follows. H jjgto paintsof Dio))]- 
« tore are/eigenvalues 6 , 0= |,e 

e discriminant 0(a») can be written as ^ _ 

iS ,>m ' u . 

. U l a c 8 (2) be the angte Which the ^ifpfonc. Then we 
makes with the rpal axis in the 4U 
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Fig. 24.1 Mapping from the w-plane to the D-plane. The cross (x) j n the r-j-plane 
indicates an eigenfrequency for which D(di) = 0 (from Shibahashi and Osaki 
1981a). 


arg[D(ft>)] = ^arg(«t - 6)j) 4- const. (24.26) 

/-i 

It can be shown that when to makes a closed loop C in the complex 
to-plane, the net change in arg (to—fy) is 2n if <b } is within the loop and 
zero if 6), is outside the loop C. This can be expressed as 




2 it if ibj is within the loop C ; 
0 if 6)j is outside the loop C. 


Therefore, we have 


(24.27) 


2n f < ^l ar 8^)l“ t he number of eigenvalues within the loop ( 

J c 24. > 


ITtux, the winding number around the origin in the D-plane correspond 
to the number of eigenvalues within the loop of the to-plane. It sh " uk: 
be noted however, that if the discriminant D(a>) has singularities with* 
the wop C, the above relation does not hold. For example, if there 1 
He within the loop C, it decreases the value of the integral in equal' 1 ” 1 
I by Jr, i.e., it decreases the winding number in the D-pl ,IIK 

one, 


Chapter V 


EXCITATION and damping of oscillations 


25. Energy Equation and Work integral 


The vibrational stability, as well as the dynamical and thermal stability, 
is the problem of the exchange from one type of energy to another in a 
system. Therefore, the energy equation provides us with the basis of a 
theorv with which the physical mechanisms of various kinds of 
instabilities can be considered. From the basic equations (13.1H13.4). 
an equation describing the total energy conservation is derived in whjL 
follows. In this section, the viscous terms are neglected owing to their 
smallness in the basic equations, as discussed in Section 13. The 
equation of conservation of mechanical energy can be obtaine > 
taking the scalar product of equation (13.4) with t. 




(25.1) 


Using the first law of thermodyndmics. 

TdS=dV+pil[ l -\- 


(25.2) 


equation (13.3) (i.e., equation of 

he reduced to 


conservation of thermal energy) can 


(25.3) 


where 


^L + ^.(pv) - r-Vp=pes' VF ’ 

El In deriving equation (-5..')- 

U denotes specific internal energy. radiative flax F K 

fhe continuity equation (13.1) has been us - ons m, 17 )and(20.25)]. 

has been replaced by the total flm‘ dim inate »-Vp, ™ obtain 

Adding equations (25.1) and 
the total energy conservation 

+ v-(py^P vX<p=pEs - 

233 


(25.4) 
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Noting that 

f» /■“ dr d !"CdM ; 

/ dM ’TiirL Ir-r'l 



_ 1 d_ f (GdMrdM'r 

■ 2 dtjj |r—r*| 

=~J 4>dM r . (25.5) 

we integrate equation (25.4) over the whole volume of a star, obtaining 

T~-dM r —J pv-dS, (25.o) 

where £ denotes the total energy of the star 

£= / (J^ + T 0+ U ) dMr ~' 

In obtaining equation (25.6), we assumed that the total nw> s 
conserved. Equation (25.6) expresses the energy theorem. Ihe 
cncrg\ £ consists of the kinetic, potential, and internal energies 
rhetor 12 in the potential energy in equation (25.7) is due to 
characteristics of the self-gravitating system as seen from cqu- 1 
1 25 5) The energy theorem states that change in the total energ' ; 
system is caused by either nuclear energy generation e N in the inten^ ' 
hm o f radiative flux F at the surface or the outgoing wave flux /’* 1 
work is done from the outside. 

As mentioned in the beginning, at least one form of 1 ^ 
decreases monotonically with time for an un>»‘ 
ituation lor the dynamical instability, the first integral 111 
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right-hand side of equation (25.6) can be neglected since the dynamical 
time scale in a star ,s usually much shorter than the thermal time STS 
the surface integral vamshes (as ,s usually the case in a star) W„ e Hc 
energy must increase at the expense of the potential and or 'internal 
energy ■ Therefore, it an equilibrium state has an adiabaticallv accessible 
neighboring state having less potential andor internal energy the 
equilibrium state is dynamically unstable. The Jeans gravitational 
instability and the convective instability are examples of radial and 
nonradial dynamical instabilities, respectively. In stable situations, 
disturbances are subject to acoustic and gravity waves or oscillations. 

In the case of thermal instability, the system can be treated as 
hydrostatic with zero kinetic energy in the time scale considered- We 
note that thermal instability could also occur as overstability (see. e g.. 
Unno, 1975b). When a star has no energy source (f\= 0). radiation loss 
through the surface leads to the Kelvin contraction of the star. 

To study vibrational instability, the kinetic energy must be 
included. Vibrational instability is characterized by the existence of a 
periodicity' in the temporal behavior of perturbations. Integrating 
equation (25.6) over one period of oscillation, we obtain 

* ' ws 


-j*f T~dM r - jdij prdS. 


(25.8) 


where P dt indicates the integration over one penoo of oscillate n it 
useful to introduce the work integral H, which is defined a> ^ - * 

of the total energy £ over one period of oscillation ^ 
is given by the first term in the right-hand side *' n e<‘vms 

reali ■■UBBilllllilBHiiB 


0) W is given as (Eddington, ^ 


( 25 - 4 ) 


J Jo hl^ The energy increase i> 

If W is positive, the star is vibrational l> unstii^ pW duoed by nuclear 
provided from photon energy, whtv lS generated it 

factions in the core. In other " or ^ . cncr gy through a 

energy is efficiently converted 
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mechanism. Equation (25.9) can be understood to express an energy 
production through a completely periodic change, which resembles the 
energy production of a Carnot-type heat engine. 

Equation (25.8) indicates that if a finite value can artificially b e 
given to the surface pressure, a strictly periodic oscillation can be 
produced by equating the first term in the right-hand side to the second 
term. This corresponds to a strictly periodic imaginary oscillation, j n 
which all the excitation effect is consumed by the work done on the 
artificially placed matter above the stellar surface. The work integral W 
can also be defined as the amount of energy which must be removed 
from the star in order for the star to oscillate strictly periodically (i.e.. 
with constant amplitude). Baker and Kippenhahn (1962) introduced 
Wfr) defined by 



pv-dS(r) 




V-(pv)dM r 


(25.10) 


for oscillations artificially enforced to be strictly periodic. It represents 
the work done on the overlying layer by the sphere of radius r, and its 
surface value is IV. 

Both of the formulae for W are applicable to nonlinear periodic 
oscillations and also to linear stability analysis. In the former case. U 
may represent the nonlinear shock dissipation; in the latter case, the 
condition IV > 0 expresses the vibrational instability. 

In the linear stability problem, the bilinear form of the cnergv 
theorem (25.6) is often useful to investigate the restoring forces and 
excitation mechanisms of oscillation. Following Eckart (1960). we 
rearrange the basic equations (13.28), (13.29), and (13.83) in such a wa\ 
as giving the partial time derivatives dvldt, dp'ldt , and d(p' — c'p ) - 
f; multiply these equations by pv, p'/fTip), and g 2 (p' — c 2 p')/(p< l \ )• 
respectively; and add them. After somewhat lengthy manipulations. the 
result turns out to be 


ii +VF w =p6T^—d>'^ > ! ', 


(25.1U 


where the wave energy per unit mass, e w , is defined as 

and 


Fw-p'v+pv<p'. 


(25.13) 
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We can replace didt by d/dt in equation (25.11) because the diff 
appears only in higher order terms. The second term in the rS?™ 
side of equation (25.11) can be incorporated imo ihegtob 
£„■ by integrat.ng equation (25.11) ove, , he v, We ®„ |onic ^ 

i.e-. 


where 


~Ji / 0 6 T -~dr dM ~J fa ds. 
1 

-■*=] 


(25.14) 


(25.15) 


This equation states that change in the wave energy of a star is caused by 
nonadiabatic processes in the interior and by the outgoing wave flax 
at the surface. The first term in e w is the kinetic energy and the other 
terms represent the potential energies corresponding to the various 
restoring forces. If there is a negative potential energy, monotonicalb 
unstable modes could exist, because the kinetic energy can increase 
without changing the total energy. For example, a dynamically unstable 
convective mode (or g _ -mode) arises if /V 2 <0 somewhere in the stellar 


interior, due to the exchange of energy between the first ami the third 
term in the right-hand side of equation (25.12). In the case of an 
acoustic wave, the second term in ew is dominant, and the wave energv 
averaged over one period is equi-partitioned into kinetic energy 11 -)• 
and acoustic potential energy (1/2 )(p'lpc)~. When the third term is 
dominant, the internal gravity wave (A ‘>0) or the convective n> *■ 
(A/ 2 <0) appears. The term proportional to (<55> j, ° 

nonadiabatic effect. Although this term cannot be discu>wo in ^ 
*""y of <he righ.-h.nd side of eqnanon 
suggests that if this term is so large as t0 , f" ke '^ ji]altirv fh.s 
negative, the convective mode (/V'<0) could cui - a y e mtK j e 
Phenomenon seems to be related to the vibration jfl (he 

which was obtained and was traced to “ can ' ^ Section 23). 
adiabatic limit by Shibahashi and Osaki (1*W( ^ (25.14) is 

The direct derivation of work integra 

frtr linnur clahllltV 
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This is equivalent to the linear version of Eddington's work int egral 
(25.8) if the surface integral vanishes. The work integral U is related to 
the growth rate a t of amplitude of oscillation, which is the imagi nary 
part of ct(£T = Or+iOj): 


I W/Ew 

°\~ o n 


Os V7\ 


where fl denotes the period. The factor 1/2 comes from the fact that the 
energy is proportional to the square of amplitude. We consider that 
|o,/o r |«E since the ratio is of the order of magnitude of the 
dynamical to thermal time-scale ratio. Then. II = 2jto r 1 . The total 
energy of oscillation E w is twice the time average of the kinetic energy 
since there is equi-partition of the kinetic and potential energies of 
oscillation in the time average: 

/ » 2 /•« n 2 f M 

<r 2 > AV dM r ^^J dM,=-y-J \£\ 2 dM r . (25.18) 

Then, we have 

^ 2dMr V‘ (25A9] 

There are several alternative expressions of W. The physical 
mechanisms of excitation and damping may best be studied with 
equation (25.16). However, for linear nonadiabatic numerical calcula¬ 
tion. equation (25.10) is sometimes more convenient. We have 

W(r)=jdtj Re(6p)Re (-) dS=4vt 2 j»Re(8p) Re (/<*&) dt 




dt 


=~4irr z lm{6p*2; r ). (25.2d) 

The term proportional to Re (dp£ r ) does not appear in the last lim 
equation (25.20), because it has the temporal dependence exp(2« J K'j 
and hence becomes zero by the integral over one period. As discus - "- '■ 
before, equations (25.10) and (25.20) are applicable to the oscillaio’ 11 
which is artificially enforced to be purely periodic In the linear anal> sl 
we can use equation (25.20) in the following way. First, wc obtain 
adiabatic eigcnfrequency 0ad by a numerical analysis based on * 1L 
Method disussed m Section 18. Then we solve the equations ‘ 
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nonadiabatic oscillations assuming that the temporal dependence is 
eV p(iO R 0 with aR ' ^ solving the equations of nonadiabatic 
oscillations, the outer mechanical boundary condition (dp -,0 near the 
surface) is disregarded. Then, we evaluate the work integral in equation 
25.20) by using the solution obtained in this way. Note that since the 
solution does not satisfy the outer mechanical boundary condition. VV'= 
W(R) has a finitc value- Baker and K'Ppenhahn (1962) used this 
formula for radial pulsations, but it can be used as well for nonradial 
oscillations, as was done by Ando and Osaki (1975). The work integral 
for nonradial oscillations with the energy leakage at a boundary was 
discussed by Osaki (1977). 

There are two reasons why the work integral is useful in the 
numerical analysis. One way it is useful is to check the consistency of the 
imaginary part of the eigenvalue o T between the direct nonadiabatic 
numerical calculation and the evaluation by use of the work integral in 
equation (25.19). For a quasi-adiabatic analysis o, is obtained only by 
using the work integral in the form of equation (25.16). [Note that 
equation (25.20) is only for nonadiabatic analyses.] The other reason to 
use the work integral is to see where the excitation and damping zones 
are located in the stellar interior. If W(r) or rfH dr is plotted as a 
function of the position in the stellar interior. dW dr is positive in an 
excitation zone and negative in a damping zone. 

We restrict ourselves to discussing the work integra m a >p _ • 
symmetric star. However, it should be noted that, in some m ' L V.j 
such as Ap stars, deviation from the spherical symmetry Ll L 
inhomogeneity should be taken into account (cj. ziem ■ 

26. Work Integral in Quasi-Adiabadc Tpprmima 

26. 1 Work Integral for Quasi- Adiabatic '^estimated by using 

In quasi-adiabatic analysis the work integra j n th j s case we 

adiabatic eigenfunctions as well as adia JtK expression given in 

should evaluate the work integral W by using ■ a „d W c . which are 
equation (25.16). Let us decompose H into ' eneration rate, radiative 
related to the perturbations of nuclear entr ~- 

flax, and convective flux, respective y. (26.1) 

W=W. v + H 'V' , ‘ lVc ' 


with 


r fjE 




( 26 . 2 ) 
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and 


* f M 6T* f dbU /(/+1) 

Fr bT 


j | dM r d\nTld\ar 

pr T 


+ 

*-* 

Sr 

i 

n * 

1 

■j 


(26.3) 

ff f M bT* ( dSLc 1b.iI 

w ^l — r -p T - F ‘‘< 

1 dMr, 

(26.4) 


where we neglected the surface integral f F w -dS representing the 
energy loss by the outgoing wave which vanishes for the trapped 
oscillation. In the following discussion in this section we neglect the 
effect of the perturbation of convective flux, W c , which will be 
discussed in Section 30. The manner of decomposing terms into W, and 
W c depends on how to neglect the effect of the perturbation of 
convective flux. The above decomposition is due to the convention 
chosen in Chapter IV (Fq and bLc = 0). 

The complex conjugate of ST appears in equations f26.2j—(26 4 j 
because we have integrated over the period of oscillation [cf. equation 
(25.20)}. In the following part of this section, however, we consider that 
physical variables represent only radial dependence (see equation 
(13.59)}. In this case, the mass element dM r is regarded as an 
abbreviation for 4 jt pr 2 dr. Furthermore, we assume that adiabatic 
eigenvalues and eigenfunctions are purely real, which is true in most 
cases. Therefore, for example, bT*6T will be written as {bT) 2 in the 
following discussion. 

In evaluating W r we can use equation (21.15) for bL R , as well as 
adiabatic relations. However, Osaki (1976) claimed that a numerical 
inaccuracy could arise in evaluating the luminosity perturbation because 
of a numerical cancellation effect. For example, the eigenfunctions ol 
higher g-modcs in evolved models oscillate spatially very rapidly ; >nu 
have many nodes in the ^-gradient zone just outside the convecti' 
core. In such a case, the third and last terms in the right hand side 
equation (21 .15) become very large there, and they have opposite sign 

hat largely cancel each other out. If we calculate the d(bTlT) dW 
f a ireel numerical differentiation of 6T/T given at di scrtl 
imn ^subject to some numerical inaccuracy, which is 

"r f,ed by * hc cance,| ation effect. To avoid this numeric 
tam i*nurb lcrm * nvo * v " n 8 *he derivative of the temp^ 

tMifladon Aft° n ^ UMI>8 lbe bas ’ C ^afcrential equations of adiab‘ 1,|L 

0 " mata0n After MM manipulation we oblain H 
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4 -T +J ? ^ 4'- + fT] 

where the relation £*= (p’/p + 0')/(o 2 r) was used [equation (13.61)]. 
■phe homology invariants h and V, and C\ are defined in equations 
(18.18) and (18.19), respectively. Equation (26.5) does not involve anv 
numerical differentiation of perturbation variables since y 4 = (Vg)d<P r 
;dr is the fourth variable of the basic adiabatic oscillation (see Section 
18-1)- 

The luminosity perturbation calculated in this manner may be 
seriously in error in the outer envelope of a star, because the thermal 
time scie is short there and hence the nonadiabatic effect is large. To 
avoid this difficulty the integration in equation (26.3) should be 
terminated at a radius where the order-of-magnitude relation 


it> 


*th 


f dvr 


-1 


(26.6) 


is satisfied [see equation (22-1) and Cox (1974* §10)], where t& and 

are defined in equation (22,2). 

26,2 Excitation Mechanisms 

In order to reveal the qualitative nature of excitation or damping 
mechanisms of nonradial oscillations, we analyze, in ihis subsection.Jhe 
work integral W by using the quasi-adiabatic and Cowling 
approximations. Except for some possible nonadiabatic mechanisms, a 
the important excitation and damping mechanisms should 
this wav. _ . . 

In quasi-adiabatic analysis the integral IV is estimate > 
adiabatic eigenfunctions as well as adiabatic re auons 1 ■ 

i matron equation (26.2) reduces to 

*IVts equation shows that the temperature a destabiJia- 

we positive) of nuclear energy geoeratjon ' 
im* **is called the £ 
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We are going to modify the expression for W F given by equations 
(26 3) and (26.5) to a form in which all the terms are proportional to 
ur'irf or \d(dT!T)/dr] 2 . In order to do so we have to express p> t 
L terms of 6T,T and d(5TIT)/dr. For the sake of simplicity, £ 
assume that the adiabatic temperature grad.ent V ad is constant. Fro m 
the relation between the Eulerian and the Lagrangtan perturbations We 

have 

p' _ Sp _ d\ np _ J_ 

~p ~ p r din r V ad 


illiy 

T r 


(26.8) 


Using equations (15.1) and (15.2) with equation (26.8), we obtain 


[ftf- 

1 ) st 

+ H„~( 

—11 

H/> 2 

j T 

p dr\ 

. T )\ 


where 


a 0 = 4 — U - 


ClttT 


+ C](W 2 , 


(26.10) 


and the Lamb frequency Lf is defined in equation (13.67). Substituting 
equations (26.8) and (26.9) into equation (26.5), we obtain 

&L R 


-=afi 


67 +( 

a 

1 

C\(o 2 -U\ 


d 1 

f 6T\ 

T + \ 

v 

<*Q ) 

1 

v ad 

dr \ 

, T ) 


where 


or 1*4—-; 


K r 




■("&)( 


C j OT 


U 


& iff ad 


(26,12) 


Substituting these equations and disregarding <P f , we obtain, after 
lengthy manipulations, an approximate expression for W? : 


W F — 


+l drU h{ 




F- C| (w 2 -t/ 

r 


»0 


+/(/+!) 


] l dr ( f) V ad 



' 6T\ 

\2. m i) I 

Ml dr 1 

1 T }. 

\ + r 3 ' 

!4-V 

( 1 

dL r _ Lk ) 

[a 0 V 

\ C](D 2 

dr r > 


+ Cjj£-U dL, j_/cio» 2 t«-rfL r /rf ln 
c.wV,!/ dr 2 dr l c,a. 2 tt (1 k 


-)]•< 26 


i,l 3) 


wfcere L, and L k are, respectively, the total and the ra<J' uUS 


EXCITATION AND DAMPING OF 


OSCILLATIONS 243 


llim inosities at r. 

lU The first and the second terms in the right-hand side of equation 
r6 .13) describe the ^mechanism. In the outer envelope in the radiative 
lauilib rium ’ Lr lS constant and the ^mechanism works for driving an 

oscillation if 

126. Ml 


If a region in the stellar envelope satisfies this condition, radiative flux 
front the stellar interior is blocked by the effect of the temperature and 
density dependence of opacity. The blocked energy is converted to the 
energy of the oscillation. The value of k t increases in the inner part of 
, m ionization zone and decreases in the outer part. Therefore, the 
excitation and damping zones due to the x-mechanism are located in. 
respectively, the inner and outer parts of the ionization zone. In an 
ionization zone an adiabatic exponent (T, - 1) (>0) is minimum. This 
spatial variation of (JT 3 - 1 ) enhances the effect of the x-mechanism. 
This effect is sometimes called the ^mechanism (see Cox. Cox. Olsen. 
King, and Eilers, 1966). 

We note that the condition for the x-mechanism given in inequality 


(26.14) is different from the condition derived in a one-zone model 
(Baker. 1966). In the one-zone model, the value of [tr r +(r 3 -1) ® 

important rather than its spatial derivative. This is because the secon 
term in the right-hand side of equation (26.13) does not appear in t e 
one-zone model, and the opacity derivatives. and k p . appear in a 
term similar to the first term. - . 

The sign of or, affects the driving or damping " _* r 

constant. However, we have to be cautious it a strong^ on T, hc 
damping is found in a zone in which L R changes ul iod , of the 
convective energy flux. Because we are neglecting ^ p i n£ could 
perturbation of the convective flux, such an excita k 
b « fictitious. „ . from the radiative 

The second line of equation (26. L ) , aris ^ ous elements. For 
diffusions of the thermal energy of osci atin 8 - ^ j n j( ca tes that a 

high order g-modes (c\0) z -0)l # 0 ' s vcr ' or j cr g-modes. This 
su peradiabatic region (F> F tt( /) excllLS ' j n t hj s monograph. This 
exc itation mechanism is called the ^ mec ^ (tf roW iing (1957), who showe 
c *citation effect was first demonstrate -_ ra( jj a batic stratificationo 
the overstability of g-modes for the sa P flta j magnetic fie |ds - of 

P ] asma stabilized by the existence of h excUation ntechams . 
Same mechanism has been P ro P os f d . f ° chi nygl). If the superadw « 
r: 'Pid oscillations of Ap stars by Shibahash. ( - 
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repoo is stabilized by a spatial gradient of the mean molecular weigh, 
the <vmechanism corresponds to Kato s (1966) mechanism, 'p^ 
P-mechanrun does not exist for p-modesor radial pulsations, because- 
wh cases reduces to ~ -V^ r. ^ 

tens radiative damping for p-modes and radial pulsation-, 

irrespective of the sign of (T— rj. 

T hese excitation mechanisms will be discussed in detail in 
fa i wi og sections. 

27. 7k t-Mectanisns 

The physical mechanisms and the positions in stars of the excitation 
the radial pulsation base been investigated in detail (see Cox. W 
19T4; King and Cox, 1968). The situation is similar for nonrac:; 
osriBations in some respects, but there are also significant different 
The r-mecharsm to be discussed in this section is much the same f - 
both radial mid nonradial oscillations. except that the condition of p.t 
trapping of oscillation in the interior k favorable for some g-mod; 

The e-mechaassm is usually unimportant for radial pulss* - 
fct um of the much smaller amplitude of oscillation in the interior th-- 
■ (he envelope. Exceptions are the case of r,— 4/3 and stars . : 
central condensation, Very massive and supennasstve stars (Lee 
1945 . Osaii. 1966i are in the first category, and the upper mass l:rr. ‘ 
main wq n r n re stars k enrnriii’li studied in thk connection (see •; 
Ledsmx. 1978; Ledcwx. .Sock, and Boury. 1982). Abo. radii 
damental modes <rf Wotf-Rayet star modeb are excited b> 
e-mextomam of the central helium bunting (Maeder. 1985: Cot ; 
Cake. 19©>. Less auune dwarfs of polytropic index 1.5 belong ' 
rnond category (Gabriel. 19M). In those two situations. stabtlitie 
tested ako lor oonradml oscillations (Noeb. Bourv. Scufiairt 
HW: Aizerman, Haven, and Rom. 1975). However 
aotattom of momnd ul modes m the Wotf-Rayet stars k still conn ■ - 
,tee ’ c Scnflane and Soeb. 1986; Cox and Cahn. 19 © 

^ mponance of the wdana k emphasized for f* r.r^ 
rmodes. since the owemabshty k not restricted to special ki'> 
maMi. la the later part of thk section we sriH dkcuss g-modes =t- 
«M {he t mrrk-mim for sariom stellar modeb. We will first dtsc— 
dependence of r« for the p-p chain reactions -- 


27 I yf Cham "-rtf.m 

Tlm n«h W. defined m 


(26.2) k always powtiv* 
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contributes to exdlalion of osallatiom The phnicel rea™ .... , 
entropy trr*™'"'' b !*» »«• W tenww 

bea«« °' the '“*’*> of He nodeer^., eJSST 

U should be noted that die values of e, and ^ depend on ae‘t-n seai 

a„. p-nncideration and are different .i_ ' 


It soou« w * «na e* depend on at ^ 

under consideration and are different from those okubaed 
equilibrium £*- Let us take an example of the iw darn react*** 

represented as follows (cf. Reeves 1965): ' W 

Hi H,e~v) 2 H( I H,Y) 3 He( > He.2 J H) 4 He (fTI) 


3 He( 4 He, 7 ) Be(e“.Y) Li^H.yj'fk^rHe 

<ppii ir.ii 


Bet H.71B .e”v *Be_rHe, 
imiii 

where, e g.. 2 Hf : H. y^He means the ' He formatioc frnorH by the' H 
Ogine followed by y-ray emission Let .V . C,. snr Q. ~t the ~kt. 
dearity of nuclei with the atomic weight / = e rae^:- t.-er- - -: 

reaction rate of the /- and k-nudei. and the eaerr- esdstzhz ~t. 
i mrif i loss) by a single reaction, respective:;- Tbe isteno. - stssc 
for Li in order to distinguish :1 from Be The B- ate ^re 

assumed to occur instantaneous:;* Then. *e have 

1+.V;.%jC;; Q2 :“V ~ * - - 

+Nj(N e C^Q- t - S C- Q- - - ** O L- "* 


+ V-(A' f r)=-.V ; : r - - 

- \ . .v=o -V v-c- 

, V ^=|a^C„- ■ 


r ^ 


,_Vr,=V VT: V < 


- 


at 

dSi 




-V (\a* =^T 




- 


T 


-is SiC- 













246 NONRADIAL OSCILLATIONS OF STARS 


d ^J-+V-(N 7 v)=NjN 4 C M -N 7 (N c C 7c +N l C 7] ), {21,1) 


+ V-(N*v)—N 7 N e C 7e —N*N\C 7] , (27.8) 

where G,*’s arc the function of temperature and Q n = U79, Q 
= 5.493, 033=12.859, 034=1.587, 0 7e = O.O6, 071 = 10.9, and Q * 
= 17.347 (in MeV) (Reeves, 1965). A factor 1/2 appears for reactions of 
identical particles since NjC n counts a single reaction twice; a factor 2 
appears in the rate equations (27.3)—(27.8) if two identical particles arc- 
integrated or created by a single reaction, and in some terms these two 
factors cancel each other out. 

The terms on the left sides of equations (27.3)-(27.8) can be 
comparable to the terms on the right sides, if the oscillation period and 
the lime scales of reactions are of the same order of magnitude. In that 
case, dNj (and therefore 6e n ) is not in phase with dp or 6T, and the 
analysis becomes rather complicated. Fortunately, that is not the case 
ordinarily, at least for the main reactions. Now, we consider the 
situation where the lifetime of ; H is much shorter and those of other 
elements are much longer than the oscillation period. Then, we have 

N 2 =yJV,(Cn/C 2 ,) (27.9) 


from equation (27.4) and 


6Nl _ 6N 3 _ <5N 4 _ 6Nj _ 6N$ _ &P (2 7.10) 


N* 


Ni N 3 N 4 N 7 

from the other equations. Equilibrium relations are derived if the ■ ■•d 1 ' 
sides of equations (27.4), (27.5), (27.7), and (27.8) are set to be zero. In 
addition to equation (27.9), we obtain 


N| £ =^7Vf 






1 -b. 


N 4 


Ni ( C.L\ (27.11) 
jV., U’.vJa' 


*he = 


f, n JVi./Cn\ _ bui / C M \ _ b n N /Gi \ 

2 N e l C le }g —V c^) E ' Nie—j N ' ( C*i )> 


(27-12) 


and 


(27-13) 


-Af, e = 4 /V«-( 2 -£> I )lV?C„ fc -, 
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vV here the branching factors b u b u , and b m satisfy 


^+£> 11 + 6111 = 1 , 

(l-/> I ) 2 /6 I =2(/V 4 //V 1 ) 2 (Ci/C !1 C 3 3) fc , 


(27.14) 
( 27 -15) 

bui/b n =(N x IN c )(C 7i /C 7c ) E . (27.I6) 

and the subscript E denotes the equilibrium. 

Taking the Lagrange variation of equation (27.2) and using 
equations (27.9)-(27.12), we obtain 


6en 6p^ ST _ dp 




+ £r ^r=ir + S 


where 




dlnCjj 

dlnT 


f ; -- bijQtJ 
' £ b O * 


(27.17) 


(27.18) 


Here denotes the branching factor (I, b fy b n . or b u t) of the 
//-reaction, and the summation excludes the very rapid reactions ( H 
capture by 2 H, (i- decay, etc.), but the associated energies (e.g. T C? 2 i) 
should be added to the energies of the preceding reactions. The result 
(27,17) is true also for the inclusion of the CNO cycle, if the branching 
factors are redefined properly. We note that the CNO cycle \n\ol\cs 
relatively slow j8-dccay, whose lifetime (order of minute) ^ul l 
comparable to the oscillation period. In such a case, a mort 
treatment is necessary [see Cox (1955) and Kawaler ( <- I ■ 

For the solar interior g-modes, contribution to ti an l 
from the 3 He+ 3 He-reactiom Since we obtain 


v u =11.270(7710 6 )“ 1/3 -2/3, /..“0.509, 


(27.19) 


and 


v 33 =40^25(7’/10 A )" I/3 -2/3, A3-°* 491 - ( ^” 0) = 

E r becomes I I .32 at T = 10 7 K in contrast to ^jMty of | ess massive 
4.56). This increase in £t i s crucial lor ml ow 
dwarfs (Noels et al., 1974). 

27.2 Excitation of g-Modes of Lower stars with masses M< 

T he internal structure of lower mam-seq and the convective 

* ■24/,., i s characterized by the nu ll . „ ^ability of nonradialp- mot *- 
envelope. We discuss in this subsection tl • , ssi b|| lt y of excitation 

filiations of the sun as a typical example. 
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of low-order g-modes in the sun due to the e-mechanism of the hi-h 
temperature dependence of 3 He + - He reachon was first discussed h v 
Dilke and Gough (1972). They suggested that if the amplitude of 
g-modes grows sufficiently, it could lead to intermittent mixing 0 f the 
core and a temporary depression of the solar neutrino flux. Unno 
(1975a) discussed the most favorable modes for the overstability b\ 
taking into account the property of wave trapping tor nonradial 
oscillations. Three groups (Christensen-Dalsgaard, Dilke, and Gough 
1974; Shibahashi, Osaki, and Unno, 1975; Boury, Gabriel. Noels! 
Scuflaire. and Ledoux. 1975) have examined this suggestion indepen¬ 
dently by a global stability analysis of relevant modes for the realistic 
solar evolutionary sequence, and they have confirmed that some 
low-order g-modes may become unstable due to the f-mcchanism 

A large value of the temperature derivative of energy generation 
rate e r essential in order for the e-mechanism to work. The variation' 
of z T and e* as well as hydrogen and ’He mass fractions in a solar model 
are shown in Fig. 27.1. Due to the existence of the ’He+ ’He reaction 
in the p-p chain reactions, the effective value of e T is raised to ~ 11 from 
4 - 5 for the p-p reaction itself. (The rapid increase of e T very near the 
center is due to the increase of the contribution from the CN cycle. 

Figure 27.2 show s work integrals for g r and gs-modes of / = I for a 
1M model slightly younger than the present sun as well as the 
eigenfunctions of the radial displacement and temperature perturba¬ 
tion. Rapid increase in W s in the core indicates the existence of the 
t-mechanism. The gradual decrease of W is due to radiative damping. lr. 
the convective zone the work integrals are shown by dashed lines A 
fictitious excitation exists at the bottom of the envelope convertior 
zone, because the effect of perturbation of convective flux > s II1 ' 


r/R 



^ ^ Bu< ^ car cncr gy generation rate. (in unlI '‘ \ > 

t l. Md tu temperature derivative. c T . and the mass fraction' 

- atid He 4S functions of .Vf^s Q.9M, 7j ). 
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lizations are arbitrary. 


included. This false excitation prevents us from obtaining a 
answer on the stability of low-order g-modes of_ the_ suni an. * . 
ni a in-sequence stars. If the stability is determined . > 1 ' [t)e 

terminated at the top of the radiative zone (i e - 71 white the 
gi-mode in Fig. 27.2 is unstable with a growth time of ~ • h 

g’-mode is stlble. The results of stabifity ^^vanLeSon- 
truncated” work integrals are shown in rig. ■ - ted aea j n st the 
«> stages, where the growth rate. tj= " figure, tbe g,- 

hydrogen mass fraction at the center (A, • phases of evolution. 

an d g 2 -modes of / = 1 are unstable in somt- ea 0.45). these 

However, before the star evolves to the P rt . . . th core decreases 

8-modes become stable because relative amphtude m 
due to the increase of the central con e ■ esse ntialh the same 
Since the lower main-sequent <. i * ia _ „ expe a that low-order 

structure as the solar models, one nm> con firmed for 0.5Af?. ant | 

g-modes of these stars are unstable^! his Boun . Gabnel. and 

1 lAf m models bv Noels et al- (1974) and Noels. - 
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Fig. 27.3 Growth rate, if = -a t la R as a function of the central abundance at the- cen¬ 
ter, X c , of evolutionary solar models for the g r , g 3 -, and gj-modes of / i 
(after Shibahashi et al. (1975)). The absolute value of the ratio of the 
temperature perturbation at M, — 0.1 Af© to that at the base of the corner 
live envelope for the gi-mode of l — 1 is also shown in the upper panel 


Scuflaire (1976). 

As noted above, the effect of the outer convective zone introduce' 
uncertainty into the stability of low-order g-modes. Using the time- 
dependent convection theory derived by Unno (1967) and extended H\ 
Gabriel, Scuflaire, Noels, and Boury (1975), Saio (1980) examined the 
stability of low-order g-modes of the sun by a fully nonadiah.it it 
analysis. He found that a low-order g-mode of l — 1 with a period 11 
about 80 min is unstable even in the present sun due to the £-mechani' m 
in the core and the (r-mechanism (see section 28) in the hydros, l 
ionization zone. The existence of unstable low-order g-modes in '- 1 
present sun is interesting because detections of some solar long P cn ° L 
oscillations, including the 160 min oscillation, have been claimed 
Section 11.2). However, it must be cautioned that since the balanu- 
between excitation and damping is rather delicate, the stability 
ma_v be modified significantly when a better time-dependent coneec' 1 
theory is developed. 

27 J Excitation of g- Modes in Shell-Burning Stars f3 . 

The e-mechanism is stronger for nuclear reactions with larger tc‘ nl P L , 
ture sensitivity (j,e., larger e T ). Therefore, for hydrogen burning- 
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CNO cycle provides a more efficient e-mechanism than the p-p chain 
reactions. Moreover, helium burning has larger e r than the CNO cycle. 
Another important factor in the e-mechanism’s ability to actually excite 
a global mode is a lowering of the radiative damping in the envelope. 
These conditions are satisfied by nonradial g-mode oscillations in 
shell-burning stars. As discussed in Section 17. some gravity inodes with 
large value of spherical harmonic degree / are trapped in a u-gradient 
zone. The trapped g-modes (G„-modes) in a ^-gradient zone accompa¬ 
nied by a nuclear burning shell may well become overstable due to the 
c m echanism of the nuclear-burning shell. 

Shibahashi and Osaki (1976b) found that G, r modes with / - 10 are 
unstable for early stages of the hydrogen-shell burning phase of massive 
stars (M s 20M©). A local analysis (Section 29.1 below) indicates that 
the most favorable modes for overstability are those having small values 
of / and small radial wave number n. because the radiative dissipation is 
least for those modes. On the other hand, a large degree /is required for 
effective wave trapping in the ft -gradient zone (see Sections 16 and 17). 
In addition to the radiative dissipation, we have to take into account the 
leakage of wave energy at the stellar photosphere. Since the peak 
of the Brunt-Vaisala frequency in the u-gradient zone is much higher 
than that at the surface for stars in the shell-hydrogen-burnmg stage, 
low order G-modes behave like p-modes in the outer envelope and have 
frequencies larger than the critical frequency necessary. - ~ ~ !IC 

wave to be reflected at the surface. These modes have prugrwssive e 
character in the atmosphere. Because of the . 

evanescent zone between the /i-gradient G-zone am- c ftj)e 
P-zone, most of the wave energy is reflected, but 
wave energy leaks through the Photosphere^ ^ ^ 

treated by using the progressive-wave r rdkcwe boundary 

discussed in Sections 16 and 18. or by usl - _ ^ ener2 y leakage from 
condition and estimating separately the anioun * ^ "shibahashi and 
the eigenfunctions. The latter method was a »■ _ - 0 f ( ^ ene rgy 

Osaki (1976b) in their quasi-adiabatic anal > s ^ . 
leakage on the work integral ma> be 

w - ,r :5 ' 

w teek - n j i p 

j ^Quud vdocnj. 

where /J and c denote the period ot ste [lar surface The 

respectively, and the integration is _ 0 btained by "‘ hl 
total work integral to determine . • " f or G,. -modes by Shu . 

A summary of ^ stability an^ , ^ove value 

and Osaki (1976b) is given m Table 
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Table 27.1 Pulsation*) properties of G 0 -modes in early taydrogen-shcll-burning p hasc 


MfMo log— log Trff 


fl(hr) r damp (yr) WIW N W,^ k /W N 


2.96 


11 4J8 


4.180 

4.372 


20 494 4.486 


40 5.60 4.582 


5 

6 

7 

8 

9 

10 
11 
10 

11 

12 

13 

14 

15 


477.5 

525.4 

499.2 

531.8 
569.0 

593.9 
616.0 

430.3 

450.1 

468.1 
484.7 

500.1 

514.3 


0.527 

0.486 

0.761 

0.737 

0.898 

0.879 

0.863 

1.16 

1.14 

1-11 

1.09 

LOB 

1.06 


L6 

2.0 x 10~* 
8.2 

1.2xi0' 
1,9 X 10 3 
-6.1 X10 4 
1.6x10* 
L6x 10* 
— 5.9x tO 3 
—7.8 x 10 3 
“L5x 10 4 
-4.5 xlO 5 
L4 x 10 4 


0.16 

-0,09 

0.09 

-0.13 

0.21 

0,06 

- 0.10 

0.46 

0.37 

0.25 

0.13 

0.004 

-0.14 


-1*3 X l(p 

-9.3xH)< 
’5.0 x 10 2 
-3.3 XW 
-9,3 x |0“ 1 
-3.5x 10"- 
-1*5 X 10-' 
-L7 

-2.9x10“’ 
-8.7 X 10" J 
-3.1 x 10 _s 
-1.1 x 1(T 6 
-3.9 x 10“* 



Fig. 27.4 Propagation diagram for a pre-white dwarf model with 0,95Mr, ai log if 
U>) = 3.10 (from Kawaler, Hansen, WingeL 1985a). The solid line as ^ 
square of the Brunt-Vaisala frequency, N 1 in units of s" 2 - The dashed 
is the square of the Lamb frequency, L 2 lf for / ~ I; the doited line, for >' 

for the damping time of oscillation T danip indicates that the correspond 

mg mode is overstable. Overstable Go-modes were found onl> 

m e with M a 20 Wq. They did not find any overstable higher ordt ( 

gravitv ma es, G„, with ns 1. The stability of modes with large « '' 

V e * ncrease °f radiative dissipation in the propagn"'^ 

mam stahfr *** ° f 50,1,6 m(M * es ^Uak is comparable to W and i s 1 |L 

main stabilizing agent for the E-mechanism 

*ell^l erSla K ,,ty ° f G,rmodes occur * the earliest stage’ 

hydrogen burning. In a later stage the relative amplitude ot - 
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G -mode in the nuclear burning region decreases because the position 
rf the peak of the Brunt-Vaisala frequency shifts from the ^-gradient 
zone to the core and the peak value increases with the evolution of stars 
This change in the Brunt-Vaisala frequency is in turn caused by the 
following two factors: the structure of the core changes from convective 
to isothermal, and the central condensation of the models increases very 
rapidly with evolution. 

When the core evolves sufficiently and the electron gas partially 
degenerates, the Brunt-Vaisala frequency decreases there and the 
above disadvantage for the E-mechanism disappears. Overstable g- 
modes driven by the E-mechanism have been found for models of 
planetary nebulae nuclei (Kawaler, Winget. Hansen, and Iben, 1986: 
Kawaler, 1988a), of hot white dwarfs (DeGregoria. 1977). and of 
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accreting white dwarfs (Sienkiewicz, 1980). Figure 27.4 shows •, 
example of the propagation diagram for a hot pre-white dwarf sta n 
(Kawaler et al., 1985a). In this case the G-wave zone in the core ' 
bounded by the Lamb frequency Lf rather than by N 2 in contrast to th! 
case of the early shell-hydrogen-buming phase (see above). Therefore 1 
lower / value is appropriate not only to suppress the radiative dampin'- 
in the G-wave zone but also to trap a g-mode in the core. Actually fo* 
these models g-modes with low values of l are overstable. " r 
A sample unstable mode of l =1 for a hot pre-white-dwarf model 
(Kawaler et al., 1986) is shown in Figure 27.5, in which the derivative of 
the work integral AW (=dW/dM r ), the eigenfunction for temperatur* 
perturbation, and the nuclear energy generation rate are shown as 
functions of the fractional radius. TTiis mode, whose dimensionless 
angular frequency to is = 0.9, is trapped in the outer part of the core t 
favorable condition for the £-mechanism associated with the helium 
shell burning to work. However, the periods of overstable modes thus 
excited, which range from 50 s to 214 s, are much shorter than the 
observed periods of variable hot pre-white-dwarf stars (see Section 10). 

28 . The k-M echanism 


As shown in Section 26.2, the ir-mechanism for excitation of oscillation- 
works in an L H constant zone if the inequality (26.14) is satisfied A 
sample of the variations of the opacity derivatives in the interior of a star 
is given in Fig. 28.1 fora Cepheid model. In most cases, the variation or 
*7 is more important than that of tc p , because, as seen in Fig. 28.1. k 
ges om —4 to ~ 12 while k p is bounded in 0<xv, s 1. Since a 
increases outward in the inner part of an ionization zone and deerca-c- 

effort otof ^ art ’ exc * ta, ' on an< ^ damping of oscillations due to the 
outer nan * der * vat ’ ves occur in, respectively, the inner and 

The dXS P 1 10ni2a ' i »“ “ne. Also shown in Fig. 28.1 is A - I I" 

excitation °- F ’~ ' UB 

F f ertects due to the opacity derivatives. 

i- («. = 3021 T ? Mki <W77 >1 sh °w> work integral Win f.» 

JSk Prm0d " !" ■ 4 «> OH = 7 for a similar Cepheid 

energy leakage due to the V * **** ° f in the dee P interior show ,hc 
to the core (see Sen in f5°®^ essve gravity waves from the envelope 

zones iZ&uSZJSZZ* ^ T ““ ***** —“""i: 
zone is associated with h ? gn ’ Zed in ,hese figures. One excitation 
around log «l 7 a-j .L , ydrogen and first helium ionization zone 

around log p =* 4 v jt, C . 0t . er w ‘ t * 1 ^ second helium ionization zone 
%P «•». n»e relative importance of the two excitation zone- 
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log 7 



fig. 2S.1 The opacity derivatives and a b are shown *5 fwfk*& i * i p it ^ ctf 
vetope of a Cepheid model An adiabatic exponent f - : > r. H 
dashed line. The temperature variation & .r, :he _rrc* 

axis. 


in a given equilibrium model depends mainly on the distribution of 
amplitude of the oscillation mode. Figure 28.2 shams that the 
importance of the hydrogen ionization zone is larger for p r mode than 
for f-mode* This is explained mainly by the fan that the amplitude of 
oscillation of p r mode decreases more rapidly from the stellar surface 
toward the interior than that of f-mode. 

In Fig, 28, 2 t no excitation or damping i> recognized the 

excitation zone associated with the hydrogen ionization zone, i,e.. H 
is nearly constant for log p < 3.6, This occurs because of a strong 
nonadiabatic effect on the luminosity perturbation. The thermal time 
scale (see equation (22,2)] decreases rapidly toward the stellar surface 
with a decrease of the matter density (Fig, 22*1 )■ The h 
equation of energy conservation (equation (22.1)] mdicaies that in the 
Cellar envelope (dL r fdM r = 0) the Ugrangiati perturbation of the 
radiative luminosity, 6L R , is constant in the Iinut or r* r d in ** 
limit, no excitation or damping of oscillation ' 

(26.3)]; i, e , T W(r) is constant. The strongly nonadiabanc extenor 
separated from the quasi-adiabatic ^tenor b^a 
location in the stellar envelope is determined bv t 
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T*. 28,2 The work integral W(r) normalized by Ew is shown for the nonradkiJ t 
mode (upper panel) and the p r mode (lower panel) of / — 7 in a Cepheid 
model [from Osaki (1977)1. 

relation given in equation (26.6). Since the decrease of r lh with r is very 
rapid, the location of the transition region depends on the oscillation 
modes only very weakly. For both of the oscillation modes shown in Fig 
28.2. the transition region is located in the hydrogen ionization zone 
Because of the existence of the transition zone, the damping zone 
expected (in the quasi-adiabatic analysis) in the outer part of die 
hydrogen ionization zone is suppressed (i.e., heat capacity is too small 
there). Depending on the equilibrium models and the oscillation rooik 
the transition region could be located in the second helium ionization 
zone In such a case the effect of the hydrogen ionization zone on d'c 
stability of the oscillation is suppressed. 

In many cases, an ionization zone exists in a convective /*’" 1 
ttrauNc ot the high opacity in the ionization zone and low adiaW 1 
emperature gradient. The gradient of the radiative luminosity , dt.n ,h ' 
n upper part of the ionization zone is positive due to the el cere a'- 
^convective energyflux there. Then it is possible that d( /a 1 ' , 

i 0 usually there (see equation (26.13)]. In this case ' L 
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excitation zone extends into the upper part of the ionization zone On 
the other hand, a strong excitation zone sometimes appears near the 
bottom of the convective envelope, because dL R idr< o and usually 
^>0 there. However, these excitation zones associated with a finite 
value of dh R ! dr could be fictitious because we are neglecting the 
interaction between the oscillation and convection. 

u is well known after Zhevakin (1953) that the ir-mechanism in the 
hydrogen and helium ionization zones is responsible for the Ccpheid 
instability strip of radial pulsations which extends from the classical 
Cepheids in the giant region to b Scuti variables near the main sequence 
(see Fig. 5.1). Nonradial oscillations are also overstable for models in 
the Cepheid instability strip (Osaki, 1977; Dziembowski. 1977a; Lee. 
1985b). In addition to that, blue edges of the instability region for some 
nonradial modes are considerably bluer than that for the radial 
fundamental mode (Shibahashi and Osaki, 1981a). If the effect of 
convection-oscillation coupling is not included, the Jf-mechanism due to 
hydrogen ionization destabilizes p-modes even for stars redder than the 
Cepheid instability strip (Ando, 1976), including the sun (Ando and 
Osaki, 1975). Since these stars have well developed convective 
envelopes, however, the effect of convection-oscillation coupling is 
expected to affect the stability results. The true excitation mechanism 
for the five-minute oscillation of the sun is still controversial (sec 
Section 42). 

Moreover, the ir-mechanism in the hydrogen ionization zone is 
responsible for the excitation of nonradial g-modes of the ZZ Ceti 
variables (variable DA white dwarfs; DAV stars) (Dziembowski an 
Koester, 1981; Dolez and Vauclair, 1981; Winget. Van Horn TassouL 
Hansen, Fontaine, and Carroll, 1982a; Cox, Starrficld. Kidman, an 
Pesnell, 1987). Also, it has been established that overstable ** m ® es ® 
variable DB (helium envelope) white dwarfs are excite y <- 
K-mechanism in the second helium ionization zone I m c e . 

Tassoul, Hansen, and Fontaine, 1983a). j on ization 

The K-mechanism associated with hydrogen an <■ ^ ^ t j lc ^ 
zones does not work for massive main-sequentt s ‘ . ^ j ocate d 

Cephei stars because in such a star, the tra ^' f n£ j that the 
interior to the ionization zones. SteU.ng»erl< '™i pSTte close to 
^-mechanism associated with an opacity ium ^‘ * radial pulsations 
I.SXIO’K has a considerable effect on the ^ ^nddenceof 

in massive stars. This opacity bump ongina _ ^ second ionization 
die frequency maxium of the radiation u * cj eure 28.3 illustrates 
vdge of helium at 54.4 eV (Stellingwer , |q . the temperature 

the variation of K ad defined in equation <- - 
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of an equilibrium model of 12M e . The existence of the peak of * 
associated with the opacity bump is apparent. Although a larger peak Ts 
associated with the He II ionization zone (logT— 4.5), the density is t 00 
low for this zone to affect the stability of radial or nonradial pulsations 



Fig, 28.3 Variation in the opacity derivative with the depth (JogT) of an eqmEr 
rium model (A# = - ~5 T and tog T^ f = 4.3) [after I ce - r : 

Gsaki (1982)]. 
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This figure indicates that an excitation zone should exist in the ranee of 

5.1 * '°Z T ~ \ 3 ’ Where dK °* ldr ,s P os ' t ‘ ve - An example of thc fork 
integral for f-mode in a massive star of 7A^ is shown in Fig. 28.4. Them 
exists an excitation zone at the place expected from Fig. 28.3. However 
the strength of the excitation is not enough to excite radial pulsations 
(Stellingwerf. 1978) or nonradial oscillations (Saio and Cox. 1980: Lee 
and Osaki, 1982). 

The K-mechanism associated with the ionization of carbon and 
oxygen is also possible. Since the ionization of the K-shell electrons 
occurs in a high temperature region (T~ lf/’K). the ^mechanism could 
be effective for the excitation of oscillations in very hot stars. This 
mechanism is, however, ineffective in most stars, because oscillations in 
the region with 7'~I0 6 K are usually almost perfectly adiabatic, and the 
amounts of carbon and oxygen are very small. A possible exception is 
the case of very hot pre-white-dwarf stars (T^ ~ Hl'K). including 
planetary nebula nuclei. Some of these stars are nonradial pulsators 
called DOV stars (see Section 10). The effective temperatures of these 
stars are high enough for the oscillation in the ionization zone to be 
weakly nonadiabatic. Since most of the hydrogen-rich matter of these 
stars has been lost, carbon/oxygen matter produced by helium burning 
could be located in the temperature region of T h/K In such a case 
the fir-mechanism associated with the ionization of the K-shell electrons 
of carbon/oxygen can excite global oscillations, as has been confirmed in 
nonadiabatic analyses by Siarrfield. Cox. Hodson. and Pesneil (1983). 
and Starrfield, Cox T Kidman, and Pesnell (1984. 198 m 

The rapidly oscillating Ap stars are at the lower portion of the 
Cepheid instability strip on the HR diagram (see Section 9. Hence it 
may be quite natural to suppose that the x-mechanism is -.?p<’nst e i. 
•he excitation of those oscillations as in the case of Jassa-j . 
However, the diffusion hypothesis, which has been wi . j ium 

explaining the chemical peculiarity of Ap stars, -ugges^ <tM . 

*»les deeply so that there is no helium not 

X'- mechanism associated with the helium lon ^ a _! assoc j a ted with 
W ? )rk - Matthews (1988) suggested the *-mech _ osciBadons in 
Sl| icon as a possible excitation mechanism V eIope of an Ap 

Ap stars, Silicon is expected to be abundant in j t j s close to that 

st _ar. The ionization potential of Si IV is 4r e . ...mechanism of Si IV 
<>tH e II, 54.4 eV, if the instability stop due to h . cooler than . ,he 
it is expected to overlap with, ut stars so far 

-epheid instability strip. AH the rap 1 J’ [he r ed portion of the 
discovered are cool Ap/Fp stars •° Cdte _ t0 confirm Matthew? 
C «Pheid instability strip, and this fact seems 
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(1988) suggestion. However, whether or not the abundance of silicon « 
enough for the ^-mechanism is not certa.n ^Further quantitative studies 
are needed On the other hand. Dolez, Gough, and Vauclair (ig 88) 
suggest that helium accumulates in the magnetic polar regions of an Ap 
star and that the K-mechanism associated with helium may be 
responsible for the excitation of the rapid oscillations in Ap stars. 

29. The 6‘Mechanism 


29.1 Local Analysis 

The 6-mechanism (or the Cowling mechanism) for excitation of 
g-modes appears in the work integral given in equation (26.13). A better 
understanding of this mechanism may be obtained by a local analysis. 
We will discuss, in this subsection, mainly the 6-mechanism for high 
order g-modes including the effect of magnetic fields under the perfect 
MHD condition (but neglecting the effect of rotation). To simplify the 
analysis we use the Boussinesq approximation, in which density is 
treated as a constant in the equation of continuity and in the equation of 
motion except for the buoyancy term (Oberbeck, 1879; Boussinesq, 
1903; see also, e.g., Drazin and Reid, 1981). Because of thi> 
approximation, the acoustic modes are eliminated and the discussion 
will be limited to the gravity wave and secular modes. 

Let us suppose a plane-parallel, gravitationally stratified layer of 
fluid in hydrostatic and radiative equilibrium (i.e., F c = v () = 0) with a 
spatially uniform magnetic field. Then, in the Boussinesq approxima¬ 
tion, the basic equations of oscillation (13.28), (19.7), (13.30). and 
(19.8) are reduced to 

Vg=0, (29.D 


i!i = 

3i 2 


P \ 4j7 } p 


(BV)g / 

4ap 


(29.2) 


CpT Ji['T~jr {V ~ ^ I =e *+- [V-(JtVT) )'. ( 29 . 3 ) 

p f. 

and 


dt 1 ’ 3t ’ 




and K have b een defined by equations (13.107). ( l3 ; S ' t ) ' 
). respectively, and H p denotes the pressure scale heig ■ 
lor the fully ionized ideal gas with radiation fields, the F ulc,M 
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perturbation of density p' is given as 



ji T (29.5) 

where V„ is defined by equation (13.113), p is the ratio of the gas 
pressure to the total pressure, and the Eulerian perturbation of pressure 
is neglected. The V fl term in equation (29.5) is necessary for represent¬ 
ing the effect of inhomogeneous chemical composition in the core. 

We consider the higher overtones of gravity waves whose 
wavelengths in the vertical direction are much shorter than the density 
and pressure scale heights. This does not mean that the fluid is 
incompressible, but it does imply that the density variations are very 
small. This is the situation appropriate for the Boussinesq approxima¬ 
tion. in which the density variations are taken into account only in the 
term of the buoyancy, and the pressure perturbation p’ is neglected in 
the energy equation (29.3) (Spiegel and Veronis. 1960). The temporal 
and spatial dependence of the perturbation on an arbitrary quantity / is 
taken as 


f(t,x,y,z ) =/'-exp [/(A f .r +k y y+k.z \ - <; 
Equations (29.1) and (29.2) are then reduced to 

I kj£x + ikySy + ik;3; = 0. 


(29.6) 

(29.7) 


^§x=- 


ik. 


* 


{ B kr t 



„ + iVf) 


(B k) 2 1 
4 Tip &v 


(29.8) 

(29.9) 


and 



,/I Al , 

4iip 


< 2910) 

+*r« T '«, i 

v p . J Jn the radiative loss 

If the highest order in wave number k is retain 
term » equation (29.3) is led to 
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(29.11) 


where 

e=kl+k 2 y +kl, (29.12, 

and only the temperature dependence of e N has been taken into 
account. Equations (29.7) - (29.11) form a set of linear algebra, c 
equations for variables % x , and ^ determinant of the 

coefficient matrix must be zero for the existence of a non trivial 
solution: 


ik x 

iky 

ik z 

0 

0 

s 2 +o%-biB x k x 

~b\B y k x 

—b\B z k x 

ik x 

0 

-b\B x k v 

s 2 +OA-b l B y k y 

-b]B z k y 

iky 

0 

-b, BA 

—b t Byk z 

s 2 +ai-b 1 BA+^ 

ik z 

fi p 

0 

0 

-sH~\V-V ad )" 

0 

s ~ Sw+ftf 


=0, 


where 


g N =e N e^c p T), lfi=KI<?/(c p p), 

B k 


a 2 _(»tf 

A 4:p 


(29.13) 

(29.14) 

(29.15) 


and 

This equation gives the dispersion relation (cf. Ledoux, 1974) 

'k 2 


(i 2 +ai)|s’-(g A ,-/ R )j 2 + |-p-Af 2 +oiJ 5 


■ (p ^ r M + ^i)(g/v-/«)}=0, (29 |,v) 

where kh is the horizontal wave number defined by 

ti-g+A*. (29.17) 

and -V denotes the square of the Brunt- Vaisala frequency which ■' 
exjwessed, m the present approximation, as N 1 =gH~ x [(4-3/M 
*<*w-f)+FJ (equation (13.H2)j. . 

** W cak "^adiabaticity. which is usually the case, the roots 11 

equation (29.16) are given by 

kl .. .si 
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18) 


and 


S3 ■ (Ir Sn)[^ +q* 2 )(w 2 ^+oij (29.19) 


in addition, 5 = ±/tr 4 , which correspond to the Alfven wave. 

The interpretation of the conditions for the convective instability 
{N 2 < 0), the thermal instablity (s 3 >0), and the g-mode overstability 
[Re(si.2)>0] is self-revealing in the above equations. 


29 .1.1 Kato’s Mechanism 

Let us discuss first the case without a magnetic field. In this case 

equation (29.16) is reduced to 

* 3 -(ffjv-/jtV ! +-p-^- fi f Ugs-lR)= '!■ (29.20) 

Let the coefficients of equation (29.20) he denoted successively h\ 
1, a,, a 2 , and a 3 . Then, the necessary 1 and sufficient conditions for 
stability [Re (s) < 0] are given by the Hurwitz criterion which states a, > 
0, n, n 2 - a 3 > 0, and a 3 > 0, or, equivalently, a 2 > 0, a t a 2 - fli > 0, and 
a 3 > 0. The dynamical instability is the violation of a- > 0. or 

K! 4i3j r " >0 - 

which is often called the Ledoux (1947) criterion for the convective 
instability. The condition of thermal instability is a, < n b’ r [ "■ ra _' a ^ 
mode (k h = 0) and a 3 < 0 for the nonradial mode (A* + * ae 
condition is identical for both cases in the present li'cal theory, i M 


On the other hand, the condition 

h>gs » nd r ^ <o 

IS that of thermal instability for nonradial ptrturbauon h radial 

gradient. The condition (29.22) is only a PP ^ The 

■node, since the pressure perturba no she n Source model 

exception may be the thermal insto m. . ^ whidj the pressure 
(Schwarzschild and Harm. 1965: fjg ’ 1%g; t'nno. 1970. 1975b). 
perturbation is less important {cf. t f r _ o since the 
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hydrostatic condition requires the pressure and the dens.ty perturb a . 
lions to be spherically symmetric and a nonradial temperature pert Ur b a _ 
turn must be associated with a perturbation of the mean molecular 
weight (Kippenhahn, 1967; Rosenbluth and Bahcall, 1973; Richstone. 

1974; Gabriel and Noels, 1976a). 

The condition of the vibrational instability, (n,fl 2 - a 3 < 0) js 
reduced, for the thermally stable case, to 

V-V ad >0, (29.24) 


The semiconvective zones in massive stars (A/>10Af Q ) appear b\ 
condition that 


the 


*w+ 


p 


T-V> V ad 


(29 


{cf, Schwarzschild and Harm, 1958). However, this condition is nothing 
but the g-mode overstability, as pointed out by Kato (1966). A similar 
situation was first studied by Veroais (1965) in the salinity convection 
In this monograph, following the above definition, the semiconvective 
zone may be understood as a zone of varying molecular weight having a 
super adiabatic temperature gradient which is dynamically stabilized bv 
a ^-gradient, This definition has been adopted commonly by worker on 
stellar stability, but it is slightly different from that used by tho^c 
working on stellar evolution. 

The physical reason for the overstable convection in a semico na ¬ 
tive zone (Kato, 1966) is the radiative Cowling mechanism discussed 
Section 26. It is a very efficient mechanism of excitation, especially i 
higher harmonics and high overtone modes (large k , hence large W- 
However, as pointed out by Gabriel (1969) and Aure (1971). 
overstable convection is the gravity wave which may propagate iv 
outer radiative zone and be damped before being reflected back to Ii,w 
evanescent zone. The global stability analysis for the over^ r 
convection will be discussed in Subsection 29.2. 


2f J.2 Magnetic Overstability 

In the uniform sector of a magnetic field, the angular frequent 

oscillation is given by 


, in 


,y :■ 

md the wave a called a “magneto-gravity wave.” The second tl _ r "\ r 
»e right-hand side of equation (29.26) gives the frequency of the ^ : 

flVjde, wb ijyt restoring fftrr#* it • k ^ Cnti^liori ■ - 


y wav 

, -»». f * , cs the »i ,. — r . 

*" 0iC restoring force is the magnetic tension. Equation 
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means that the layer may be dynamically stable even if N 2 < n 
However, if the temperature gradient is superadiabatic. the dvnamicalh 
stable layer is overstable as seen in equation (29.18). Whether th - 
motion in the layer is monotonically growing ( a 2 < 0) or overstable la 2 
> 0 and Re(s,. 2 > > 0] is dependent on the superad.abatiritv and the 
Alfven frequency which itself is dependent on the wavenumber k and 
the magnetic field B The possibility of magnetic overstability was first 
discussed by Cowling (1957). Shibahashi (1983) suggested'magnetic 
overstability as the cause of rapid oscillations in Ap stars. He supposed 
that there is a superadiabatic layer, in which S 2 < 0. associated with 
hydrogen and helium ionization zones and that the magnetic field is a 
dipole field—-that is, the magnetic field is almost vertical at the magnetic 
polar regions and almost horizontal at the magnetic equator of the star. 
He then considered the motion having a short wavelength in the vertical 
direction but a long wavelength in the horizontal direction as in the case 
of high order p-modes with low degree Since B k is large in the 
magnetic polar regions, the motion may be oscillatory and overstable 
because of F — > 0. The frequency is of the order of the observed 

frequencies of the rapid oscillations in Ap stars if it is estimated as 

On the other hand, the motion is supposed to be convectively unstable 
(o 2 < 0) in the magnetic equator of the star, because B k is small. .. . c 
An instructive explanation of the magnetic overstate lit) as a possiK. 
mechanism for the rapid oscillations in Ap stars w as gi\ en > <■ i ’\ 
(1984). Shibahashi (1983) suggested that some nonlinear mode coupling 
may induce a global mode, as observed, from the oversta * 
restricted in the magnetic polar regions. However ^ 

based on local analysis, and thus extension of a 1 
highly desirable (cf. Biront, Goossens. . fc 

Campbell and Papaloizou. 1986, K „. 

Boussinesq approximation is necessary 1 <■. 
ner, and Lerbringer. 1988). 

29 -I.3 The 6>Mechanism in a Rotating '' ur non -rotating star. The 

So far we have discussed the 6-mectuni>rai t !Q ariafh 

discussion based on local analysis ** ** ■ ■ j, ^ Schubert, 
symmetric modes of a rotating star i _ stability have been »' • 

Fricke 10AS1 Come useful condition v 'j—i sta bilin 316 
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associated with the violation of the sufficient condition for the secu| ar 
stability is known as Goldreich-Schubert-Fncke instability. Reader 
who are interested in these instabilities should consult several reviews, 
e.e., Fricke and Kippenhahn (1972). 

The overstability can be studied by local analysis in a dynamically 
stable case. The physical cause of the overstability is the 6-mechanism. 
The sufficient conditions for stability, 

p- l Vp (V ad Vlnp-V\nT) > 0 (29.28) 


and 

p" 1 V /7 x ( V ad V lnp - V In T) = 0, (29.29) 

were obtained by Shibahashi (1980) and were intensively discussed b\ 
Knobloch and Spruit (1983). Rotation does not influence directly the 
vibrational stability criterion, although it affects the stellar geometrical 
configuration. In the case of a spherically symmetric star, the condition 
(29.28) inhibiting the overstability becomes 

V ad -V> 0, (29.30) 


as shown by Kato (1966) (see subsection 29.1.1), and the condition 
(29.29) is automatically satisfied. Condition (29.29) requires that the 
direction of the effective gravity force must be parallel to the direction 
of subadiabatic temperature gradient for the vibrational stability. The 
instability induced by the breakdown of condition (29.29) is closeh 
related to the baroclinic instability in the dynamic meteorolog\ 
Knobloch and Spruit (1983) named the vibrational instability “ABC B 
instability,'* in an abbreviation of “Axisymmetric, BaroClinic, Dittusi^c 
instability. In the case of hydrostatic equilibrium and Vln px V In u 
0, condition (29.29) is satisfied if and only if the centrifugal force i s du 
gradient of a potential—that is, if the rotation law is cylindrical 1 !l 
condition is the same as one of the two conditions for secular stability 
the absence of //-gradient. Therefore, if the rotation is not cyhndiK 
both secular instability and vibrational instability may occur A 
formulation is desirable. 


29.. Global Analysis of g-Modes in Semiconvective Zone 
During the mam sequence evolution, semiconvection appears m •> 
more massive than 10Af e . Schwarzschild and Harm (1958) noikvd ' 
die boundary of the convective core of a massive main-sequel '•; J 
move outward with evolution and that phvsical inconsistency 1,clUI 
if the whole eoovwlive region was chemically homogenized 
the convective core and the radiative envelope they in* rUl 
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semiconvective zone, in which the distribution of the chemical composi¬ 
tion was adjusted by a partial mixing to satisfy the convective neutrality 

by a criterion 

F = ^rad~ (29.31) 


where V ra ,i represents the temperature gradient expected when all 
energy is transported by radiation. Equation (29.31) indicates that all 
energy is assumed to be transported by radiation in the semiconvective 
zone However, Sakashita and Hayashi (1959) pointed out that the 
criterion for the convective neutrality in the existence of the chemical 
composition gradient should be Ledoux's criterion [i.e.. N 2 = 0 in 
equation (13.112)] 

v= V raJ = V a j +^ < :9 - 32 > 

The treatment of the semiconvective zone in very massive stars is 
important because it affects their later evolution significantly. There has 
been considerable controversy as to which criterion should be used and 
how partial or complete mixing is achieved. Equation (29.32) is the 
criterion of dynamical stability, and thus it is the criterion for ordinary 
convection. However, as discussed in the preceding subsection even 
when the medium is dynamically stable in the sense of equation < - • 

overstable convection occurs in a medium of varying mokai ir wu r i 
the temperature gradient is superadiabatic; i.e., T > */• ,s *** 1 

pointed out by the local stability analysis of ato 1 .ilitvof 
speaking, overstable convection is a problem of m r ^ tlon /| ana |' vs j s 
nonradial g-modes, and it can be settled only > g o a s ■ - - 

of a whole star. Gabriel (1969) and Aure (1971) 
result because it was a local treatment. rh ev argue local j oversta ble 

in the outer radiative zone was strong enoug to c a . not occur, 

convection and that vibrational instability o g ™ ^ on e of the most 

On the other hand, as discussed in Sections - • wave-trapping 

important characteristics of nonradial osu di^ ^ bchind by the 
phenomenon. In particular, the /*-g ra £ . s a n ideal potential 
receding convective core in massif stars ^ wave trapp ing was not 
well that traps gravity waves. The e' . Au rf (1971), because it 

considered in the studies of Gabnc , as hi and Osaki (1976a). 

was not well known at that time. an j Q a briel and Noels 

Scuflaire, Noels, Gabriel, and Boury 0 f crav ity modes in 

(1976b) have studied the vibrational . y have confirmed bya 

massive stars with semiconvective zo c , mo des trapped in t e 

stability analysis that some gravity 


global 
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p-gradient zones are in fact overstable due to Kato s (1966) mechanism 
A summary of Shibahashi and Osaki’s (1976a) analysis is given 

Evolutionary models used in the stability analysis were those f 0r 
stars of 30Af© and 15M© with the initial chemical composition X = o 7() 
and Z = 0.03. Ledoux’s (1947) criterion for convective stability (i.e., N i 
> 0 for stability) was used and no partial mixing was assumed to occur to 
construct the semiconvective zone, for the purpose was to examine the 
possible overstability that may cause mixing. Here, the semiconvective 
zone is defined as the region where a composition gradient exists and 
the temperature gradient V is larger than V ad but smaller than V Ml + 
0(4-3 Figure 29,1 shows the variation of the extent of the 
superadiabatic layer in the p-gradient zone (shown by hatched regions) 
with evolution. Equilibrium models in the core hydrogen-burning stage 
consist of the homogeneous convective core, the p-gradient zone 
formed by the retreating convective core where the temperature 
gradient is mostly superadiabatic (i.e., semiconvective zone in the 
present definition), and the radiative envelope. The extent of the 
semiconvection zone is larger in more massive stars. 

The stability was examined using the quasi-adiabatic approximation 
for the models 21 for both the 30Af© and the 15Af© star. The degree of 
superadiabaticity is illustrated in Fig, 29.2. It is typically F - F„,/ — OKI 



m J5££ w,th * 30 A# o star (left) and , 

(alter Shibahashi and (Haiti (lV76a)|. Tile abscissa is the "' lKkl 
tf- f | h a? sequence Fhe upper figures show variaiinn m ,!l 

Use Si’S. , * danCe *" T** s y mhoi * " the figure are C. t* ' ' K 
^ , *uUerial o well mixed and homogeneous with ^ 

V< *- SC (haclchcd rep,on, ,hc- ... 

““ *‘* rer -< F< *m 4 - m^. ^ 
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for the 30Af© star, and F - F flrf = 0 .002 for the 15Af r star Th P 
propagation diagram for the 30A/ o model is given in Fig. 17 6 In a tar 
with a well-developed p-gradient zone there exist 6,-modes wel 
trapped in the p-gradient zone as discussed in Section 17, Shibahash 
and Osaki (1976a) found that some G„-modes for large / are overstable 
with the growth time of 10 3 - loy. Among the modes for the 3oiu 
star listed in Table 17.2, G„-modes with n = 1,2..., 6 and / = is an d all 
G„-modes with l = 30 are found to be overstable (see also Fig. 17 8) 
The eigenfunctions of G„-modes have large amplitude only in the 
p-gradient zone, so that Kato's (1966) mechanism for the overstability in 
the semiconvective zone works effectively. Since the wave trapping is 
incomplete for smaller / (see Table 17.2), G„-modes for smaller / tend to 
be stabilized by the effect of radiative damping in the envelope. No 
overstable mode was found for / < 4 for the 30,W: star. 

For the 15A/© star, superadiabaticity in the semiconvective zone is 
small compared with the 30A/© star, as seen in Fig. 29.2. so that the 
destabilizing effect is correspondingly weak. For the 153/ star, only 
G v and G 4 -modes for / = 15 are overstable with the growth time of — 
10 4 yr, and all modes are stable for / ^ 8. Roughly speaking, the 
magnitude of the destabilizing effect may be represented by a product of 
(F — V ad ) and /(/+1) as seen in equation (29.18), because i R * k~= 

( \ ,2 /o z )kh “c /(/+1). This is consistent with the numerical result that the 
lowest / for which unstable modes are found is / = 15 for the 153/. star 
and /= 8 for the 30 Mq star, because (F — V ad ) in the 15A/ star is about 
one-fifth of that in the 303/© star. , 

The e-folding time of oscillations for unstable modes is typically in 
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— 10 4 yr which is shorter than the evolutionary time of the stars in 
general, modes having larger / are more unstable. Since the molecular 
and radiative viscosities are not important in the stellar interior, 
expect that overstable convection grows to a finite amplitude 
(Stevenson, 1979) and that some kind of mixing occurs. In this sense 
Schwarzschild and Harm's (1958) criterion in equation (29.31) ij 
preferable to Ledoux’s (1947) criterion in equation (29,32) (cf. Unger 
El Eid, and Fricke, 1985), although the model with penetraive 
convection constructed by use of the non-local mixing length theory 
(Xiong, 1985) may be more realistic. 

Semiconvective zones are present in stars of about 1 Mq as well as in 
massive stars. As a small convective core in such stars expands due to 
the growing importance of the CNO cycle, the opacity is larger at the 
outer side of the convective core boundary than at its inner side. 
Therefore in such models a shallow semiconvective zone [i.e., V ud < r 
< T + 0(4-30)“ 1 F^j is found just above the convective core. 
Gabriel and Noels (1977) studied the vibrational stability of some 
g-modes of large / in stars of 1, 1.1, and 1.5M© during central hvdrogen 
burning. Most of these models have been found to be stable, instabilities 
occur in only two models of the 1.1 Mq sequence. This is because 
semiconvective zones in such stars are shallow and the degree of 
superadiabaticity is small. Baglin (1971) also discussed overstability ot 
the semiconvective zone in a white dwarf where the ^-gradient was 
formed due to the gravitational settling of elements. 

30. Convection 


Convection fluctuates with oscillation and works back on (he oscillation, 
as shown by (20.31) - (20.33) and (20.57) - (20.59). The effect of the 
convection-oscillation coupling on the stability of the oscillation is seen 
explicitly in the work integral such as that given in equation (25.16). I ,K 
perturbation of convective flux appears in W c defined by equation 
In addition to W ( convection affects the stability of oscillation 
t rough turbulent pressure and viscosity, whose effects have lKkli 
neglected so far in this monograph. The effect can be divided mt" 
mechanical and thermal works, W ntech a „d W, h . The thermal work H '' 

Z ni ^ t 62)1 ! imes the total work integral W 

f . in ,. C approximation adopted in equation (20.331- L 

fi /TamW' ^mteh » arises due to the Reynolds stress h Ll 

equations (20.7) and (20.32)1: ? 


W ™h=-”J p-'Rej 


v". div 


dM r . 


(30.1) 
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We assume that 


-div 9>, - -Vp,+V(p,V- f)+(V-^V) v 


(30.2) 


as suggested by the mixing length theory (cf. Unno. 1969). in which the 
turbulent convection is simulated to molecular motion in producing 
diffusive processes, where represents the turbulent viscosity defined 
in equation (20.13). Then we can express WWi, as 


W mech =W pr +W u 


(30.3) 


where 


W 


and 


f M 1 f M 1 

= -—/ —Rc(v'* Vp^dM r =n —Im (p',X?)dM, 

°J 0 P h P 

,.w 

W str = — / — Re [ v' * ■ VQi,V -v') + v' *( Vu r V) 

°Jo P 

=-nofJ±(\V-tf+\*$ 2 )Mr 

Jo P 


(30.5) 

1 ' 

where the (/-component of F£ is 3|;/3-ri in Cartesian coordinates. I hi 
work by viscous stresses W s , r is always negative, but i!k eva lmiiuii 0 
the work by the turbulent pressure W pr is possible whui 1 1 umt , 
dependent convection is solved. The order of magnitu t o /” 
estimated to be \W P ,\ ~ where W 

live velocity of convection. Me the mass of the convet. u w j se we 
the relative amplitude of oscillation, viz. J -f where r e 

estimate the viscosity work as \w„,\ t ‘': i tv\ Here wc 
denotes the representative time scale of wnvecuon UW He 

have assumed that '■ •*? ,h '"frd is roughh 

luminosity L is mainly due to the not negligible 

estimated" to be L - 

compared with W (/l j which is of the ° r ‘ , ■ , he convection zone. 

fJT ( - value and on whether the wave is P - wof j £ integral are of the 
Thus, positive and negative contri .utions ^ overs tabii- 

same order of magnitude even in t e mo ^ {0 ^ taken into 

ity; the coupling between convection .in ,; meK iependent convection 
account in stability analysis, although the 

theory has not been so well esta ^ ^ eeT1 formulated by l nno 
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(1967. 1977), by Gabriel, Scuflaire. Noels, and Boury (1975), and ^ 
Xiong (1978), The effect must be important in late-type stars with 
extended outer convective envelopes (Baker and Gough, 1979; Gone* 
and Osaki, 1980; Gonczi, 1982). For solar five-minute oscillations, the 
problem has been discussed by Antia, C’hitre, and Narasimha (19^, 
and Gabriel (1988). The excitation mechanism of the five-mi nu t c 
oscillation is still somewhat controversial (see Section 42). 

The influence of convection on oscillation appears in equations 
(20.32) and (20.33) through the quantities 6 X , 6 Z , fi„ and F' c . The effect 
of turbulent pressure and energy in the form described by 6 ( and 0 , j n 
equations (20.32) and (20.33) is adequate when ar c » 1 and hence 
|VV|«|W J(r |, as discussed in Section 20. In the opposite case of 
OT r «l, we have | W pr j«[ W *|» Therefore, we can take A, and 6 2 to be 
small corrections that may be neglected in the qualitative study. For /<„ 
only the equilibrium value is needed, as discussed above. The 
convective flux F c is given by equation (20.22), 

fc.o=(po(Ac+-y-)v) = {c p p»T c V) {) -{Kj 2)V« V 2 ),,) 


=l(c p T Q ) m Y 0 -K,(dJdr) (XM\e„ (30.6) 

where e f (= Vr) denotes the unit vector in the radial direction, and the 
second term has been reduced by use of the gradient diffusion 
approximation. To derive the perturbation of the convective flux, F< - l! 
is convenient to use the gradient diffusion approximation from the 
beginning so that 

F C~ - [*vV(c p ( t£- ) ia + (1/2) < V 2 ))]' 

=(W™- k,v[( 2 c„ rip) V2 z m + P ~ m x \' 


\(2c p T 0 Z a fp 0 ) 1/2 (~+-^£^ - P ) 

\Z 0 c,,lo />•> 


(30.7) 


m 


and z ' —■* ,n ,hc 

)+(p'/A,)+2(/;//,)). ( 30 - S) 
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The relative perturbation of the mixing length, /;//,, however, requires 
some consideration. Gough (1976) treated this problem in the time- 
dependent mixing-length theory. Here, a simple qualitative approach 
(UnnO, 1977) to determine [’,11, will be introduced. We treat the 

Lagrangian perturbation, 

61 Jl, =!',/!, + (d\r\H s j dr )§,=/;//, - (r H,, )|„ (30.9 ) 


since the mixing length is a concept concerned with the transport of 

conserving quantities. 

Let us assume that a convective element born at time / has a mixing 
length equal to the instantaneous local scale height H p ( =-3r 3lnp) 
initially and evolves according to the law pi 3 , = constant dunng its 
lifetime x c - Then, the relative excess 61,11, is given by (&H p H p )e"" at 
its birth and will be further increased by (-13 )(dp pHd a, -e / v ). 
where dptp at time I is written as (6p!pY m , explicitly expressing the 
time dependence. For the average convective element, we obtain 


or 


61, 


n 

I*. 

~r 


Jo 1 H » 


3 P 



/ 


i du-n 



x expi- 

Xc > 

1 Xc 


61, 

1 1 

fMp. 

, ioxc 6p\ 


l, = 

” 1+lOTc ' 

1 H r 

3 p r 


(30.10) 


(30.11) 


assuming a constant birth rate and constant life. inn L r 
elements. The venation of H, is calculated from defiatnon. 

(30.12) 


6H, 


l p 

5c, 


H 


'p - Jsr +H —1 
—JT p 9r\ P 


, 3 ( 6p \ 

"iA-p t 


The formulation is now completed, if we a - u 

r ■-(“'*) ' <3013) 
in equation ,30 ..) where * d'enoics 

a convective element (see Section - ... (ion cou pling is reduced 

Thus, the problem of the convection-.. ^ the basic equations 

to the problem of evaluating • an . : n n uen ce of oscillation, as 11 
(20.57) -(20.59) of convection under 

should be. 57V-(20.59)» we have 

Linearizing equation (20.5/) t- 
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[ia+(2/3)V ^+D 1 )X'+(io^ r D r +D' ] )X 0 


=B l Y'+B[Y 0 , 

(,o+(l +d&)+d 2 ] Y'+V&D,+DQ y 0 


(30.14) 


^B 2 Z'+B^Zo+BjX’+B' iX< h (30. 15 , 

and 

[io+DjZ'Hio&Br+D^Zu =(2/3)( B 3 r+B& u l (30.16) 
where e n has been neglected in the outer convective zone. 

D r =3ldr, (30.17) 

D,=2(/i/p 0 )* 2 , DJ=D 1 [0rVM 1 )-(pVpn)-2(/'A)]. (311. IS) 


(30.19) 


*+**« *. 

Po 

P*2 _ (Cp- l K) f + Jl/H» K ( r __ p' ^ / / 

D 2 Cp-'K+H'+x, p Q l,' 

D)=2^ _ (c p '*)'+ jc/ (30.20) 

Po ’ Di c p 'K+k, p 0 ~ I, 

B l =v 1 g(c p T 0 y 1 ' 2 , a;=B, . (30.31) 

l g 2 I„\ 

B 2 =2v* T g( Cl ,T„)- m , B4=B, [, 

BMV3i(c p T 0 ) m (V-Y aJ )/H. 

^7 < (“ OJ-Mt-W W). we obtain X. r. and * " * 

■ -md 2 , the Hitlerian perturbation of convccti' 1 
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f‘ can be calculated by use of equation (30.7). Thus, we can evaluate 
,he work integral due to convective flux. W c . 

The dynamical convection-oscillation coupling appearing as W,, 
and W slr arises where at c ~ 1. However, the phase relation between 
and 6pip is rather complicated in the computation of W pr and W slr . 
The result will be stabilizing or destabilizing, depending on the mode of 
oscillation and on the stellar model. Numerical investigation seems to be 
necessary. It should also be noted that the theory of the stellar 
convection zone is still very incomplete for both the time-independent 
and dependent cases and that an exact nonlocal theory avoiding the use 
of the mixing length is very much desired. 









Chapter VI 


nonradial oscillations of 

ROTATING STARS 


31. Introductory Remarks 

In a non-rotating non-magnetic spherical star, no force is exerted on a 
non-tlivergent flow along a level surface. This corresponds to the 
existence of the trivial solution with toroidal flow discussed in Section 
13. If the star rotates, the conservation law of angular momentum plavs 
an essential role in fluid motions in the star, and the toroidal flow can no 
longer be steady. When we describe fluid motions in a rotating star 
using an inertial frame, the effect of rotation appears in the inertial term 
r-Vr in the momentum equation [see equation (13.4)]. where v is 
composed of rotation flxr and perturbation of velocity v' with fl being 
the angular velocity of the stellar rotation. This inertial term appear' a 
two kinds of fictitious forces: the Coriolis force and the centrifugal force 
in the momentum equation in the co-rotating frame. Thi. -.enintu^a 
force in a uniformly rotating star, which may be written in t t form o a 
potential force V(|ftxr| 2 /2), can be treated together with «**««- 
tional force. The latitudinal dependence of effective gran > < 
gravity plus centrifugal force) deforms the equilibrium 'true “ ^ 

star, which in turn modifies oscillation 

momentum equation can be written in a torm in w ic _ ^btribu- 
centrifugal force appears only through the js nQt expect ed 

tion of the equilibrium structure, a new typ , tars are 

from the centrifugal force. Equilibrium structures {1 g 78 ). 

extensively discussed in an excellent nK ’ n ”^ x has a form which 
On the other hand, the Coriolis force. The Corio |j s force not 
does not exist in a nonrotating nonmag v ^ f. m odes but also 

only modifies the oscillation frequencies • inertial waves, all of 
generates new waves: Rossby-type v ' d '*p j nc ] us ive]y. The r-modc. 
which are sometimes called inertial waves 19 W e will 
which is the global Rossby wave, was m r ^ mec hanism of the 

discuss, in Section 33 by using a ova * 
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V)S'+(v'-V)5 0 ]+(p7)'(v 0 * V)5„ 

=(Pe n )'~V-Fr. (32,14) 

With the help of equations (32.9) and (32.10), the linearized m ass , 
conservation equation (32.12) and energy equation (32.14) are reduced 
to 

(^ +ft 4 V +v ’ < '’”’'' )=0, < 32 - i5 > 

and 

PoTo [(-^-+0—-) 5'+(v V)S 0 ]=(pe/v)'-V -FJi. (32,16) 

respectively. The operator ( d/dt + Cl3/d<p ’) appearing in the above 
equations represents the temporal derivative referring to a local rotating 
frame with the angular velocity II. Inserting equations (32.7) and (32.3) 
into the linearized equation of motion (32.13), and using the relations 
among the unit vectors (19.36)-(19.38), we obtain 

[(^+n^)u;]e,+ 2 ftXv'+(v'-Vft)rsmde t , 1 

=- —Vp'-V4>'+-^Vp„. (32.17) 

Pa p 7, 

The first term in the left-hand side of equation (32.17) represents the 
time derivative of the velocity referring to a local rotating frame: tbs 
second term stands for the Coriolis force, and the third term is due io 
differential rotation. The Eulerian velocity perturbation v' is related io 
the displacement £, with the help of (13.26), (32.7), (32. Id), and 
(19.36H19.38), by 


v’= 




(§■ Vft)rsinfte 0 . 


(32-1») 


lementary equations are needed to complete the description oi J 
m. They are the same as those given in Section 13. For cxamp k '- 

tne Poisson equation is given by 


w*-' 


V~<J>' = 4nGp' . | 

ftera equation (13.83) the Lagrangian entropy perturbation is* [Lt ( _ 

E£?«.L 0f lhe lagrangian density’perturbation and •" 

Lagf.ngidn pressure perturbation as 


NONRADIAL OSCILLATIONS OF ROTATING STARS 281 






r 

By using relations between Lagrangian perturbations and Eulerian 
perturbations given by equations (13.21) and (32.18). we represent the 
entropy perturbation in terms of the Eulerian density and pressure 


perturbations: 

(af +n ~w){p» ~ r^-) + » *{ Vin A»- j!- Vlnpi,] 

v T f a 


V T f 

C„ \ 




(32.21) 


Equations (32.15)-(32.19), (13.50), (13.51), and (13.84) are the basic 
equations for linear nonadiabatic nonradial oscillation in rotating stars. 
In the adiabatic approximation, equations (13.50) and (13.51) are not 
needed, and the right-hand sides of equations (32.16) and (32.21) are 

neglected. 

ft is instructive to describe a fluid motion in terms of vortirity 

defined by 

a»-Vxr, (32.22) 


which represents the local and instantaneous rate of rotation ot the 
fluid. Let us derive an equation governing the change of vorticity. 
Taking the curl of equation of motion (32.2). we obtain 


-|^+Vx(<uxv)+?X^-Vpj=0. (32.23) 

In deriving equation (32.23), we have used well-known formulae in 

vector analysis. 


and 


i_V|v| 2 =vx(Vxr)+(r*V)v 

Vx(V<f>) = 0. 


Since 


V®=V-(Vxv) = 0 , 

* or* 9T'i is rewritten 
the second term of equation — > 

Then, equation (32.23) is reduced to 


(32.24) 

(32.25) 

(32.26) 
(32.27) 
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li t ,T]ir(»»)' t ( ? ')“* 5x ( ( ! , <') s|1 (32.28) 

In combining equations (32.1) and (32.28). we obtain 

-(f' v )'V Vx (»=°- < 32 ») 

We can rewrite the term of p 1 Vp in the above equation in terms uf 
enthalpy and entropy as 

—Vp—Vh—TWS (32.30) 

bv using a thermodynamic relation 

dh = TdS+ (32.31) 

where h denotes the enthalpy. Then, the third term in equation ( 32 . 24 ) 
is rewritten in terms of the temperature gradient and the entropv 
gradient as 

Vx(p l Vp)= -Vx(TVS)= -VTxVS. (32.32) 

Hence, the vorticity equation (32.29) can be written as 

( ~+vV) "-( V)v-^VTXVS= 0. (32.33) 

The vorticity equation (32.33) is useful to understand the P' 1 •" 
nature of the waves caused by rotation of the fluid, and is used in 1 K 
following section. 

By substituting the equilibrium quantities such as p<), :im! ' 
equation (32.29), we obtain an equation governing the equilil 1111111 

state: 


(r 0 -V)---( 
Ptt \ 


Po 


v)%+—Vx 

I Po 


(J_v, u )=0, 


where 


o»i)=Vx v„=:Vx(Oxr)=2fl. 


(32.34) 


(32-35) 


* - L 

f ******* (32.34) is zero because of equations 1 3- 

(3..X). (32.40), and (32.35). Then equation (32.34) is redial 

-(20-V)(ftxr)+Vxf 11 Vp o J=0. 
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If the rotation law is cylindrical (dil/9z=0) or uniform, equation 

(32.36) leads to 

VpoX Vp ci =0, (32.37) 

which means that the isobaric surface and the isopycnic surface 
coincide. The fluid layer in this case is called “barotropic.” Otherwise 
the condition (32.37) is not satisfied, and the isobaric and the isopycnic 
surfaces are inclined each other. The fluid layer in this situation is called 

“baroclinic.” 

The linearized equation of vorticity equation (32.28) is given h\ 

Vfl)/sin 0 e s ,+(T J V) 2 fl-( 2 ftV)P 
+(V-v')2fl+Vx(-U>)=0. (32.38) 

In what follows, we omit subscript 0 for equilibrium quantities 

unless there is confusion. 


33. Local Analysis 

Prior to the full discussion of the oscillations in the rotating stars, ins 
instructive to examine locally the effect of uniform rotation on 
oscillations. This enables us to understand the basic p > sica .im 
the waves newly introduced by rotation. 


33.1 Dispersion Relation emnloved 

To make the local analysis tractable, some simp ■ ua 11 assU med for 
We assume the rotation is uniform. 1 he adiu • and discar( j t he 
disturbances. We adopt the Cowling approxi ^ \ ‘ if d forms G f 
perturbation of the gravitational potential. The vwpU* 

__ sJk .tv (xy 171 are 


and 


Dvt 

Dt 


^£-+v(pv')= 

(33.1) 

Dt 


Dp' 1 4 = 0, 

DT ^ & 

(33.2) 


(33.3) 


where 
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d _ a J_ 

3<t> f33. 4 j 

denotes time derivative following the unperturbed rotation, and 

A-VInp-j^Vlnp. (33.5, 

The temporal and spatial dependence of any perturbed quantities 
are assumed to be proportional to exp \i{ot + k r)j, in which the angular 
frequency a should be defined in a rotating frame. The perturbed 
elements are assumed to have small dimensions compared with the scale 
length of equilibrium pressure, density, etc., and the effect of sphericitv 
is neglected. The resulting equations then become 

n t 

ia~+ik-v , =0, ( 33 .fi, 


and 



to p 


c 2 P 


- + v'-A~ 0, 


(33.7, 


im' + ttlY *•= -ik~+(—Vp) S-. (33.H, 

P \P IP 

Equations (33.6)-(33.8) form a set of linear simultaneous algebraic 
equations for variables p'tp. p'lp, and v' , and its characteristic cquaii' ■> 

gives a dispersion relation 

+ { N l k\ +(2n • *) 2 +<(20 • k)(2(l ■ Vln/>, } ] = 0 , 

where 


/v-=p 'Vp-A ' ' ' 

££* m ot the Brunt-Vaisala frequency and k denotes -l 

ita component of the wave number vector which is pv‘>l >c, “ 1 

.? jjPf 1 ^ r:,V!| y In deriving equation (33.9), we ' j 

llh 1“ r ° P ' C ^* tWn K ,vcn b y equation (32.37), which is con"'" 1 
with i he uniform rotation. 


"_ ,nc uniform rotation. 

TWdm erf magnitude of the three terms ». the first brae 

°[°\ (33 9) are 0(k 2 ), O(flV), and <* k ■ 

H * denote ‘ *he characteristic scale height of equil' ( >'" 
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quantities. We suppose 

c»(iv»*//^. (33ll) 

which is justified in most cases in the stellar interior. Lei e be 

_ 0 2 

e “ * f33 12 I 

and we suppose 

The coefficient of o 1 in equation (33.9) is dependent on the direction of 
the wavenumber vector, but it is, at maximum, of the order of e‘ z k'c. 
and the three terms in the third brace in equation (33.9) are, at 
maximum, of the order of N 2 k 4 c 2 , ck 4 <r, and rtV, respectively. The 
imaginary parts in the two brace brackets in equation (33.9) make the 
wavenumber k complex, which leads to a slow variation of amplitude of 
disturbance with depth corresponding to the density variation with 
depth (attenuation effect). According to the above assumption (33-11). 
this effect is small enough to neglect compared with the scale of 
perturbations. Whether the third term or the fourth term in the square 
bracket in equation (33.9) is larger is dependent on the direction ot the 
wavenumber vector. Thus we retain both terms, though we neglect the 
last term in the third brace in equation (33.9). 

In a limiting case of 

\N 2 k 2 +(2il-kf\»kck\2iU\rtpr : 1 >1 


k 2 »H 2 lc 1 »kiH„. 


equation (33.9) is reduced to 

a \A- k i a 2 +{N 2 k*+<2(l*r}\= l > 

[ c 2 

Equation (33.15) leads to the following ni " J '- s 

o 2 =kV 

and 

N*k f+(2n <rr 

k odc$ 

Equation (33.16) represents a P« r Jfjow-fre^ue^cy modes related 
and equation (33.17) represents a pair ^ gjycn by equa t.on (33. ) 

with rotation and buoyancy. We ta 


(33.15) 


(33.16, 


(33.17) 
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the ineniagravity wave. In the case of 0=0. the inertia-gravity ^ 
lends to a simple gravity wave: 

N 2 k\ 


o 2 = 


(33.18) 


In the case of N 2 = 0. the inertia-gravity wave is reduced to 

, ( 2 ft - ft ) 2 

0 =—p- » (33.19) 

which is called the inertial wave. It should be noted that equation 
(33.17) describes oscillatory motion even if N~ <0 when (2ft • k) 2 is large 
enough. 

In the other limiting case of 

\N z k: +(2ft • kf\«kc\k • [2ft x.Vln(plp 2,r ') 11 , (33 20) 

the inertia-gravity wave disappears. Instead, equation (33.9) leads to 

Ti¬ 

er 


This equation gives 


and 


^-a* 2 -{H-ft xV Kp'p 2 ' r, )]}]=0. (33.21) 

aW* 2 (33.22) 

(33.23) 


= _ fc [2flxVln(p/p aff )] 
k 2 

The latter mode propagates in the direction of rotation (progradL '■ 
since V ln(plp lr ) is usually toward the stellar center throughout a -i- 
In general cases, the dispersion relation (33.9) provides a p 111 
high-frequency acoustic modes 

<r 2 -*V+4ft 2 , <- vv:J 

a pair of low-frequency modes with mixed characters of inertia-? 1 * 1 '' 
* avc and low-frequency prograde wave 

" i{ 4 i 20xV, "(p/p 2 ' ri )ij 
* 2 ^[{*- |2 ftxVln(^' ))}>4^lN 2 A-; + (2ft ^ l] 

13' 
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In the following subsections, we discuss the phvsical properties of 

each mode. 


33.2 Zero-Frequency Mode : Geostrophic Motion 

There always exists a zero-frequency mode, whose frequency measured 
in an inertial frame is the same as the rotation frequency of the star. In 

this case, equation (33.7) is reduced to 

r'-A=0 . (33.26) 

and this means that the motion is horizontal. Equation (33.6) leads to 

k r' = 0 . (33.27) 

The momentum equation (33.8) gives 

[2ft x v\ = - ~V,p* , (33-28) 

which means that the horizontal component of the Coriolis force is in 
balance with the horizontal gradient of pressure. This mode is called 
“geostrophic mode" or “geostrophic motion" in geophysics. 


tt t InnrH'tl W— 

Pure inertial waves are waves in the homentropic fluid layer (A'* =0) 
whose restoring force comes from the Coriolis torn, o . . . ■ 

physical properties, the Boussinesq approximation is w nVt " 1t 
approximation, equations (33.6) and (33. ) arL 

*V«0 < 333) 


ind 


ia P- + v’ A = 0 . 

P 


(33.30) 


cspectivelv. Since wc consider the homentrop l . . 

.4 = 0 . 

Ihe Eulerum density perturbation is 

o that equation (33.30) means j UCt;( j to 

ero. Then the equation of motion is reduce 

„ . . . P i. 


(33.32) 
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As easily seen from equation (33.29). the motion of the inertial wave k 
perpendicular to the wavenumber vector k. Therefore, the SCil | ar 
product of equation (33.32) and ✓ leads to 

' =0 , (33.33) 


Dt 


which means that the direction of acceleration is perpendicular to th L 
direction of motion. This indicates that the particle motion of th, 
internal wave has a circular orbit. 


33.4 Low-Frequency Prograde Wave 

The characteristics of the mode given by equation (33.23) can clearly h c 

seen in the case of 


in a homentropic layer 


n k =0 


VS=0 


(33.34| 


(33.35) 


In this case, the nature of the wave in consideration is cieark separ_:.j 
from that of the inertia! wave, and equation (33.23) gives 


g _ t-EOxTlnp] 
Jfc 2 


(33.36) 


The mode given by equation (33.36) cannot be obtained t: 

dispersion relation derived with the use of the Boussinesq appr"' 
non But if we adopt the anelastic approximation instead - 
Boussiiicsq approximation, we can obtain it (Ando. 1989) Th - 
oecause the denary variation of a fluid element with its movement 
lS e ' >SCn,lal m ,be P 11 ^^ property of mi' 
awo U«5) and Ishibashi and Ando (1985. 1986) showed nan r 
^ ^ * mode even without anelaslic approvim 
*** the dynamic property of " 

equation (32.38). Since a- 
feard lhC * XOnd tom ot equation (32.38) di-n r 

^ , 'f ITn °* equation (32.38) bv supposing the r 

_ _ lhc curvature of the coordinate- D 

«w »J«L J' M) : ** ***** tom of equation ( 32.38) / 

* 3 ? e V““ 02-32). He u<k3.™ of equauon ' 


^pY - -vr .vs -vr-vv 


(33 3' 


(33.35) and S' = 0 which is d-' 


«d 
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from the assumption of the adiabatic perturbation in the homentropic 
[aver. Therefore, in the present situation, insofar as we approximate 

{2ft.VK=,(2n.*K. (33.38) 

the linearized vorticity equation is given by 

Da/ 

-^-e 1 + (Vr’)2ft=0 (3339, 

In the case of uniform rotation, the Euierian perturbation of vorticity is 

equal to its Lagrangian perturbation: 

&o^tw' + (fV)2ft = a> (33.40) 

Since 

W= -iflnp dt . 133.41) 

vhere dtdt=3/dt + v V denotes the Lagrangian derivative, equation 

(33.39) gives 


Ddw, dlnp oft _ 
Dt ‘ dt 


0 . 


(33.421 


Using equation (33.42). we can understand the mechanism 11 1 
vave. If 3 fluid element at a point (say point A ) on the equati> ^r • 

noves toward the center, a positive vorticity is generate ' ' r , . 

ncrease of density of the element. The flow associate *> 
■orticitv pushes a fluid element at a point (say pom B _ “ % 

?: the direction of the stellar rotation) of point A towar l . e 12 ^ , w 

>efore, the element at point B attains a positive sort is..) m 

wsoriated with the vorticity pushes a fluid element jement ^ 

: I just east of point B toward the center, while it f CPree » 

3 ° ln * A toward its original position. In this '“■ay- 1 _ eastward 

^erted to point A and the phase of 1 Ishibashi 

from A. B, C,... ; i.e.. in the direction of the std ^ B , imllar 

mdAndo. 1986). Thus, the mechanism of the - subsection 

[ ° *he Rossb\ wave which will be <S»»^ ,n ' J njmK . jSp ea of this 
Therefore, it is concluded that the es - , eaI *h\ this mooe 

Ino de is the conservation of vorticity I'- iD which the 

««mot be retained in the Boussinesq -PP r tnK)>aDC> . not m the 

leo Wy variation is taken into xcoutn 

^nation of volume of a fluid e |eme /” . ^ of the frequency el 
Equation (33.25) indicates that * he . JJL of tbelovTrequeo. 
"""CistaWe convection is the same as n- - Therefore, the r- 1 
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propagation of overstable convection modes is caused by the c 0nsGr „ 
tion of vorticity as in the present case. d ' 


33.5 Rossby Wave 

So far we have discarded the effect of curvature of the stratification if 
we take it into account, a new type of wave appears, which is called th 
Rossby wave. The prototype of the Rossby wave is generated cssentiulK 
by rotation and the curvature of the stratification. To make 0u ' r 
discussion simpler, wc consider a slowly and uniformly rotatino 
spherical star, in which the centrifugal force is negligible. One way to 
extract purely rotational effect separated from gravity is to consider the 
radial component of vorticity associated with a motion on a level 
surface. The radial component of the linearized vorticity equation 
(3238) is written as 

l i BVa, 1 

*4br - ^^r) +2n ' (VV) -i 2n w ']' - 0 < 33 «> 


We suppose that the vertical velocity is much smaller than the horizontal 
one; i.e*, 


KI«K|,KI • (33.441 

Furthermore, we use the Boussinesq approximation, which is a good 
approximation for a low-frequency wave: 


(—+—L_ 

r l 36 


dvL 


sin0 dip 


)=°. 


(33.45) 


Under these conditions equation (33.43) is reduced to 


ia v( 


1 / 9K 

38~ 


1 dv' 0 \ 2H sintf 


sinfl 3<p 


0V0 \ 
3<p ) 


v' e =0. (33-46) 


Since 


rf(2Ocos0) . v'„ d(2il cos 0) 

- (v„+v')- V(2ftcos0) =—- - 

2ftsin0u» 


an the Lagrangian and the Eulerian perturbations of vorticity 
same in the case of uniform rotation as shown in equation ( ” 
equation (33.46) can be written as 


^-(£+2ftcos0) = O, (334M 
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the radial component of the Lagrangian perturbation of vorticity 

^defined as 

„ , 1 / dv't> 1 

$»'• (-gj- S]n0 3<p ) ■ (33.49) 

that flcosfl is the radial component of the angular velocity of 
N° te . an( j t jj at ^4.211 cos 6) is the radial component of total vorticity 
rotatl ° an jnertial frame. Then equation (33.48) means that the radial 
^rrmonent of vorticity is conserved with the motion. 

C Let us define a local Cartesian coordinate (*. y. it as 


dx = rdO , dy = rs\nOd(p. dz = dr. 


(33.50) 


(33.51) 


and 

V' x =Ve, V'y = V '<p' v'z =v ’r- 

this coordinate system equations (33.45) and (33.46) are. rmpeetnc 

ly, written as 

(33.52) 


3x dy 


and 


y<i + 2 —n;=0. 

"rar irr »* 


(33.53) 


16 - (33.54) 

fl,cficos£). 

uming that the spatial depends nee of an d (33.53) 

(ikxX + ikyy), we obtain from equa l - 

3ft, fc y (33.55) 

3X .. Ross bv wave, which was 

s gives the angular frequency the latitudinal derivative 
, derived by Rossby O^^SS).,s called *»’ 

:he Coriolis parameter, - - trea ted a* J cons 1 not he 

yroximation in the R«*j 

cause the geometric effc« P^^ainul dependence <* 

die such an operation mis retrograde (in 
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the co-rotating frame) wave generated by the latitudinal dependence of 
the vertical component of the angular velocity of rotation. The 
mechanism by which the Rossby wave is generated can be understood 
based on the conservation law in equation (33.48) as follows: Let us 
consider a series of points on a latitudinal line on the northern 
hemisphere ( 0 < 0 <J 7 / 2 ). We call the points A, B, C,... in the order of 
decreasing <p ( or decreasing y) direction. Suppose that a fluid element 
at point A moved toward the pole of rotation (northward). According to 
equation (33.48), the dement should get a negative value of f at the 
displaced position. Thus generated flow (whirl) pushes the fluid element 
at point B northward. Then, a negative c, is generated at the position 
displaced from point B as at the element from point A. The flow 
generated around B pushes point C northward and pushes point A 
southward. The latter effect works as the restoring force for point A In 
this way the Rossby wave is generated and its phase propagates in the 
decreasing 9 direction; that is, it retrogrades in the co-rotating frame 
The angular frequency of the global Rossby wave can be obtained 
by introducing the stream function ip such that 


,, 1 

rsind dip 


(33.56) 


and 


V * = 7 36 


i dip 


(33.57) 


The velocity fields given above satisfy equation (33.45) automatical I > 
Substituting equations (33.56) and (33.57) into equation (33.46). At 

obtain 


iaV*ip +^~-f 33.5^j 
r &9 

If the angular dependence of the stream function ip is given by > 
spherical harmonic, YF($,<p), equation (33,58) yields 


_ 2m(l 
°~ /(/+!)' 


(33,59) 


ITib corresponds to the r-mode discussed in Section 19.3. The exat 
analogy between equations (33.55) and (33.59) becomes apparent when 
we recognize that /(/> I) and m correspond to + and *> s,n 
respectively This confirms that the cause of the r-modc is the same - 
An of (he prototype Rossby wave. . . 

W« note here that the conservation of the specific total vortlU 
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plays an essential role in generating both th* 

and the low-frequency prograde wave discST 5 ^ ^ 

subsection. The restoring force arises due to the l^hudL a *'7°™ 

of the vertical component of the eouilihrinm , dependence 

wave, and it is due to the density Salification oTthe^ 

for the latter mode. In this sense the low in ,, * qui1l,bn ‘" D > tate 

discussed in the previous Mbsection j, 

ized Rossby wave ’ in geophysics. general 

34. Global Analysis 

One of the conspicuous effects of rotation on the global nonradial 
oscillations is the well-known m-splitting of the oscillation frequency. in 
which an oscillation frequency designated by (n.l) m a nonrotating star 
is split into equally spaced (2/+1) frequencies in the existence of 
rotation (Section 19). The m-splitting is derived as the first-order term 
in a perturbation analysis, in which the ratio of the rotational angular 
frequency to the pulsation angular frequency (in the co-rotating frame) 
iVo c , is assumed to be much smaller than unity. (In the foil w ;r.g part of 
this chapter, the subscript c is attached to oscillation frequencies in the 
co-rotating frame.) Extending such an analysis to the Mrcond rdcr is 
straightforward but very complex (Cblebowsky. 19"* Saio. 19*1 
Smeyers and Martens, 1983; Martens and Smeyers. I9b6i because the 
effect of deformation of the equilibrium structure due t ’ne cer trzuga: 
force may be the same order of (QJo e f. The fraction -t the ; >\ 
deformation of the equilibrium structure is on the order off f >GM K > 
Since the frequencies of the p-modes are larger than <GM H 
Section 14), the effect of the deformation must be included :n the 
second-order analysis for the p-modes If the secon U. J ['. 
included, the frequencies are not equally J ^ 

uniform rotation, while the first-order eU latitudhtal 

spaced m-splitting only if the ^ 

dependence (Section .9; Hansen. which 

case of (Vo c z 1, a perturbation analysis I^ ^ the 

rotation makes qualitative m,jd ' f ^ a ^ n ' angu j ar dependence of the 
nonradial pulsations- For example ■ { Am vA be desenbed in a 

variations of a nonradial ^ a ' 10 " n ^ r wof ds, a portion mode in 
single spherical harmonic, >/ ( -9 ave t of (//«). In ,h ■ '* clh/r " e 
a rotating star cannot be referre potions erf rs^mg 

discuss such low-frequency adiabatic nonr. 

stars. 
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34.1 Differential Equations describe the a 

We use spherical harmonics Y, (0.W t( > aescr dc the A- amJ 

dependence of the perturbations Then, only '"-value can be assign^ 

in other words, only the ^dependence, exp(^) can be assumed, ^ 
., given value of m, the perturbed quantities should be expressed b v ( 
suLmmon of .he componcnB which are proport.ooal to wit|l 

> \m\. We write the displacement vector | for a nonradial oscillation 
mode with a given m as 


1=2 [e£,(r)+e f , [Hi(r) ge + 7 X r ) sin0 3(f> 

f*M 


+*»\ Hlf '^Sne s|' _7 ^ r> ^']} y '™ ( ®-0 ) =*P('no. (34.1) 

where e„ e„. and e* are the unit vectors in r-, 0 -, and ^-directions, 
respectively, and a represents the angular freqency of oscillation seen in 
an inertia] frame. The terms proportional to H t (r) and T,(r) are. 
respectively, the spheroidal and the toroidal components of the 
horizontal motion. The perturbation of any scalar quantity,/'(r,0.<ju), 
is expressed as 

/ - m 

f'(r,0.<l)j)='^ l fi(r)Yr(9,<P)exp(iat). (34.2) 

For law -frequency oscillations (a c < V GM/R*) , the effect of the 
deformation of the equilibrium structure [«ft 2 /(GA#//i 3 )] is small 
compared to the terms proportional to (0/tr c ) 2 which originate from the 
Coriolis force. Therefore, we can assume that the equilibrium structure 
is spherically symmetric. Moreover, we assume that the angular velocity 
of rotation il is a function only of the distance from the stellar center 
To describe adiabatic nonradial oscillations, we use the continue 
equation (32*15), the momentum equation (32.17), the Poisson equ | 
non (32.19), and the adiabatic relation obtained from equation ri 1 - - 
by setting <5£~Q. In treating the horizontal components ot 
momentum equation, it is more convenient to use the equation obmm^ 
by taking the divergence in the and ^-directions of equation 
f i e ’ ^ T32.17)] and the equation for the radial component ol u,Ttl ^j i 
fie., the r ~component of equation ( 32 . 38 )) rather than using ^ 
132 \1) itself for the horizontal components. If we substitute eq lLt | 

’^4 jj and (34 2) into those equations, we obtain a set ol ct l ua ^ 
■*«di umtain not only terms whose 8- and ^dependen^ * 
expressed by Yr(ft t (p) but also terms proportional to cosfll t { ■ 
hs) iff * etc. To treat the latter terms, the following 1 
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of spherical harmonics are useful: 


and 


dvr(e,<p) 

sm0 do =u ’> l+lY ^ e > < P)-(i+iWYT-i(e^) 
coseyr( 0 . 0 )=/r + 1 y ?+ , (0 ^ )+jrry „ i(e ^ 


where 


(34.3) 

(34.4) 


(\ l 2 ~m 2 l 1/2 . 

HH 

We define the variables yf- s (i=l, 2, 3. 4) as 

>!-3M. w-L(f +<4 ri-£ ,34 - 61 

where the variables with superscript or subscript / represent the radial 
variations of the terms proportional to YT(6,<t>) [see equations (34.1) 
and (34.2)]. Then, the governing equations for low frequency nonradial 
oscillations of a rotating star are written in the form of the following 
infinitely coupled differential equations: 

-^y=(V g -3)y{- V g {y l T -y , 3 j+l(l+ 1 )H,, (34.7) 

-^={c 1 ai 2 c +M-c I -|^ 1 -(/r + i) 2 -(/n 2 ]}yi+(l->yj 

+My3-2mC|Gi c O Ht - 2/cj cOc-0[(/— ( —^(f-h2)7T^i 7/^j) 


+Cl ^-{JT_ i jry[- 2 +JT,2/?^n, (34.8) 

a In r 


W+l)-mr}]HHt) [T t - ,(/ 2 -l)/r+tT, + ,/(/+2V 7 ..] 

=| m ^ + _^^lL[i-(/+ 3 )(/r + .) 2 +(/- 2 )w m ) 2 ]H 

^ +l ^-^^ {/+lv '- ,/ryrz 

-UT^T^yi* 2 ]- 


(34.9) 
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^(/T1) (/+2)-m*IT,. i - VIKI+ ( /+1 ) ^ f ^ T 7 :// j 

2 

^=o-wA>-i. <34. u 


=-rAU/ { ±V t Uy^W+l)-V g VYv\- f/ Vi i^;; 

f tar 

■ h i t' i k (W j uginar \ unit. ft is the dimensionless rotation freq 

defined br 


Q=OVF G\1. 


(34.131 


teaata &edmaainiltm aBcRaii oa frequency in the frame roti: 

with ft then by 


9 b defined by 


WfSa+mfl. 


2ft 2ft 


9 =—= 


(34.15 


*o< 


For a 


We .me that equal ions (34.9) and (34.10) are algebraic e-- ' 
orqmriag from the n>.«fnentum equations for horizonontal motto' 

» ■» r taaon (ft = u,. equations (34.9) and (34.10) are redu - 
H,~ %'jic-tir) and r.?_ s =Q, respectively. In this case the >*'•- •* 
?^ r - " eat * ^ m decoupled from others, so that <-- : 

'■* *'• 34.J1). and (34,12) are reduced to usual equ-.- 

a! oscillations (18.I4H18.17) for /„ r■ ; 

■ rotational angular frequency ft. equation 
spheroidal components associated with / coup - 
vxfxdu ifjffipoeeoti f lx ,. Furthermore, equations (34.9) anc 
****** that the toroidal components T, ±l couple with the 
nampna tmi am ocmed with / and /±2. Thus, we base two indep. 

** * ■ ”> f J «"*«* equation, one consists of the -P'- 
‘*sizrj»c% y f/_) 2, 3, 4)} and { H ,). and the toroidal c " ■ 

tfrnrimd ■«* /=H. JmJ+2, and the other set c" 
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Ibe spheroidal variables {*.= !, 2 . 3 . 4 » aad («,>. a „d the 
components {T/-,} associated with /= mj+i T ra -3 We ^ , 
the sake of convenience, the former even-modes and the Utter 
odd-modes We note that the r- and components of dtspUceme- 
vector. Cr and are symmetric to the equator and the 6 ^-mponer: 

** antisymmetric for even modes, while S, and 5 , are aatisymaettk 
and he symmetric for odd inodes. 

In the following discussions w e assume , for simplicity *ia: rotauor 
is uniform (ft= constant) and that the Luienan perturbation of the 
gravitational potential is negligible I the Cow ling approximation Let ns 
introduce the column vectors with infinite dimensions. 1 . > H and T 

whose /-th (/=!-. x > elemems are then by y . y-_. H. ar: 

respectively, where 

{ /= m| +20"—1). V~ m — 2j— 1 for even inodes: 

1= m +2j— 1. r= m +Hj— 1) for odd modes 

Then equations (34.' 7 H34.10) are written m slight);. 

d li 


dlnr 


-(V t —3)Y,-V ( Y Z ~AH. 


134.16) 
forms: 

134.17) 


■ 

' -^-=( fl ai f 4r4)V r (l-t'-M ..M-L 4JCT 

(34.18) 


dy. 


LH—hfil T= — -mi}A 1 

Cj»P 


34. lv i 


and 




JU3 


The /-th elements 0 = ^ . x > Aa ?“ ui Hljmces A L L " 

given by 

Ag=Kl+ 1). f-T =1_ K/-T7* 


II- 


w 4 _ for even modes 






r /-1 ).;-:- 


_ 

1 K/-U 


fer -Od ® des 
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Tic poo-zcro tfcKBB of Ike MM* bMiagonol matrices C. K. and 


Vf are defined by 


Cir=—{/+2)J fl-i* 

Q* l V - (^ + 1V 1+2* 

/+i • 

„ _ J " 2 
**>+»- / + 2 ’ 

v » = 72jrf^” '• 

4 _ 1+3 I - 

Af/O+i) - i + 2 J l+ ~' 

u _ /+2 r- 



for even modes. (34.22 1 


and 


C t =U+lVr. C^ u =-(l+l)J? + i, 

„ jt K _ J 1+1 

i * *^1* * 


Mij+ty 


- 1 J« 


for odd modes. (34.231 


1/ _^ * I* i/ _ If 2 .„ 

"f—pi. */v*iryfy J i+i 

The sisual -wondir. conditions for adiabatic nonradial p ! J - 
i S ecrious 12.2.16.1) stay be used; i.e., £ is regular at the centtr - - 
* 0 a me suffice In a numerical analysis, a truncated system 
aco*e afoae senes of differential equations is solved 
b<**nd»y ooodiuoas as an eigenvalue problem We note. bones - ' 

1 Afferent jppff^acb a also possible using a general variational p • 
Otatae 1%6: Land and Saw. 1987). 


34J t >wnd Ana*;* for g* and r-Modes ^ 

W qjafcte tydiiytitt and eigtufunctions * = 
mfinile series of terms in equations (34 .1j and 1 
mt a drastic Mwarim lor the sake of simplicit> b> 

«wly the fine too components for each mode In otnc j ' . 

dependence of perturbed - - ; . 

a bncar combm^tK/n of * '* 


NONRADIAL OSOUATTONS OF ROTATING STARS M 






















300 NONRADIAt OSCILLATIONS OF S TARS 


rotation, there exist an infinite number of series corresponding 
different / values for a given m (/>|m|). Only two series appear i^ lh 
numerical result because only two spherical harmonics are included ,1 
this analysis. We call these two series of modes g„-mode and g„. nK)d ; 
for g-modes and r„-mode and r„-mode for r-modes. The g, ,-mode and 
g^-mode tend to g„-modes associated with /— |wr| and / = |^ f j 
respectively, as ft— *0. The r„-modc and f„-mode tend to toroidal modes 
associated'with /=M+1 and /=W+ 3 - respectively, as ft^o 
In a non-rotating star the eigenfrequency of a g„-modc tends to zero 
as n ~>», while Fig. 34.) indicates that the limiting frequency is not zero 
but —0.1ft ( L 2 ) for g, ,-mode and —1.05ft ( L A ) for g„-niode. This 
corresponds to the existence of the inertial wave term m 

equation (33.17) in the local analysis. Since the eigenfrequency of 
gn-mode increases more rapidly than that of g„-mode as the rotational 
angular frequency increases, the curve for a g„-mode in the (U 
«v)-plane crosses the curves for g,,-modes. Actually, the crossin ns are 
“avoided crossings," as shown in Fig. 34.2, which magnifies the 
crossings of two prograde modes: (a) g 2 o and at ft=0.03, and (b) g,. 

and g„,, at 0=0.085. Through an avoided crossing, the properties of the 
normal modes are exchanged. 


820 8|fj 


Eju ** Sfin 



0, 


0, 


0. 


- 0.1278 


- 0.1276 


- 0.1274 


0.085 0.086 

0 


0,087 


34.2 Uywafc view* of selected regions of Fig. 34.1 to show the V 

Caj belweeu and g*, and (b) between and g*i (taktu 

Saio, 19K7a). 
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The r-modes are retrograde wavpc m 
eigenfrequency is negative for negative m hThel'^fn'' e ' ,the 
frequency of an r-modc tends to i Th ^1?' , the 

for an r„-mode and l'=\m\+3 for an f -mode Th» r h / C ~ M +I 
ft->0 is independent of the radial wave n umber mitlng fret j u ency for 
The absolute value of the eigenfrequenev for r, ? ^ sectlon I9 * 3 *- 
is less than Kl- This trend is consist. with th ” 3s"3 

S' , r ?S”, n s ^ y P ? V0S '- B '«l»n,ien. and Rocca (1981) „ d 
Sam (1982). Since .n onr dsenssion the effect of deformation of the 

equilibrium model due to rotation is neglected, the true value of U I for 
r 5 is probably larger than the value shown in Fig. 34.2. The effect of the 
deformation is, however, very small for higher overtone modes ( Provost 

et ah, 1981). 


34.3 Traditional Approximation 

The term “traditional approximation" is often used in the literature of 
geophysics (e.g., Eckart, 1960). In this approximation the horizontal 
component of the angular velocity of rotation, -ft sin tfe*. is neglected. 
Physically, this means that we neglect the Coriolis force associated with 
radial motion and the radial component of the Coriolis force associated 
with horizontal motion. This approximation is a reasonably good 
approximation for low-frequency nonradial modes, in which the 
horizontal motion dominates the oscillation. In astrophysics. Berth- 
omieu, Gonczi, Graff, Provost, and Rocca (1978) reached the same 
approximation by considering the properties of the low frequency 
nonradial modes. Under this approximation the governing equations for 
nonradial oscillations are considerably simplified and can be reduced to 
forms similar to the equations for a non-rotating spherical star. Ihus, 
employing the traditional approximation helps us to understand the 
qualitative character of nonradial oscillations of a rotating star. 
However, we must keep in mind that this approximation can v’ausL some 
difficulty near the stellar center, where the radial motion is comparable 
with the horizontal motion even for tow frequena mo ls. 


34.3.1 Equations the ra diul component 

The last two terms in equation (34.18J an e rirtns j^ c last 

of the Coriolis force associated with the l ’ nzon - m ,j, e horizontal 
terms of equations (34.19) and <- - ar ra dial component 

components^of the CoHotis te ^ appr Ln, 
Of velocity. These four terms are discarded i ions , 34 .17)- 

tion. Thus, under the traditional approx. mat.on, cqua 

ifTizl 7 ft) r-* »j- - ! 111' ■/"* f \ TO 
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i*L=(V g -3)r, 

Jin r * 


(- " -v t ) 

\ €](&£ f 


(34.24) 


JJL={ Cl w?+rA)Y x H' ~ U~rA)Y 2 , 
d\nr 


H=A l W 


r 2 


C[W ( 2 


and 


i r=i)L -1 JVfH, 

where IV is a symmetric tridiagonal matrix defined by 
or the dements of the matrix W~ l are given by 

1 fi mr > 

(W w /(/+!) 1 /(/+!) ;2 M_ | 


(34.25) 

(34.26) 

(34.27) 

(34.28) 




_ r? 2 /(( +2) (J”i ) 2 _| (34.291 

and 

< 34 ; 31 ” ^ 

where the relation between j and I is given by equation {34, ltd I ^ 
first order in fl/av the ;-th diagonal element of the matrix ^ 

1(1+ l)+mtj. The off-diagonal elements consist of the terms of (i) 

of (Cllw c ) 2 , which cause coupling among the terms propoi tl( 

L/"('L^) with different / [see equations (34.1) and (34.2)]- ^ ^ nilt 

that expanding the perturbation in spherical harmonics V; I |)1( , |L 

the best way for nonradial pulsations with I. 1 . |)l( , a 

convenient to change the basis, which will bring the matrix ^ 
diagonal matrix and lead to a decoupled system of equal's'jna' d' L 
Let h be the matrix which diagonalizes the matrix I ^ 
matrix W is a symmetric real matrix for a real pulsation frequen ( | )L . 
•■itory matrix; i.e., 'BB= /, where 'B ( = B~ l ) and / sVd ™ «o&- 
sposed ii, H and the identity matrix with infinite d‘; !t ,c 

respectively. Multiplying equations (34,24) and (34.25) by 
left, we obtain 


log(-C) *? 
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F dlnr~^ Vg ~ 3)Zl+ [~T~ v g )^ (34.31) 

and 

d ^ 

-^y=(ciO> c +rA)Z 1 +(l-a-rA)Z 2 , (34.32) 

where 

Zi=B~ l Yi and Z,=B~'Y 2 , (34.33) 

and the matrix D is the diagonal matrix given by 

D=B -i HTt. (34.34) 


Writing the/-th components of the column vecotors Z, and Z_ as Z\ 
and Z y 2 , respectively, we rewrite equations (34.31) and (34.32) as 

dz\ . 


d In 


(34.35) 


and 

J?L=(c^+rA)Z\H\-y-rA)Z> 1 . (34.36) 

dlnr 
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il/Wr 

Rg, MA Same as Fig. 34,3 but for odd modes with m = -2, Here, l=2j + ] 

where >T' denotes the /-th eigenvalue of the diagonal matrix D with 
l = |m| +2Q“ 1) for even modes and lj=\m\ + 2j-l for odd modes 
Equations (34.35) and (34.36) become the same equations as those for 
nonradial pulsations of a nonrotating star if A 1 )"' 1 is replaced by 1(1 +!)■ In 
order for the notations to be homogeneous when ft/a^O, let us order 
the eigenvalues such that A/ m *=/(/+ l)+mr) when |r?|« 1 ‘' J t " 

given by (34.16). In order to make this ordering apparent. ><• 
/,=lmj+2(/-l) for even modes and lj=\m\+2j~l for odd mo 1 
Figs. 34.3 and 34,4 some of the eigenvalues A^"" are plotted as 
of QJo) e for m=-2 in Fig. 34.3 (even modes) and Fig. - 1 ^ 

modes). (The figures for m = 2 are obtained by changing the stgti 
horizontal axis.) In order to obtain the eigenvalues the matrix 
infinite dimensions was reduced to the 50x50 truncated matri5£ w [ 1() , l . 
negative values of to,, correspond to retrograde wave tno es- ^ 
phases progress in the direction opposite to the rotation 
co-routing frame. . ^ pcrI! c- 

Based on these figures, we can discuss some qualitative P (h; , t 
of the low-frequency oscillations of a rotating star by using t c [L . rI1 i 
the term (w) in equation (34.35) plays the same role ^ ^ , 
Hl+lpteiti?) in the corresponding equation for a non- rotating l!v: . 
non-rotating star 1(1+ 1) is always positive and g + -modes ha v ^ ^ (rJ r 
d while g -modes (convective modes) have negative oj ^ [ i; 
P y,d > imaginary) ho low-frequency oscillations of a rot- 


Amplitude Amplitude 
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positive values of give geodes si mi i ar to the usual 
non -rotating stars, while the existence of negative values of % 
possible for g -modes to have real freanon™ Jt- 


*■-modes of 

undemood as mcanmg ,hat comptettly iabiliis 

COnVe ? ,V ?W ^ eq “f (33 ' ,7)l F “ change of 

sign of a IS, occurs through a singular point. Hie value of n/o, ,, ,h c 

singular point is smaller for the eigenvalue a',"" with larger /In the 

negative region of fl !m c , A)' n) changes its sign twice, once through a 

singular point and once through zero. The zero points of are due 

to the poles of the elements of the matrix W ~ ! [equations (34,29) and 

(34.30)]. These points correspond to the largest frequencies of r-modes 

(global Rossby waves), |2iwfi/[/'(/'+l)]|, for the toroidal velocity fields 
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to spherical harmonics ^*(0^)- The eigenv alue A^’hasa 
positive v alue for a large negative value ot which corresponds to 
: ae existence of the Rossby waves tor r-modes m astrophysics). 

The transformation from Tj and Y z to Z, and in equation ( 34 . 3 ; 
fflw ey^inchMaKfctoBOffe^P 81151005 * 11 (34.1) and (34.'', 
The new basis is “composed of Unear combinations of spheric^ 
hjT TTitogiigi. defined bv 

m 

5 9 JT "+2.-2(0-4>). (34.4- 

4*1 

where u is defined by 

( m for even modes: 

rrr +1 for odd modes. (34 3 * 


The ftmcrioo Y^{ B.O\ has the same ^-dependence as that o: 
5 C*eocai hannorac J7", while Us latitudinal dependence changes as 
riranieter Q c changes. Some examples of the latitudinal depe 
of l"” ;6. c ■ are shows in Fig. 34_5. where the marmum \£_ t 
sormahzxd to he unin for each case. Generally, relative ampii:_:-: 
aosd Ac eq sm or tends to stiftisc as fQh^J increases. For - 
C: te. the degree of rite concentration is larger for larger 

We note that the angular dependence of radial displace-:: - _ 
r**** k ** l * > * l ~pailirTiT 1 pm morir iTTnrhtrrI xiTti ' " :s_ ~ : 
etpressec r* . g..e -.S’*: lot to express the angular deper.:;-.: 
the hermms ds pi&ss mem we need an infinite series :: :t” 
to dSeres: [see Lee and Saie 

draasj 
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approximately the radius of the oute, bouridari or ,s- 
and r b the radius of the star. Since t m ' k f.' °* co ^‘ ear,e we 
obtain the angular frequencies of W orST^i? **' 'l** 
equation (34.39) with the 0>u} r -^ m > relatmn air h wnbrnine 

34.2 and 34.3. Equation <3ug j * ** 

correspond to retrograde waves with small positive*- 
positive values of 4"". the boundaries of the otamL* S tfac> ha ' e 
same as those for g-modes. zone are the 

In order to compare the numerical results obtained bw ^ 

asym ptotic analysis with those shown in Fig 3i ; 

of spherical hannonics are included Figure 34.6 shows XT EtopT 
for this case. A comparison between Fiss > 1.6 aid 31 : ^ 

the qualitative nature of osdUatioos does not <kpead 00 the ri r^r of 
truncation. The eigenfrequenries obtained suan w 

(34.39) and Fig. 34.6 are ueariv idee deal to those sriowx m Fig 31 
which are obtained without using the traSrional arrTunair L « 
and SiK). 1987a). We note that since in the asvw^xodc aaa;. 
the traditional ap proi ima ricn:. |,-~>coe is aaeoenasnt ce s, --xb r> 
avoided crossing occurs (they grap h cress lb ar.i. s :• ■; ixz 

that since in a non-rotating star an osoT- ra> 3 e : arr^r ::— • . 
mode associated with dmeren: values oe au acrKfctta. 

Sgsrin ijrmrm tt |wMr In 11111 ■ mtifriTifittim-ird 
- The avoided cr 

effect of the deviance tr:r- 'Jss tra±ricni. arorre—^ - 
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account (Lee “nd^Saio^j can ^ nterpret the qua jj tat j ve p 

e.oeirequendes shown in Fig. 34.1. At fl =0, 4 2) = 6 and Ap' ^ 
Therefore, *- and fc-tnodes in F.g. 34.1 are ^soaated with AJ-=. ^ 
/i :i respectively. As seen in Fig. 34^6, has singular points at 
L/= 10 and ftf^-1-3. while Ai has singular points at l) c , 
-0 9S and at h/oi,=-0-6. At these singular points A changes its si en 
The singular points for it* ^ correspond to the asy mpt ^ ic 
lines Li and t 4 . respectively, in Fig. 34.1. In other words, the singular 
points correspond to the low-frequency cut-off of gravity waves for a 
rotating star, because in a frequency range where AJ" is negative, wave, 
are not propagative in the radiative equilibrium zone (-M = r,\- g > (l) 
(see equation (34.39)]. Below the cut-off frequency waves are propaga- 
live in a convective zone. Such a wave correponds to a convective <g -i 
mode which is stabilized by the existence of rotation. The stabilized 
convective mode trapped in the convective core in a massive main 
sequence star becomes overstable when it couples with a g-mode in the 
envelope (Section 35 below). 

In the_ retrograde wave region (tn c <0) in Fig. 34.6, A^ m, 's have zero 
points at Slfat e = !'{!'+ l)/(2m) with /' — |m| + 1 and |m| + 3. The zero 
point corresponds to the high-frequency cut-off for r-modes. For a given, 
rotation angular frequency, the Rossby waves with angular frequency 
|ai c | smaller than the high-frequency cut-off are propagative m the 
radiative equilibrium zone. 


35. Excitation Mechanisms of Nonradial Oscillations in Rotating Star* 

Various excitation mechanisms of both radial and nonradial oscillatu^ 
have been proposed for massive near-main-sequence stars, tor " ^ 
the usual x-mcchanism does not work (see Section 28). and discuss- 
connection with the variabilities of ft Cephei stars and variable 13 
stars. These are reviewed by, e g., Osaki (1982) and Cox (19KM- ■" ; 

section we discuss excitation mechanisms in which rotation I 
crucial role. 

35.1 Overstable Convective Modes ana ]y$i> 

Stellar rotation tends to stabilize convective instability. 1° 1 
i v irtg the traditional approximation developed in Section 34 ’^des * 
that if rotation is sufficiently rapid, some convective de¬ 

stabilized and become purely oscillatory. For slower rotation- r |)( lfi 
Mnt in a region with a super adiabatic temperature • 

°Wstable in other words, some periodicity exists in a con' c 
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in a rotating star Usually, these perturbations are confined lo the 
convective zone. To extract ,he periodic ,, om 

core. IJsaki (1974) considered a resonance coupling between Ihe 
overstable convection ,he core of a massive stt, and a n^da 
oscillation mode ,n Ihe envelope. Osaki (,974) p,„po*d this mectem 
ism as the excitation mechanism for ft Cephei stars. If a star has a rapidlv 
spinning core compared to the envelope, the aneular frequency of a 
large-scale overstable convective mode may coincide with the aneular 
frequency of a nonradial f-mode in the envelope, which has a similar 
angular frequency to those of ft Cephei stars. In addition to the ft Cephei 
stars, many B-type stars have been found to be variable, with periods 
longer than those of ft Cephei stars (see Section 8). Since rotation and a 
convective core are common to these stars. Osaki's (1974) mechanism is 
a promising candidate for the excitation mechanism of the nonradial 
oscillations in these stars. Furthermore, because the periods of 
variability of the variable B stars are comparable to typical rotation 
periods of these stars, a large differential rotation between the core and 
envelope is not necessary in explaining these variations by Osaki's 
(1974) excitation mechanism. 

Lee and Saio (1986) confirmed that Osaki's mechanism actually 
works for a uniformly rotating massive star. They solved the differential 
equations (34.7)—(34.12) assuming uniform rotation for a 103/ 
zero-age main-sequence model, in which the superadiabatic tempera¬ 
ture gradient, F— V ad , in the convective core is assumed to be 10 The 
infinite series of the differential equations was truncated by including 
the first two spherical harmonics. Complex eigenfrequencies (in the 
co-rotating frame) of convective modes for even modes are shown (solid 
lines) in Fig. 35.1 as functions of the angular frequency of rotation. 
When there is no rotation, a convective mode has a purely imaginary 
frequency; i.e., it grows (or decays) exponentially, for a tunic \a ut o 
the rotation speed, the angular frequency of a omiulUvl mo «.is 
generally complex. Since the differential equations 
conditions described in Section 34.1 have purely r<-.i . 

eliminating iT ), if a complex u) c is an eigen requency. 

conjugate is also an eigenfrequency. ff .. mtencv c f a 

When rotation is very slow, the real par, of the frequency 
convective mode is approximately written an 

^ n (35.1) 

. , r />m is a numerical constant which 

m the co-rotating frame, where C* L w mode for n = U (see 

depends on.the e.gc^function ^ , sufficiently small D. an 

equations (19.46) and (19.4/q. inci«.» 
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Fig, 35 A Dimensionless eigenfrequendes in the co-rotating frame for oversi^^k^ 
stable convective modes for m= -2 even modes as functions oi the L 
sionless rotation frequency (based on Lee and Saio, 1986). I he iL 1 | 

the rotation frequency, and the ordinate of the upper (lower) h^ lK 
real (imaginary) part of the eigenfrequency. The dotted curve 3Uf " 1 h 
the eigenfrequency of a stable convective mode obtained by imp 1 ^ 111 ' ^ 

boundary conditions at the outer boundary of the convective core 
dashed lines labeled L 2 and L 4 have the same meanings as in Hg 

overstable convective mode is a retrograde wave (travels opp u _ 
rotation) in the co-rotating frame, as seen in the small fl P a ^ ^. avC ). 
I - As Cl increases, however, w cR becomes positive (progra L !(w 
nese overstable convective modes are generally confine 
convective core and no motion penetrates into the outer envchH , , lL |\ 
i inemcnt jg maintained, the convective modes arc co| y 
when the rotation frequency is increased sufficient^ 
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pies of the transition from overstate to stable can be seen for the modes 
labeled A 4 and A 5 m Fig. 35.1. Since for a complex w c a curve in the 
(tu f r .ff)-plane represents a complex and its complex conjugate eieenfre 
queneies, it appears that a curve branches off in the same plane when 
the convective mode is completely stabilized (i.e., w t becomes purely 
real). 

The modes labeled B n in Fig. 35.1 behave differently when fl is 
gradually increased. Before attains a maximum, the eigenfunction is 
well confined in the convective core. With further increase in 12, 
and \a) c t\ decrease steeply and, more importantly, the relative amplitude 
in the outer envelope grows. In the envelope, the eigenfunction behaves 
as a g-mode with a large number of radial nodes. A sample of 
eigenfunctions for a mode w r hich has large amplitude in the convective 
core and the outer envelope is given in Fig. 35.2, where the amplitude of 
radial displacement )r^/| is shown as a function of the location in the 
stellar interior for the B\ mode at H = 0.162 (£u rR = 3.31 x 10 


Fig. 35.2 



f sri nf I he even ^ vvllh m ~ ” 2 ^ 
tie radial displacement Th . jjj aI)( j broken curves mdi- 

0.162 is shown us a function of * /_ JJ* 2 respectively. The short ver- 
te the components with wizonul axis shows the location of the 

:al line attached to the upp^ 

Il*e of the convective core. 
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, ^1 _ 4 .40 X 

^Trfa'cTlh” horizontal displacement is much larger than the , adla| 
displacement <|tf w |/|Swl -™ A f) and that the torotdal compo„ CT , 
is about 60% of the honzontal displacement for the spheroidal 
component This phenomenon is the appearance of a mixed convective 
p mode bv a resonance between a convective mode and an envelope 
l mode just as Osaki (1974) expected. Lee and Saio (1987b) found that 
This mode is overstable even if the nonadiabatic effect is included I hus. 
this mechanism is a promising candidate for the excitation mechanism 
for variable B-type stars. 

The coupling with an envelope mode is essential in order for a 
convective mode to be overstable for the rotation frequency larger than 
the value corresponding to the w cR peak. If we solve the /?, mode h\ 
suppressing the coupling with an envelope g-mode, we have purely real 
frequencies at the location shown by the dotted line in Fig. 35.1. This 
solution was obtained by solving eigenfunctions only in the convecti\e 
core with zero boundary condition at the outer boundary of the 
convective core. This figure indicates that if there were no envelope 
mode which could couple with the convective mode, the B ] mode would 
be stabilized completely when the solid curve encounters the dotted 
line, just as A n modes are stabilized at sufficiently high rotation rates 
Note that there is no envelope g-mode in the region between L : and the 
horizontal axis (see Fig. 34.1), where the A n modes are stabilized 
rotation. The frequency spectrum in high-order g-modes is so dense that 
a convective mode can find an envelope g-mode for an> rotation 
frequency. However, in a differentially rotating star, where the ^ou 
rotates more rapidly than the envelope, a convective mode with oj, k ^ 
the convective core can couple with an envelope g-mode 

-w/r re -m((l CO " — ilenv) * n the envelope, where Cleon an(J - l 
the dimensionless rotation frequencies of the core and of the cn\e I 
respectively. If the core rotates rapidly enough compared to 
envelope, the real part of the eigenfrequency of the convective 
enters into the frequency region for low-order g-modes in the enw 
In such a case, a convective mode is overstable only when it can 11 ^ ^ 
g-mode in the envelope to couple with (Lee, 1988). The ncC ° sl . ls 
coupling between a convective mode and a g-mode in the cn \ L * g , 
** ** * ** * * * ,n detail, using an asymptotic theory, by Lee and Sau> ( ^ . 
who aKo show that only prograde waves can be overstable as a rc 
the coupling. ' lllf c 

In the above numerical analysis, a large superadiabatic temp L j hL - 
gradient T-r^lO' 3 in the convective core was assume 
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overstable 

rotation 


(V- VJT W' e 5 UaU ° n * oerefore. if , he true su ^ a 

temp^ rature 8 rat * ient 10 t * le is smaller than 1(T 5 ov 
convective modes coupled with envelope g-modes appear for! 
slower than that shown in Fig. 35.1. ~ WI1 

In an observer s frame, the real part of angular frequence of the 
overstable convective mode coupled with an envelope g-mode is 

toR = tocR re -m{l C ore--rn{l r , /rr . (35 2) 


because (OcvT is very small compared to Equation (35.2) 

indicates that if more than one oscillation period is detected for a star 
each period corresponds to a mode with different m. and that m times 
the observed period associated with m is approximately independent of 
observed periods. These properties are just those observed for some 
variable B-type stars (e.g., Gies and Kullavanijaya. 1988) Observa- 
tionally, the product of the observed period multiplied b> m in called the 
“superperiod,” while, theoretically, it must be the rotation period of the 
convective core if the overstable convective mode coupled with an 
envelope g-mode is responsible for these variations. It is fair to note, 
however, that the existence of retrograde waves, which cannot be 
excited by the above mechanism, in rapidly rotating stars is suspected 
(see Section 8). Since to obtain the oscillation frequency and rhe pha'<. 
velocity in the co-rotating frame of the stellar surface, one need' to 
know the accurate rotational velocity of the star, further obser^.. 
are necessary to confirm the existence or nonexistence of retrogra c 
waves. 


35.2 Kelvin-Helmholtz Instability in Differential!' ,)LiIin2 . ^ ^ 
Another mechanism of instability in w hich rotation \ ^ ^ mec hamsm 
the Kelvin-Helmholtz instability (or shear insta j ^ ^ cause 

w as first suggested by Papaloizou and Pringle < ^ (I9SI) 

°f carly-type variables and was examined m ^ ^ One of them 

* *°wever, there are several problems with t ^ instability rhe 

,s that stable stratification tends to stabi izt *• t || v approximated as a 
rotcrior of a differentially rotating star may be of p | ane shear flow. 
Plane stratified medium with shear flow In Ric hardson number 

a necessary condition for instability s 
defined by 

1 y : (35-9 

R, ~ (Ji d:Y n . v measuring 

\ al Nalafre9U^> mt 

15 les s than 1/4, where N denotes the Bru 
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j stratification, white dUldz measures the vertical shear. Whe„ 
annltej o a rotating star, this condttton shows that stratifies, io „ 
S Ikes most of the differential rotation even m a raptdly rotating aar . 
SmStont. even if Kelvin-Helmholtz mstabthty occurs somewhere, 
ccneraud waves tend ,0 change the rotation proftlc very raptdly in such 
a way as to suppress this instability. 

\ngular Momentum Transfer by Nonradial Oscillations 


36.1 General Theory 

We discussed the effect of rotation on nonradial oscillations in the 
previous sections of this chapter. In contrast, we will discuss, in this 
section, the effect of nonradial oscillations on rotation. One of the most 
important aspects of nonaxisymmetric (m =*0) nonradial oscillation is 
that they can transport angular momentum from one part of the star to 
another when they are nonconservative (i.e., when there exists an effect 
of dissipation or leaky boundary conditions). As reviewed by McIntyre 
(1980), the interaction of wave and mean flow (e.g., rotation) has long 
been familiar in many branches of science such as fluid dynamics, 
acoustics, and electromagnetics. The subject has been revitalized in 
geophysics by recent evidence that wave-induced streaming takes place 
on a verv large scale in the earth’s atmosphere and also perhaps in t c 
atmosphere of Venus. Investigations of convection-rotation interaction 
in the sun may be classified into the same category. Nonracw 
oscillations were recently discovered in several rapidly rotating ^ 
type stars (e.g., Be stars). Interaction between the nonradial osci a ^ ^ 
and rapid rotation may play essentia! roles in various phenomena 
these stars. .| stiirt 

In order to discuss the effect of waves on rotation, we s ^ ^ 
with a nonlinear momentum equation. The momentum equation ^ ^ 
combined with the continuity equation (32.1) is written in ’ 11 

+ + p(v• V)v=» -V /;- 1 

and ns (p-componcnt is written in the conservation form of the 

momentum 


A mpVy) 

5 , +V'(pomv) = 


dp 

d<t> P d<t>' 


( 36 . 2 ) 


where 


w ‘ ninfl 


(36.3) 
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Let us decompose the physical quantities into the quantity averaged in 
the azimuthal direction and the residuals. For example, velocity may be 
written as J 


v= ~ v+ v - (36.4) 

where the overline means the zonal (^direction) average (V=0), It 
should be remarked that V given by equation (36.4) is not necessarily 
small enough to be regarded as the linear perturbation of the velocity. 
We assume that the mean velocity field is only due to rotation: i.e", 

(36.5) 

[See Andrews and McIntyre (1978) for more general discussion.) After 
decomposing the other physical quantities into theazimuthaily averaged 
values and the residuals, we take the zonal averages of equation (36.2) 

to obtain 


= -P' 


a<p' 
d(j> ’ 


(36.6) 

where the terms proportional to the zonal mean of the product of three 
perturbed quantities is discarded, and the overbar above p is dropped 
for simplicity. In equation (36.6) h is the specific angular momentum of 

rotation defined as 


6 sen 2 


(36.7) 


V p is the poloidal component (i.e., r- and ^-components) of osc,llj,t,r > 

velocity defined as 

<**> 

and V, is the poloidal component of the differential opaan-r 

„ / 3 1 J_ ,)1 (36.9J 

V ' = ( a7’ r 98' ' 

Needless to sav. the pres sure "^Et-hand side of 

(36.6) because J- d \ . s(reWi which represents here 

equation (36.6) comes from the ey ^ nux The right-hand side of 
the divergence of the angular mo <- tong itudinaJ torque generated *y 
equation (36.6) represents the cfh J t J ms in the left-hand side of 
self-gravity. The second ”d*£^ (Ando. !»)•1" «“ 









mmrad'ai .MtUA-rumomAH* 


m 

Aucamkm, we«M < " wli "K °l’ J ’ ml ,f,fc ' 

account only leading term* in equation (36,6) for the sake of „ 

(cf Ishibnshi, 19X7); i.c., we adopt 

p “ - V/'f/wV^v^,), rtr,. ifj ; 


Stftctly speaking, nonlinear wave solution* for V,, and |/,„ -.houM 
employed to evaluate the right-hand side of equation (36.10). I f,„, . 

,n order to give clearly the physical interpretation for wave m,,..,. 
forcing, we use only the linear perturbation of the velocity 
discarded the higher-order perturbation *o that 

V® r' , nr, ii, 

where V in the right-hand side in the linear perturbation of velocity 
ihc v;nse used in the other section* Then the rigid h 

side of equation (36,10) denoted by t can be estimated wiih the help - 
I he basic equations for linear nonradial oscillation* of rotating .tar. 
Ihesc- equations arc given by equation* (32,15), (32.17), and (32 21, I 
the wave motion* arc assumed to behave a* cxp(/(r/M mty )j die • 
equations lead to 

/(o+/n())r^- ^ V,// + ^ V,//. f '6 i 


iia * mll)Vf + ^ v',,'Vth “ 


imp' 

pm 


(36.13) 




AV 

V' 


and 


do * odi)// v V,*(/<)+ 1/* o 


m 


(36.14) 

(36.151 

and 


fhe overbaft above the zonal averaged quantities are omit*' d h 

,n d*c- subsequent discussions 

After vane rnanipulatirm, we obtain 

2r ~ 2V > ■ MVr<pmv / „v'})\ 

2 //V , , „ ,(*'.« , V,/z)*'V 4 I 


KONMI/IAI.Wll.| AM , m ,,, ,,, 

_ or/// /jot* ) 

r » 1 /« ? /> y, + wfl ' 

<*'p' A + 

Uf* * mil) 

+ pmuAv'}{o+mil)v, dS I + ^'' ' 

r* c t> > I <0*+rnit) 1 

(36 16) 

where o K and o, arc the real and imaginary part* reipectr.th of 
eigen frequency a ief. Ando 19X3). ft is difficu;- ■/, <f v . . 

properties of equation f36.16) direetly We a- ; - - - 

slowfy and the oscillation frequency 6 large enough fi e o, - ft , fa 
this approximation, the first two terms and the a ■ n*o 
in the right-hand-most side of equation 136 16, *r,d d’er v-m* 
manipulation, equation (36 16)can be reduced v-'.nv <he v!req 
cy and eigenfunction for a non-rotating star to (Ando FA 

r*r„-r^. t3617) 



'here 


pt Z,r^0 V O S mf> | 111 ji ° (} S' Y ~ lV, U 1 

d 

F *A-^[(^‘Ol r 

sre and & arc the radial and the horizontal opponent* of fhe 

(placement, such that 

b'Sja&t**'' 0 '**' tv>21 ’ 

the eourie of.fcrlv.lta of «!“»*» - JZSZ?”*' 

«* l»vc lata Vcp. 

It, imaginary pan o, o< Saterm may male a larp 

rtc derivative of the wave ampin 1 1 uriJfVC ether - v e 

ntributton to the wavc-mdu":-t f me% wf „ m the oead;, 
ssage, growing, or damping * 11 '' 1 _ ^ McIntyre HW" f ^ 

tit. This term is called *»vc d ’ ()) propagating m f he 

ample a I^S^ iim ... 

tic direction M rotation cat 
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ar 

on 


the work integral discussed in Chapter V for each fluid element 
for some factors including m In the excitation region, wave energy* 
supplied through a thermal process, and the corresponding ang U ]J 
momentum is dredged up from, or deposited to, rotation depending r l 
whether the wave is prograde or retrograde. In the dissipative regj [in 
the situation is similar, but the sense is reversed. In the stars, owing to 
the conservation of the total angular momentum, nonradial oscillation- 
may accelerate rotation at one depth and latitude at the expense of 
corresponding deceleration at another depth and latitude. 

In the case of rigid rotation and/or strong differential rotation th t 
third and the fourth terms of the right-hand-most side of equation 
(36.16) might be important, and, under certain conditions. Kelvin- 
Helmholtz instabilities may occur, in which case the energy will h t 
supplied from the rotation energy. The detailed discussion about the 
exchange among energy of pulsation, rotation, and gravity is given bv 
Ando (1985). 


36.2 Nonradial Oscillation as a Possible Excitation Mechanism for 
Be-Phenomena 


It is now well known that Be stars eject their mass from the equator ; 
region quasi-periodically at intervals ranging from several years to some 
decades, and that this mass forms a cool gas disc around them, tn th: 
active mass-eruption phase. Be stars show Balmer line emissions. In the 
quiescent phase, they show normal B type spectra. 

Fhe mechanism of the episodic mass-loss in Be stars is as 
unknown. Previously, Be stars were presumed to be at break-up 
velocity and to eject their mass from the equator. However, it is o* - ! - 
confirmed that there is no observational evidence that any Be star i* ; 
break-up velocity. Other mechanisms, such as magnetic fields, stc - 
winds, and mass accretion in close binary systems have also ;, o 
proposed, hut none succeeded in explaining all the key aspect' 
observations. 


New detector devices such as Reticon and CCD systems ha-, 
opened up the field of high-precision spectroscopy. Walker. Yan-' 
fahlman (1979), Baade (1981), and Bolton (1982) discovered n 
several Be Mars in addition to the well-known early type variable- 
*pfce. and 53 Perse, variables) pulsate nonradially. In particular ; 
ff* **** ** (]9ia > vhowed clearly the short-term variations * 
iMWnis of several hours in He! 6678 absorption line of - °' ,h x 
travels from blue to red as shown in ht- . 

_ between this short-term variability and long-term ,rM 
If has been suspected. Vogt and Penrod (iw3) 1* 
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SltoHnd sn^ested [taftf-XT 8 ' nCrMed >» MmSal 
oscillations of ( Oph is » radial 

envelope IO be ejeeled. ^ of ils 

Here the relation between nonradial 
Be stars will be discussed from a different point of“SS ” 
the previous subsection, the prograde nonradial oscillations propane 
,n the same direction as rotation seen in the co-rota„ ne frame acXate 
rotation in the radiative damping region, while the retrograde nonradial 
oscillations decelerate it there. Osaki (1986a) discussed a possible 
mechanism of episodic mass-loss in Be stars by nonradial oscillations on 
this basis. 

if we assume that prograde nonradial oscillations are excited in the 
deep interior of the star by some mechanism, angular momentum 
transported by nonradial oscillations is deposited near the surface due to 
dissipation. This may result in an increase in rotational velocity at the 
surface, leading eventually to the break-up velocity and to mass-loss at 
the equator. Once the mass-loss starts, nonradial oscillations will teak 
into the newly formed extended envelope and mass-loss may be 
accelerated. In the meantime, nonradial oscillations will be damped 
owing to increased dissipation in the extended envelope, and conse¬ 
quently the mass-loss will come to an end. The star remains quiet until 
new nonradial oscillations are built up to sufficient amplitude and a new 
episode begins. 

This model only requires prograde nonradial oscillations, ^hile the 
existence of retrograde nonradial oscillations is reported in some Be 
stars as well. Based on the working hypothesis that the actual 
observations reflect the fact that either prograde or retrograde 
nonradial oscillation is predominant in a certain phase of Be >tar, 
though both modes exist, the way these rwo nonradial oscillations 
modify the rotation profile in the envelope of Be stars has been 
investigated by Ando (1986). In this situation, wave-rotation interaction 

plays a crucial role, „ _ fl . 

It is very difficult to attack this problem generally Following the 
assumptions given below. Ando (1986) formulated the time evolution of 
azimuthal velocity (rotation) v+ deviating hom i the uni , 

the equator by using equations (36.10) and t - - )• “ sectoral 

(I, Ihl interaction ,s a, work only near .he e,ya,o, 
g-mode. which is composed of a '°£'Zl 

prograde traveling wave, is co "'‘. • laken inlo (3, 

dissipation and excitation on rotati estimate the radiative 

quasi-adiabatic approximation is applied to estimate 
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damping of a wave; (4) eddy viscosity is introduced for the sakc 
Sidfv as a relaxation mechanism of the strongly dif fcr , n 
Zion' since the shear instability is too complicated to inwrp ' “ 

According to Ando's (1986, formulation, even uniform rotat^'; 
secularly unstable in the envelope of early-type stars, and thcrc K 
possibility that the rotation profile may vacillate quasi-pe riodic;ii 
around uniform rotation. This kind of phenomenon is already n*. ’ 
nized in meteorology as the quasi-hfennial oscillation of the zonal ^ 
in the tropica! stratosphere. 

In the 20 M® ZAMS model regarded as a simple Be star model. th 
oscillatory motion of the rotation profile was actually confirmed hi 
Ando’s (1986) numerical calculations. The time scale is inversely 
proportional to the wave energy. For the reasonable models of He starv 
it ranges from one year to several decades, which is in good agree men 1 
with the observational time_span of Be episodic mass-loss. Thu 
amplitude of acceleration of v 0 amounts to the order of phase speed t>: 
nonradial oscillations. It actually takes 10 km s -1 to 100 km s 
depending on the period and m value of nonradial oscillations, which i< 
large enough to push the surface velocity to the break-up velocity m the 
Be stars. 

The two conspicuous observational aspects predicted by this m 
should be checked to confirm this model. One is the quasi-period-, 
variation (acceleration and deceleration, of the rotational velocity at she 
equator. The other is that a prograde nonradial oscillation is dominant.} 
seen during the acceleration at the surface and a retrograde nonradu- 
oscillation during the deceleration. Regarding the former aspect, m s- 
precise line-profile observations should be accumulated over the "hole 
cycle of a Be episode. In any case, confirmation of both a'pv*-* 
important, although it is a time-consuming task. 


Chapter VIJ 


HELIO- AND ASTEROSEISMOLOGY 


37* Theoretical Overview 


The identification of the solar five-minute oscillation as (be global 
eigenmodes of the sun has opened a new field of research called 
“helioseismology," in which the observed oscillations are used to probe 
the solar internal structure, which can never be observed directly Stud) 
of the solar internal structure by means of heliosetsrooloEy is worth 
doing for the following purposes. 

The detection of solar neutrinos was a unique method of examining 
the physical slate of the central region of the sun. The observed flax erf 
solar neutrinos is only 1/3 of the theoretical expectation based on the 
standard solar model, and this inconsistency has been an unsolved 


iroblem in astrophysics. Helioseismologv provides another diagnosis >f 
he solar internal structure and is expected to yield a useful key to 
olving the solar neutrino problem. 

Since helioseismologv can diagnose a wide range of he sohir 
nterior, it is a powerful tool in studying the structure and evolution of 
he sun. Though rotation is considered an important facioi g<’*.rnmg 
tellar structure, the internal rotation of stars and it* evolution 
et been definitely understood tt e will be Meio elIJ1 * 
otation law of the sun through hehosei^olegy ota mtcma j 

factors of solar and Stella, aedvin Hat 
otalion will be helpful in understanding t e to^r ^ ^ 

Solar internal rotation is related ibeon. the 

been of general relativity ^“J'j^ebcanv opeded value * 
lerihelion of Mercury precedes, an , ^ n f, as a rapidly 

onsisren. »,,h .he observed a* d* 

mating core, the gravitational fu- ^ accounl . Einstein s 

Mercury's perihelion. If we ta e i ' - obsen «j value Hence. 
Prediction mieht become incoosisten _ mrren or »eha'e 
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w know the solar internal rotation rate. It is not so easy to measure ih c 
deformation of the solar disk shape due to the eentnfugal force from ,h c 
2°2 disk, and the information on solar tmernal rota.ton derived 
f on, the solar oscillations is more reliable. Hence, heltosetsmolom 
provides a unique test of Einstein's theory of general relativity, ' 
In this chapter, we discuss various aspects of hehoseismology a ft er 
overviewing the sun as a pulsator in the next section. These aspects 
include observational technique and data reduction (Section 39). the 
forward problem (Section 40), the inverse problem (Section 41). and the 
excitation mechanism (Section 42). We also discuss, in Section 43. the 
stellar version of seismology called asteroseismology, which is still in 
its infancy but is expected to develop in the near future. There are man\ 
useful reviews and proceedings of conferences on hclio- and asterosek- 
mology. Since these fields are rapidly developing, readers should also 
consult these soures. For example, as reviews, see Leibacher and Stein 


(1981). Christensen-Dalsgaard (1982b, 1984a), Gough (1982. 1985b). 
Scberrer (1982). Deubner and Gough (1984), Christensen-Dalsgaard. 
Gough, and Toomre (1985b), Leibacher, Noyes, Toomre, and Llrich 
(1985). Brown, Mihalas, and Rhodes (1986), and Ubbrecht (1988c); for 
proceedings, see Hill and Dziembowski (1980), Gough (1983, 1986a 
Belvedere and Patemo (1983), Ulrich, Harvey, Rhodes, and Toomre 
U984). Durney and Sofia (1987), Christensen-Dalsgaard and Frandser. 
(1988), and Rolfe (1988). 


3S, The Sun as a Pulsator 


Let us consider the characteristics of the sun as a pulsator. As seen in 
Chapter III. the oscillation property of a star is represented by the 
internal distribution of Brunt-Vaisala frequency and that of the sound 
vekoty. As the sun has a convective envelope, the square of the 
Bruot-Yusaia frequency is negative there. Insofar as we suppose a 
, ^ ^ohrtion theory of the sun, the fi-gradient zone induced 

r evolution leads to a gradual plateau of the Brunt- Vui- 
equency near the volar core. The maximum of the plateau is about ‘ - 
H S'Wodes have frequencies lower than about 1 

fr-nnVnn *. re 9 uc,lc * e * °f g-modes concentrate on the P c “’ 
5! ?? .. . in crease of the degree /. As the frequency of a l( 
fc »gher with increasing /, it comes to be close 
^ A which is approximately gis*-'" n - 


c?-*iGMrR y )l. 


(38.1) 
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Fig. 38.1 The (/. v)-diagram of a standard model, where v - ° 2 * _ ^ VO “!‘ d 
crossings” of the [-mode and *ome e-mode* are realized near 
From Christensen-Dalsgaard (1986)* 


s noted in Sections 15 and 16, however, degeneracy u . 

rver occurs, but “avoided crossing is realized ,gur< ’ 

, v)-diagram of a standard solar model, and we ean vee 

ossings" near l = 7 - 18. reaches jts 

The sound velocity increases with the P mean 

aximum near r/R = 0.1. In the increase of helium 

olecular weight becomes larger . CJU '\' i(>at vslighiiy decreases, 
‘oduced by the nuclear reaction, t e >" u . . ' ^ sound velocity 

lie Lamb frequency, however. , fd the center. The 

,e_i:,.i monotomcally increases 




























SONRADIALOSCIUATIONS OF STARS 

__ is riven in Rg. 15-10.JTbe unit of the ordinal . 

SHf^^^P 39 * 9x 1(r *p ]Siac Z T inner ,ur ^ 

JSurfL acoustic mode cavity (P-zone)isg-ven by (see Section : 5 S 

Lj = o 2 . (?S.; 

die penetration depth. r n of acoustic modes is esumated in terms of 


Wh) 


p ;£ure 3 ? 2 shows the penetration depth r, estimated with cqur - 
mj| in ,n|i|iiirviiie f * o/2f = 3-3 mHz . As seen in this figure 

_ a iintir Modes with the period of five minutes with / = 

poriifc us nfbnnatian on the solar interior as deep as iiR ~ 0.05. A : 

the p-modes m the five-minute range are concerned. modc> 
desrees lower than about 60 can penetrate into the radiative z - 
beneath the convective zone, and those with higher degrees are trap-.; 
witfcm the convective zone 

In the chromosp h ere, there is a temperature minimum so tr_- -. 
acoustic cut-off frequency has a local minimum there. This situat: 
seen in the propagation diagram of Rg. 15.10. The slow decrease r '• 
wnh height in the lower chromosphere is caused by the slow inert-- _ - 
temperature. while the small hump in the higher chromosphere is d.i * 
the ionization effect of hydrogen. The rapid increase in S 2 near: 
of the chromosphere is due to steepening of the temperature ; . 
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The Brunt- Vaisala frequency N finally settles to a constant value of j 4 
x I (TV 1 in the corona. On the other hand, the Lamb frequency / 
remains practically constant in the chromosphere because of near 
constancy of the sound velocity, and it then jumps to the coronal value, 
which is 2.5 X MT 5 *? 1 for / = 10 and 4.8 x 10 2 s 1 for / = 200. F 0r 
higher p-modes with low horizontal wavenumbers k h < 0.2Mm''. 
waves can propagate acoustically in the corona where o > N and o> l , 
Thus some of the wave energy is leaked to the corona by running waves 
However, the effect of wave leakage on the stability of modes is small in 
most cases. This is because the evanescent zone, which exists between 
the inner cavity of acoustic waves (i.e., the convection zone) and the 
outer propagation zone of the corona, is so wide that the wave energv r 
reduced greatly w hen waves appear in the corona. In the case of high 
horizontal wavenumbers k h > 0.2Mm -1 . p-modes are evanescent in the 
corona, and there is no leakage of waves in the corona. However, a new 
mode appears in this case: The p-modes with high degree / can be 
trapped in the chromosphere (Ando and Osaki. 1977: Ulrich am: 
Rhodes. 1977). and indeed they have been observed as the chrom 
spheric modes (Deming. Glenar. Kaufl. Hill, and Espenak. 1986) 
Eigenfunctions of various eigenmodes are shown in Fig. 38 3 

39. Observational Technique and Data Reduction 

Observation of solar oscillations is unique in the sense that the 
tw‘^-dimensional solar disk can be resolved and hence the pattern' 
oscillations on the solar surface are directly seen. Therefore the degree 
and the azimuthal order m of individual eigenmodes are unique 
identified. As described in Section 11. at the early stage of heJioscbm 
ogy. the observations were mainly done by means of onc-dimenM " 
devices such as a Reticon array or a cylindrical lens: hence 
identification of individual modes differing in not only / but also m *-j 
wx satisfactorily done. However, since the mid 1980 s. various instn*' 
menu for fully two-dimensional observation* have been devised 
fofly two-dunerakmal observation* have been successfully dor 
various groups The possible observational methods are mainl> dr*id r - - 
tmjj two categories: one ts observation of velocity fields on the ^ - 
surface by meafiring the Doppler shift of spectroscopic lines, and - 
oAerit ncMrtmcnt of the brightocsiover the solar disk- The Jar 
velocity amplitude of a single p-mode of the sun is less than a few ten 
centimeters p kj second Some extremely accurate measurement system 
haw dent td 4 and fully twxMtiniefft&ional Doppler shift obse v* ^ 

tMjm over the v4ar disk have already succeeded and will be pc 
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systematically at several places a ri ^ 

Oscillations Network Group)-p ro , t !'.q '? rld I**-- GONG (Global 
ness observation is strongly influej*d *** 

brightness amplitude of an individual mode ,„h h f C °" dltJOm 
oscillations is as small as ALL ‘ !ncluded 


The 

in the five-minute 


wtuch means that sanation 


in 


the sky background prevents us (mm a Y IC " meanv ,flal 
the brightness oscillation. Indeed. gn.und'haSlXit'n” t “H” ,r ° m 

(e.g.. Jimenez. Palle. Roc. Cones. Domingo. nrt K„nZT ^ 
Hotsever. once the bnghtness obsemtion has vane adsan XL 
will be disenssed laler loll, iwtvdimenskmal nbtmvano, 

' * do ” fr °" H»*mtbe neat boom sZ. art 

Rhodes (1984) reported prospects of observations of volar oscillat* - 
from space. Brown (1988) reviews techniques for observing , 
oscillations. Readers should also consult these worts for more detailed 

description. 

In the Doppler velocity observation, the most imp ,rtam - 
is an excellent narrow-band filter to measure the Doppkr shift erf vome 
spectroscopic lines. Various instruments have been devised: the 
resonance scattering method using a magnetic optical de .. Bi >. 

Isaak* and van der Raay. 1978J, a magnetooptical filter iCacaan; -nc 
Fofi, 1978: Cacciani and Rhodes. 1984c a Fourier Tachometer Br 
1984), a Fabry-Perot filler (Rust. Appourchaux. and Hii iVv ^ j * 
birefringent filter in combination with a KD*P eteoro-opued cnvta 
(Ubbrechl and Zirin. 1986), Since it is essential to hasc ^ r.:* n 

covering a long time in order to get higMretjucncv rev Jut n the 
instruments must be very stable. Furthermore, since the largest xn> 



. ___ f><cicT tfkxx B 

39.i A tehee* <* ** ^3 r«r ■ •* i00 *- 

approaching, dirt ’ vjiM rot *»o *sd ifce 
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amplitude of a single p-mode of the sun is less than a few lct1s 
centimeters per second, an extremely accurate measurement system, Js 
reuuired. These instruments enable us to take two-dimensional srjl ar 
images of very narrow bands of both wings of an approp rilJ ; 
spectroscopic line such as Ca 26439. 

Figure 39.1 shows such a picture taken at the Big Bear Solar 
Observatory with a birefringent filter in combination with a KD*p 
electro-optical crystal set (Libbrecht. Popp. Kaufman, and Penn. ]VK6, 
The filter is set to pass only the light whose wavelength is at the wing (J ; 
the spectroscopic line (sec Fig. 39.2). Two-dimensional solar images ■■ 
appropriate wavelengths of both the red wing and the blue wing arc 
alternatively taken. The Doppler velocity v D at a point on the solar disk 
is related with the intensity level of both wings by 


U-l- 

/.+/_ 


din / % 


(7 Ini 


(39.11 


where /, and /_ are the intensity level of the red wing and the blue win. 
of the line, respectively, |rfln//rflnA| is the gradient at the wings, and < 
denotes the light speed (see Fig. 39.2). By comparing the intensity k . 
of the picture taken by the red wing of the spectroscopic tine and th;c 
taken by the blue wing of the same line, we can then measure the 
velocity in the line-of-sight direction at any place on the solar disk. The 
most dominant contribution comes from the solar rotation, and the 
spinning and the orbital motion of the earth also contribute to ih. 



Mkma it pv.iure of a tpccrroKoptc-tinc profile and pentioos J 

rtvm toad filter i> tct. 


fig. J9J A 


wbx* 3 
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Doppler shift of the line. The latter L 

anywhere on the disk, and hen. ilH0 J 

places on the solar surface are concerned, we do not have totke 
account of these mouons, while w e do have to calibrate them in 
measuring the velocity due to the rad.ai modes. The solar rotation " 
supposed to be axially symmetric. It is removable by averaging over a 
long time-span and by assuming spatial symmetry The residual velocity 
field consists of oscillation patterns of eigenmodes and some other local 
velocity fields associated with granules. The oscillation velocity fields 
can be, in principle, distinguished from others bv their spatial pattern 
and the temporal periods. 

The following is the mathematical principle vtuh which to extract 
information on individual modes from the observed velocity fields. For 
the sake of simplicity, we suppose that the rotational velocity of the 
earth has already been removed and there is no velocity field on the 
solar surface except for oscillations and the rotation. The velocity field 
associated with a single mode is given by 


^=K" ***W' v **&kp 1 l*-2l 

The observed velocity field is only the line-ofsighi component of 
the superposition of various eigenmodes differing in the quantum 
numbers n, L and m and the rotational velocity of the sun If we take 
into account of the angle between the solar equator and the line-of- 
sight, B 0 , the line-of-sight velocity component is given by 


2 Vnim+ n Xr ]' e ' 1 


=2[ u " y/WHco * Bo 


sin 0sin p+sin B< ( cos 


9) 


+Vhji JL YP(e,(p) (COS Bu cos (fsimp-sinft.sinfti 

■" 39 


, t , - __ Yno.o) cos B„co s<?expOeW) 

+ Vh ' 1 sin 63<f> 1 

(39.3) 

-t-rflsin 0cosB u cos<p, 

since fee uni. vccu* *■* -I- ^ 

u,. = (cos B„ sin 9 sin <p+ sin B„ cos 9\e, 
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+(cos Bn cos 0 sin <p— sin B<i sin 0)e H 


+(cos Bo cos tp)e 0 , (39 . 4 , 

where < 0 . ip) are the spherical polar coordinates associated with the 
solar rotation axis. Here, (.r, y) arc the two-dimensional coordinates on 
the solar disk. We take the x-axis and y-axis along the westward 
direction and the northward direction, respectively, and assume the 
origin of x = 0 and y - 0 at the solar disk center. If we normalize the 
radius of the solar disk image as unity, then 



jr=sin( 0 +fi„)sin <p 

(39.5) 

and 

y=cos( 0 + j0,i) . 

(39.6) 

and inversely. 

0 =COS“'y— B ( , 

(39.7) 

and 

<p=sin _l [x/sin(cos _ 1 v)J. 

(39.8) 

We suppose that the solar rotation is steady and axtsymmetric. Then > 
can distinguish the solar rotational velocity from the oscillation velocnv 
field by taking a time average with a long time-span, and we can extra-” 
the velocity field due to the oscillations. That is, the line-oTsigh; 
component of the oscillatory velocity field at an arbitrary point f.v. y i ' 
the solar disk is given by 


v n.ou (x ,yj)= v D (x,yj)-Vp(x,y). <" v 1 

where vp{x,y) means a time-average of Vp(x,y,l) with a long tint- - 

span. 

fht next task is to identify each of individual mode by pcrl ,, rnn | - 
sphencal harmonic analysis with respect to space and a Fourier 
with respect to time. The procedure for the spherical harmonic anal>'-' 
..ration over the spherical surface after multiplying the coijij 
conjugate of spherical harmonics. If the observable quantitv due t - 
IS P ro P on * ona l *o«»single spherical harmonic and il wc '/ 
6 , to over the spherical surface, this analysis gives the ampb ,u 

i-act spherical harmonic component. It should he noted lu V 
r t at the line of-stght component of oscillation velocit) 

.** llo< P vcn by a single spherical harmonic. 1 b<’ u r- 
WwHily component of an eigenmode is proportional to a S F 1L 
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harmonic, the horizontal component 

contributes to the Jine-of-sight veloatv^nd'he ^ 9i aiso 

contamination in the spherical harmn ,^ ence it causes some 
amplitude of .he r.diaf ° 0 "?* ™'° « 

horizontal component at Ihe surface is »? *5 01 ,hc 

the factor / comes from V . I n the case of r m . m \ ,? - Wbere 

ratio is about IfT 3 x / L f ™ nmWc °*aUatioii. the 

ratio is about 1 U x/. Furthermore, the visible solar disk is restricted 

to half of the solar surface. If we could see the whole surface of the , on 
since the spherical harmonics consist of an orthogonal complete set. we 
could identify the unique quantum numbers l and m of each of the 
individual modes. However, as the available information is only on the 
visible half of the solar surface, a spherical harmonic analysis leads to 
some extra contamination in addition to the true values of I and m of an 
eigenmode. That is, the result obtained after such a procedure. 




■ ff 

H * 0 


Vo.™me. 9 rn . < 39 . 10 ) 


is not exactly identical to the amplitude of the eigenmodes f the degree 
/ and the azimuthal order m. However, this procedure is m practice one 
of the best. An alternative method is to take cross-correlation among 
the data of each (x, y) and search for a characteristic pattern of -nhencaJ 
harmonics (Christensen-Dalsgaard. 1984b; DuvaU and Haney, 1984* 
Performing a Fourier analysis of HL m. t) with respect to nmc, we 
distinguish individual eigenmodes belonging to the same degree / and 
the azimuthal order m but differing in the radial order n. since the 
eigenfrequencies differ; 


v(ljn.o)=j v{ljnj)expi-iot)di 

Jo 


(39.11) 


Figure 39.3 shows the result of this process obtained by DuvaU. 
Harvey, Libbrecht, Popp, and Pomerantz (198S). *■ s ** . 
amplitude v(l.m.o) against v - <x2z for various u ‘ at 

observational run is finite, there appear s 'ddo * * uve 

the true eigenfrequencies. Furthermore, time gaps anoear -false 

observing times lead to aliasing noises: that is. 

peaks • separated tr ° me “ h of UKmsili toe 

differing in the azimuthal order m ^ freauencies is so minute, 
distinguishable, because the w->p ming s ^ ^, tofflet ry vieids. on 
The observation of each of which 

the other hand, a superposU.on of scalar eige 
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F%. J*J Observed power fean r((.r) far the data obtained at the Big B.-r >. 
Obxn^on Frew tfavaH et al. (1988). 


is proportional to a single spherical harmonic: 


AJ(x.yj)= AJ^, [R)Yr {B,<p)cxp{io n! „i) l?° :: 

mtm 

Here me assume that the effect of the limb darkening has been rcmo\ ^ 
rrv>m AI Therefore, in the ideal case of no noise, the brigh:: ^ 
iiien is advantageous in resolviqg individual eigeiunodes te 
Doppler velocityobservation. If we could get the brightness di>tr . 
os the Kid half-side of the solar surface, spherical harmonic an- 
mouid provide us the amplitude of indroidtiaj eigenmodes. Al- 
sthe \mHc disk bom ever, restricted to half of the solar * 

.\en in the rngfcrness obsen anon the individual eigenmodes canno 
completed resolved in a mathematical sense: the spherical harr 
aiuhsis of only the viable half solar surface leads to 

I AJd.yj) YT*(&,+) anOdOdip. ' 1 ' 

■Idhiioae rtm iMiifeiiuu in addition to the true amphiu^ 

- «©e»odes with the degree / and the azimuthal order m v 
IU. m.p Aw ohUsed as an approximation of 2 _\/o-. < ^ 1 e 
• P erfof *«g a Founcr analysis with respect to rime and by 
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notable peaks in the power spectrum, we eventually resolve individual 

eigenmodes: 

/ (l.m.i)exp{-iot)dt, (39.14) 


/ {l,m,a)= I 

•'o 


Intensity observations around Call K line have been performed and led 
to successful data (Duvall et al.. 1988). 

Resolving individual modes differing in m with the same value of 
(n. 1) is important in order to investigate the solar internal rotation. To 
do so. an observational run as long as possible is desirable. The 
w-splitting caused by the solar rotation is invisible in Tip. 11.9-11.12. 
Figure 39.4 is a useful diagram to see the m-splitting of frequencies, on 
which mil (—1 — mil 1) is plotted against frequency v = a 2s 
(Libbrecht, 1989). If the solar interna! rotation is rigid, or if the angular 
velocity is only a function of r. the frequency splitting b linearly 
proportional to m (see Section 19) and hence the (v. m .'v-diagram 
shows straight lines. On the other hand, if the internal rotation depends 
also on the latitude, the frequency splitting is dependent on re in a more 
complicated way. and the (v. m /1-diagram deviates from a straight line 
From the shape on the (v. m /)-diagram. we can outline the dependence 
of the solar internal rotation upon the latitude If the equators zvrtc 
rotates faster than the polar region, the derivative of a curve on i v. 
m A-diagram becomes smaller with increase of m l since the k es 
with high azimuthal order are mainly trapped in the equatorial zone 
while those with low azimuthal order are concentrated witr - the pev 
regions. On the other hand, if the polar region b spinning taster than .n 
eqLlorial zone, .he incline,urn o( .he rone roron*- 
increase of m l . Figure JM shout .ha. die **■.*?.*"(! 
line expected from the rotation rate at the equator ^ ^ 

not so conspicuous This ioduaies that * “Jf dVs00i90 

internal rotation on the radial distan, ,menial 

significant TV data have been .nveneJ <» ■*'„ lbc 
rotation, and the inverted results s v* . t laniadmal 

ooovection zone is rough!. .UhhrechT 

differential roraoon equal to "V mIItf the -Mfhir.r.f et 

1988d). Since the integrals in equatK n ^ ^ frequency 

frequencies due to f*** 1 * 00 *** - - W uh respect to Thus. 

_ __ _n yn- Gvn* ~ 
o_v.-d.w- - 

_____coefficients The 

wiiere a.- 
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the expansion 
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„ rtf frcnuencv is sometimes represented by means of S( . r; 




n%8,| : 

( 39 . 16 ) 

where fl#'s are the expansion coefficients and P/s are Legendre 
polynomials. These coefficients fitted to vanous^observational data of 
‘^-splitting, have been published by Brown (1985, 1986), Brown and 
Morrow (1987a, b), Duvall. Harvey, and Pomerantz (1986). Libbrecht 
(1986. 1989). and Rhodes, Cacciani, Woodard, Tomczyk, Korzcnnik 
and Ulrich (1987). The coefficients a 2 , a 4 ,... should be zero if the solar 
structure is spherically symmetric and the values of a 2 , a 4 , ... have been 
recognized as a measure of accuracy of observations. However. Kuhn 
(1988) suggests that there is a possibility of a 2 0 and a 4 =£ (). which 
indicates the anisotropy of solar structure. These data are used to infer 
the solar internal rotation by means of the inversion method (Korzen- 
mk. Cacciani, Rhodes. Tomczyk, and Ulrich, 1988). 



Frequency y (/j Hz) 

1*%. 39 A Pfmcr ^pcciid on the (y, m//)-diagnini. Each trace is & 1 t . 

Uh di herein m with / * 20. The peak* in the m - U spc " U ' ! 
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40. Forward Problem 


superposition of eigenmoderoUhTsun'^tSoT reC ° gni * cd as 3 
possibility of using this tremendous number «f modes as diagniKtln of 
the internal structure of the sun. There arc approaches ?„ p"”i„, 
the sola, structure ustng the oscillations. One of tan is basedon E 
so-ca led forward problem." ,n which theoretical eiaenfreqnencies ar 
calculated for a given equilibrium model of the sun. first, we construct a 
series of theoretical models of the sun with varying parameters, and 
then we calculate theoretical eigenfrequencies for each of the models by 
solving the equations of oscillations. The theoretical frequencies are 
compared with the observed frequencies, and then we search for the 
best fit model. The other approach is called the "inverse problem." in 
which functional forms of certain physical quantities of the sun are 
determined as the solutions of integral equations which are formulated 
with the observed eigenfrequencies. In this section, we discuss the 
forward problem, and the inverse problem is described in the next 
section. 

Inference of the depth of the solar convection zone from the 
five-minute oscillation data is a good example of the forward problem 
Five-minute oscillations with high degree do not penetrate into the sun 
very deeply. The order of magnitude of the effective depth, d. of the 
five-minute oscillation may be estimated by d ~ ~ k h for the lowest 
p-modes because /j \- d k r dr ~ v and k, ~ k h for the p,-mode The 
observed power of the oscillations is conspicuous in the wavenumber 
range from k„ ~ 0.2 Mm" 1 to 1 Mm ' 1 so that we can prolx the 
subsurface layer with a depth of 3 to 15 Mm directly byji e ien l ju 
five-minute oscillations in this wavenumber range. These .ose i __ 

penetrate at least the siipenidiabatic boundary ay a L ^ 

Liar convection zone is stratified almost ad.ab^W. 1 * 
Structure of this superadiabatic boun&dry [he ^ 

the convection zone, we can m prmcip <- proV ided that the 

convection zone from the five-mmu e ^ en ^ Seetjon n t he 

conventional convection theory js correc svsiematfcally below 

observed ridges of the power of oscillations PP^ Osaki <1975). 
ihc theoretical eigenfrequencies <**»»» - 1 

which were based on the solar en f Y, “ pL , eep Roughly speaking, the 

the'convection zone about , , rminedby the traveling time of tbe 
eigenfrequencies of p-modes are <■ L c that the eigenfrequen- 

sound wave in the p-mode cavity. Hence. 
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cies of the model are higher than those of the real sun means that the 
sound velocity in the convective zone of the model is higher than that ,»| 
the real sun—that is, the temperature in the convective zone of , he 
model is higher than that of the real sun. Since the surface temperature 
is fixed, the above fact indicates that the temperature gradient of t | K . 
model is steeper than the real sun. This in turn means that the estimated 
convective energy transport used in the model is less elficient than in ih L . 
real sun. As a consequence, the solar convective region should h c 
deeper than expected by the model with a = 1.0. Ulrich and Rhodes 
(1977) calculated eigenfrequcncies of p-modes for the solar envelope- 
models with different depths of the convection zone by varying the 
mixing length. Their results show that the convection zone is ahoui 
2x 10 s km deep. Their conclusion was confirmed by an independent 
calculation performed by a group of workers at Nice Observatory 
(Bcrthomieu, Cooper, Gough. Osaki, Provost, and Rocca, I97X) 
However, there remains a slight discrepancy between theory and 
observation in such a sense that the theoretical eigen frequencies lie 
slightly above the observed ridges of power in the (k/„ a)-diagram. In 
the above investigations of high degree p-modes, the varying parameter 
in constructing models is the depth of the convection zone. 

Even for five-minute period range p-modes with degrees / lower 
than about 60 penetrate the radiative region beneath the convection 
zone. Therefore, we have to use models of the whole of the sun. Theory 
of stellar structure and evolution is one of the well-established research 
fields in astrophysics, and there is a standard recipe for computing a 
model of a star near the main sequence. A standard solar model Is 
constructed in the following procedure: We first make a model of the 
sun at zero-age by assuming that the sun was chemically homogeneous 
at zero-age and then evolve it to its present age along the lines of the 
standard theory of stellar evolution. We suppose the sun to he 
spherically symmetric and ignore the effects of rotation and magnetic 
field. During evolution, the mass of the sun is assumed to be unchanged 
As for the initial chemical abundance of the zero-age main-sequence 
model, we assume that the ratio of the mass fraction of heavy elements 
iZ) to ,hal of hydrogen (*) is the same as the surface value of the 
present sun, and we adopt the spectroscopically observed value loi di- 
present sun ds /JX. The luminosity of a star for a given mass and an age 
is essentially determined by chemical abundance. We treat the 
abundance of the remaining element, helium. Y = 1 -X-V- ;|S a 
parameter in order to adjust the luminosity of the model at the solar age 
Ihc present solar luminosity. The radius of the model at the solar age 
musi be equal to ibe solar radius, and is strongly dependent <>" 
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efficiency of convection. However ilmrr* 

treatment of convection, and there remain. ur,ccrla,m >' in theoretical 
the efficiency of energy transport by converSo™*”„!° dc,c I fmine 
within the framework of the mixine-lenath ih ™ ,xing 
kngth I ,» a parameter to adjtM the rndht, „(Xm,Kfcl 
to the solar radius. The two oaramet^r. .k ... so,ara 8 e 

and mixing length, should be uniquely dctenS TZ^Z 
luminosity and the radius of the model to the sota, lumirisity and he 
solar radius. However, uncertainties in the mput physics such * 
nuclear reaction rates, opacity, and so on. lead to some tolerant ranee of 
parameters. 

Once a solar model is constructed, its eigcnfrcquencics can be 
calculated by the procedure described in Section in 

Figure 40.1 shows the comparison of the eigenfrequcncies of a solar 



Fig. 40.1 


Comparison of the t tieorei.cal eigenfre^oci^ of by 

r PU,C ^n" ordinate and .he abscissa are thefrequeno 
Harvey and DuvdIJ l |n ~ rcsoeciiwh The modes 

difference, - v /A#arr , and I « continuous {/ £ 20) and 

..k <»*' 

dashed (/ a 40) lines. From Christensen w s 











;;v NON RADIAL OSCILLATIONS OF STARS 

model constructed by Christeitsen-Dalsgaard (1982a) by the standard 
procedure with the observed frequencies. As seen in this figure, there 
are some discrepancies in the sense that theoretical eigenfrequencies of 
low degree modes are lower than the observed values while those with 
high degree are slightly higher than the observed frequencies, 
discussed previously, the fact that the eigenfrequencies of high degree 
p-modes of the model are higher than the observed frequencies mean, 
that the convection zone of the real sun is deeper than that of the model 
The p-modes with low degrees penetrate into the deep interior The 
fact that the eigenfrequencies of p-modes with low degrees of the mode; 
are lower than the observed frequencies indicates that the sound 
velocity. and hence the temperature too. in the solar deep interior are 
higher than those of the model. This indication seems to be contradic¬ 
tory to the solar neutrino problem. The experiment of solar neutrino 
detection performed by Davis and his colleagues in Brook haven ha. 
provided us with the puzzling finding that the observed neutrino flux i. 
only about one-third of the theoretical expectation. Since the nuclear 
reaction producing boron neutrinos is very sensitive to temperature. the 
results of Davis's (1988) experiment and of the recent Kamiokande dar. 
(Totsuka. 1988) suggest that the temperature near the solar center mav 
be lower than in the standard solar model. In contrast, the low degree 
p-modes indicate that the temperature in the deep interior may ire 
higher than the model. The oscillation data, however, suggest only the. 
the sound velocity in the solar deep interior may be higher than the 
model. This does not necessarily mean the temperature is also higher 
since the sound velocity is higher for lower mean molecular weight On. 
of the possibilities for solving this dilemma is to consider a solar mode 
with low helium abundance. It is found that this model result 1 - in j 
shallow convective envelope, which contradicts observations o( high- 
degree p-modes. Thus, models with low helium abundance do not M<l\e 
the discrepancies between theoretical eigenfrequencies and the 
observed frequencies. 

There remain some ambiguities in input physics in constructing 
standard solar model. They are (I) treatment of convection. (- 
equation of state. (3) opacity, and (4) nuclear reaction rate. It i> tan 
say that we are not yet certain how to treat theoretically ^tch 
convection. There are various wavs in treating of convection other th- ; 
“* total mixing length theory (tf. Section 20). Ulrich and Rhode 1 
and L lrich 11 986b) compared theoretical frequencies of P -m ‘ 
in the five-minute range based on various convection theories and 
Ohmed frequencies. For the deep interior, the simplest equation "i 
State may be that for the fully ionized perfect gas. and it is indeed of«« 
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adopted in computation of stellar structure , - 

of state for sola, models used in heliosels m „|„„ ^ 
than in conventional stellar evolution ,h TO „ £, ,U rm ‘ 
of observation ,n eigenfteqnene, is a, ra i„„, e J ' ' a nTiT. 
theoretical ftequeneies also m„ M be calenlated u„h the tameij^ 
accuracy Tile ionization degree based on Saha', equation™ ^ 
interior ,s no, qmte 100% - .hough „ is expected tha: x„ high 
lowers the continuum level of an atom so that ionization TcLvlcL 
The latter expectation introduces the concept of “pressure wmzauorT 
and it is formulated for practical use in some of the evolution coder 
(e.g„ Eggleton. Faulkner, and Flannery. 1973) The high pressure 
changes the energy levels of discrete excitation states - ightls l l r .- 
(1982) introduced the concept of scattering state and of Pbnk-larfcm'^ 
partition function in the equation of state. By considering this ^ *dl as 
electron screening that leads the gas in the sotar deep interior to the 
fully ionized state, he constructed a solar model. Uindi ind Rhode* 
(1983, 1984), Shibahashi. Noels, and Gabriel 11985 1 . Noels. Scuflairc 
and Gabriel (1984), and Kaisig, Knolker. and Stix iho exied 
the equation of state following Ulrich (1982), and computed soUr 
models. They compared the theoretical eigenfrequence* of the - - 

with observed frequencies, but the discrepancies soli rem n. Th^ 
Planck-Larkin partition function introduced by IBricn is oncnaliy 
formulated in the case of pure hydrogen plasma Darren 4 
and Mihalas (1987), Hummer and Mihalas (1988). Mihails. Dappen 
and Hummer. (1988). and Dappen. Mihalas. Hummer, and M nalas 
(1988a) have studied more extensively the eqoauon or stale 
formulated in more practical cases. Opacity appear.... - . - —■ ^ 

radiative transfer among basic equation.goM... r ' - "'y_, 

Hence the temperature distribution in the 0 f 

on opacity. So far extensive calculation the 

temperature and density has been perform..' tn ^ Tbe'caJculanon 
Los Alamos group and the Lawrence Uvemore ^ ^ 

requires detailed information on » 0 P - u b ^ identical: 

approximations. The opacity calculated by ' n n ( ^ invest*- 

but some discrepancies remain. Wem approach and suggested 

gated the solar structure by the im. - ^[jje discrepancy berweea 

that the opacity may be an imporuni . observed frequence A* 

the theoretical frequencies o mi ’_ cross -sections for pp- ^ r ^ f '" 
for the nuclear reaction rate, th -. ureinent oft he cross-section* 
reactions are purely iheoren.u ^ efie rg> ieg»n>. anu 

for M herre.crionvha S l«»^*“*““^ ffl , znzrp 

has ro extrapolate rhS*** 
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- * tfw* standard solar models is that there ^r e 

calculated by differ, ..£ 

the input physics is akn»t the same (e g., see Dz,cntb 0 ^ 
and Vcntuia. 1988). The causes of these diff erenKs 
i«Lt. hut they may he the difletences of numerical com pu , a ,> 
“hemes Most of the Stella, evolultonao codes were developed * 
than the opening of hefioseismology. and "umcncal accuracy as hid, 
the requirement of bdioseismology, data < 10 was not required ln 
stellar evolution theory at that time. Therefore, to define quantitate ' 
the discrepancies between the real sun and a standard solar model u 
have to examine carefully the accuracy of the evolutionary code i tse | t ^ 
well as the input physics (Bachall and Urlich. 1988; Turck-C'hk^ 
Cahen, Casse. and Doom. 1988). 

Apart from the tolerance of the input physics in constructing ;r 
standard solar models, we can extend the area of the parameters to find 
models yielding a better fit. Some groups of researchers have examinee 
“non-standard" solar models by supposing material mixing (e g.. Ulrich 
and Rhodes, 1983) or turbulent diffusion (Berthomieu. Provost, mc 
Schatzman, 1984; Lebreton. Berthomieu, Provost, and Schatzman. 
1988) or the existence of exotic elementary particles (Spergel and Pn>v 
1985; Gilliland, Faulkner. Press, and Spergel, 1986), WIMPs. which 
described below. Since there remain discrepancies between theoretic : 
frequencies of standard solar models and observed frequencies of :h. 
real sun. it is worthwhile to consider such "non-standard" solar model' 
Oscillations of solar models taking account of WIMPs were studied 
Faulkner, Gough, and Vahia (1986), Dappen. Gilliland, and Chrtoen- 
sen-Dalsgaard (1986), and Gilliland and Dappen (1988). WIMI 
weakly interacting massive particles, and their existence ha*, bee: 
suggested from the standpoint of the grand unified theor\ t 1 
elementary particles and is used as a possible explanation for the mi"- - 
■“* problem of cosmology. If we suppose that WIMPs are spread •' ■ ' 
the universe, they are expected to be accumulated in the central region^ 
of stan, where the density is so high that interaction with WIMPs aru. 
oiher particles is frequent. The WIMPs at the solar center are expect 
to increase the conductivity, and hence the temperature gradient :x■■■ 
the solar center would be reduced. As a result, the temperature at 1 L 
regifm responsible for the boron neutrino is expected to become I* 1 -'-' 
white the temperature near the center but outside the boron netm ' 
region is expected to become higher. Therefore, the boron ncuUlt , 
woduction rate will be less than the standard theory ant ■ 
of low degree p-modes will be higher. In this 
•WMfu vdar mod* are expected to solve both the solar ^ u ‘ r 
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relation a„ d ™ 

41. Inverse Problem 

2"* ™ de&lite 'y es ' a blished guideline for consirucnng modeb 
other than the procedure for the standard solar model Hencf T en f 
we succeed in constructing a non-standard solar model prodding a 
bette [., fit *°/he observation of oscillations, we cannot exclude other 
possibilities for the solar structure. On the other hand, functional forms 
of certain physical quantities such as the sound velocity distribution can 
be directly determined by solving integral equations which are provided 
by eigenfrequencies. Such an approach is called the -inverse problem/ 
which is an opposite approach to the “forward problem/ Hence, in 
order to determine the solar interna] structure using a seismologicai 
approach, the inverse problem would be more useful, and it may also be 
useful in clarifying the cause of the discrepancy between the real sun and 
the standard model. 

There are various approaches to the inverse problem. Thev are 
divided into two categories: the inversion methods based on a reference 
model and those without any reference model. We first discuss the 
former in the next subsection. 4L1, The latter is described to subsection 

41,2. 


41.1 Inversion Methods Using a Reference Model 
Let us first consider how to deduce the density structure of the sun by 
means of an inversion method. To do so, we first introduce a reference 
model, and, on the basis of the variational principle, we formulate an 
equation which gives the change in eigenfrequencies induced from 
virtual changes in the equilibrium structure. Then, by regarding this 
equation as an integral equation, of which the known function is the 
differences between the observed eigenfrequencies and the eigentre- 
quencies of the reference model and the unknown to be solved i> the 
difference in physical quantities between the real sun and the ru cren^L 
model, we shall obtain the amounts of physical quantities that must be 
modified from the reference model to fit the observation a aI3 _ 
The practical procedure is as follows. From equation (14 -4), 
adiabatic eigenfrequency is given bv 


o 2 f Z* %dM e =J_ !*■ 2 (SM-V, 


(41.1) 
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^r .tor including the pressure and density of , hc 
Here :i •> ' . l.;,. derivatives. This equation implies that the 

equilibrium slate aw* averages Of these equilibrium quantities 

eigenfrcqueiie.es«i «> « dopcn dcnt on the eigenfunctions £ The 
with weighting I ur . [ e supp0 sed to satisfy equation (4 In 
observed eigeiifreqiv - tfcs jo , hc apc rator % are those of the real 
whea-the equi i rrii ^ a rc f eren ce model satisfy also equation 

I opera.* / <* «* P„. 

, L r lerivativcs) Wc subtract these two equations and obtain an 
and Hu * , _ j a |j n ear functional of the differences of 

- *■ ^ - f - etc y if the "**■« 

model is close enough 10 the real sun. Imposing the constraint of 
hydrostatic equilibrium, wc can express the equation for Ao~ only j„ 
terms of A p if we assume the equation of state is known. The resultant 
equation is symbolically written as 


A f' = ( km>M t l>dr - 

<7 Mi J n 


(41.2) 


Here Vo 'ntfo'ni is a known while A pip is an unknown, and K„i(X u , 
r) is a sensitivity function, where A'n denotes some physical quantities of 
ilie reference model and is the eigenfunction of the model. It should 

be recalled that equation (41.1) is stationary to variations in the 
functions f„, (see Section 14). Hence, in the expession of Ao the 
dittvience in the eigenfunction §-§» does not appear, but A a;,/ can be 
expressed in terms of §« alone. A set of equation (41.2) for various 
modes cun be regarded as an integral equation whose unknown and 
known functions are A pip and Aa z nt la),i, respectively, and A,,/ is the 
kernel As for the kernel A n( . if we have a good equilibrium model of 
the sun. n i- theoretically calculated. At the moment, we suppose that 
the so-called standard model is sufficiently good to evaluate the kernel 
A .. and wc regard the kernel of equation (41.2) as known. There arc 
vinous ways to solve this equation, and in the following we outline the 
spectra! expansion method, the method based on the Moore -Penrose 
generalised inverse matrix, and the Backus-Gilbert method. 

Another important approach based on the inverse problem i s 1,1 
drdifc.e the volar internal rotation from the m-splitting data “t 
treqaciKics Since there is no standard theoretical model of the stellar 
tew l wtMlin . die forward problem approach is meaningless, and tin 
ve problem approach is the unique method of inferring the sol-'< 
BCT M umtkm , As noted in Section 14, in the case of non-rouitme 
i®*®PJ***Q** of inodes belonging to the same n * 11 '^ 
*** f «spect to the azimuthal order m. However, this 
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deaeneracy is lifted in the presence of rotation i , 
modes differing in m differ slightly in the form m equS^"tf wc 
aft e eenfrequenaes of many modes .. .. , . J) - 1,%L 


K? 2 ZZZ 


gel 

rega rd equation (19 43) a, an .meg, a, equation, whose hwwfb^ 

is * hc y . S b f ce " ,he l»J--l-n.ad. and the , 

/, 0 )-mpde I A a „ tin , while the unknown function is ii(, <» For th s i 

of simplicity, we consider here the ease in which fl(r.») depends onlv on 
- The integral equation is then written as 

(4U| 


ju i 

rf 

J |) 


^ Gnhn — j K fttm { A \ tm §,,, r) fi ( r \ dr. 


where K n im kernel corresponding to the terms in equation (19.43). 
In what follows, we symbolically write the integral equations (412) 

and (41*3) as 


f* 

iv/-/ /C f *(Xn,$ii*r).|t(r)£/r <41.4) 

J i> 


where Wj is the observationally known data, K, is the kernel. u(r) is the 
unknown function to be solved, and i denotes the ordering suffix of the 


mode. 


41*1 J Spectral Expansion Method 

A spectral expansion method is a familiar method of solving a linear 
inv erse problem; it is called so since it provides the solution by means of 
an expansion in terms of the kernel. Let A tf be 


A 



(41.5) 


where i and j denote the ordering suftix of modes. I be matrix A t ^ 
defined is positive-definite and symmetric, and it ^an <- 
with an orthogonal matrix U tf 


A- UZV. 


( 41 . 6 ) 


where X is a diagonal matrix whose elements ar^ 


(41.7) 


(41 8 ) 


with 

A, ... >°' 

' , . ar( , .he singular value* of the 

Here 6 (J is Kroneeker’s delta and > * 

tnatrix A. ■ 
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n’)^r' a 2W ) - 

(41.9) 

The set of W » » ° rtho " orma ' ** 

M 


/ 'P : W j dr=&ij ■ 

•Ml 

(41.10) 


Therefore we may consider an expansion of the solution u(r) in terms of 


them: 

(41,11) 

i 

where the expansion coefficients a, are given by 

[ i//, U (r) dr =A,“ ir ~ ^ U >‘ w i- (41-12) 

/ o / 

The standard error of each coefficient o'; is proportional to A, , Then 
the uncertainty of m increases with decreasing A,. It should be noted 
here that the convergent)' of the expansion is not guaranteed. 

This spectral expansion method has been quite often used in 
terrestrial seismology and has been applied in helioseismology (e.g, 
Gough, 1984c, 1985a; Korzennik, Cacciani, Rhodes, Tomczyk, and 
Ulrich, 1988; Korzennik and Ulrich, 1989). 

One of the variations of this method was applied to Duvall and 
Harvey’s (1984) observational data on frequency splitting by Duvall. 
Dziembowski, Goode, Gough, Harvey, and Leibacher (1984) an 
Leibacher (1984) to infer the solar internal rotation. The data are t k 
frequency differences of sectoral modes m = ± / of various n and I. ■ |tKt - 
ihesc sectoral modes have large amplitudes in the equatorial zone, 
can infer the solar internal rotation near the equator by inverting ^ 
data. Duvall et al. (1984) and Leibacher (1984) employed a pioccWM. 
constant function, 

ifr,<r<r /+ i; (41-141 

1 10, otherwise, 

as an expansion basis rather than V'fr) given by equation (41-9), ^ 
the function ‘P(>) giver| hy equation (41.9) oscillates wit i ^ 
amplitude it, lace regions. The inverted result is show 11 ^ ^ 

Ihe dashed line is the equatorial angular velocity ^ ^ 
ospherc I lie errnr hars represent the standard errors ^ 
driM lie estimated errors in the data. As seen 

fipint, the tolar internal rotation in the equatorial plane is nt)l 
ammm »0,3 < rfR< 1.0. The rotation rate is so slow that i 
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Fig, 41,1 Inferred rotation rate in the equatorial plane. The dashed line is at the 
equatorial angular velocity of the photosphere. The error bars represent the 
standard errors arising from the standard errors in the data of Duvall and 
Harvey (1984), After Duvall et al (1984). 

affect significantly the precession of Mercury’s perihelion. Hence the 
observed value of the precession rate of Mercury s perihelion is 
consistent with Einstein’s prediction based on his theory of general 
relativity (Duvall et al., 1984). The relatively large error bars in the 
deep interior are caused by the following facts: The observed quantit.es 
are the frequency differences between sectoral modes a nJJ 
which are proportional to l so that the significance of the observational 
error of low-degree modes is larger than that of high degree mo e.. 
Since the modes penetrating into the deep interior are Megne 
modes, the error bar of the inverted results ini the: deep >" e "° r “ 
consequently larger than that in the outer part. c er ^ 0 f 

near r/R = 0.25 is real has not yet been certain. Mo re da u of 

^-splitting of frequencies are obtained by means of 
dimensional observations of the solar w , ^ ^ s0 ] a r 

determine both the radial and^ lat ^ e "^ vertL f d results based on the 
internal rotation (see Section ))■ jhhrecht (I988d) and in 

1986 data set taken by Libbteeh, are t Mr. Wilson 
Korzennik c, al. (1988). The inverted p „se„,cd by 

data obtained by means of magneto-opucal filter 

Korzennik et al, (1988)- 

41.1.2 Method UsmB the summation by 

We replace the integral m ,?>" Lnts: 

discretizing the radius R w 
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»•. = jfMfjw',) ir '- 


(41.14) 


u .. „ . ,* ! be . vector composed of the known quantity of f-modes. 
A o IctK - 1 K„ I be a matrix composed of a set of kerne k lot , -modes 
A ! whe^ / denotes the the ordering number of discrete ntesl, 
radius, .ha, is. the suffik of *,(- r t IR). Equation 

(41.14) is then written as 


= Kti, 


f41 ISt 


where u = {«,} is a vector composed of the unknown n(r,). The 
left-hand side of equation (41.15) is observation ally given, and the 
kernel matrix K is theoretically given. Then the problem becomes how 

to solve algebraic equation (41.15). 

Let the dimension of» be M x 1. Then the dimensions of K and u 
are M x A/ and JVx 1, respectively. The existence and uniqueness of a 
solution of the algebraic equation (41.15) depend on the rank r{- 
ntin[M, N\) of the matrix K and, in the case of M > r, on the consistency 
of the data » We classify the following four cases: 

(a) r - N and w consistent 

(b) r = N and h inconsistent 

(c) r < N and w consistent 

(d) r < N and w inconsistent. 

In the case of (a), the solution is uniquely determined. No solution is 
given in the ease of (b), but the least squares solution is uniquely 
determined. In the case of (c), there are an infinite number ol n 
satisfying equation (41.15), In the case of (d), there is no solution, wltilc 
even the least squares solution is not uniquely determined. 

In the cases of (c) and (d). some prior information is required to 
select a solution (case (c)) and a least squares solution (case (d)) anH>ni' 
possible solutions, A well-known way to do this is to choose the solution 
ot minimal norm among an infinite number of solutions or least sq luK s 
solutions, that is, to choose u which minimizes |u| 2 . The solution ihu'j 
determined is called "the minimal norm solution" in the case of (^ i,iul 
The least squares minimal norm solution” in the case of (d)- 
example of the adoption of the least squares minimal norm solution m 
hdtfseismology is in Denis and Denis’s (1984) attempt to infer the sohu 
equilibrium structure. 

It should lx Holed here that the kernels K,Ar) of high ° akl 
pmrtm arc quite similar lo each other near the outer part of the 

die rank oj the matrix K . we adopt a parameter ^ 
regard numbers smaller than t n zero to avoid getting p raclKi ‘ 
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niri rjrr - 

becomes slightly inconsistent and then the pmcticnl 
case (d) among the above four categories [ 10 

When the mat, is K is nut > regnlar square matrix, the inverse 
matrix of K is not defineti. and then some alternative definition of the 
inverse matrix is required. In general, a matrix K can be uniquely 
expressed by means of the so-called singular value decomposition in 
which K is written as 

K=urv. ( 41 . 16 ) 

where U and V are unitary matrices of M x M and .V x N. respectively, 
and S is a diagonal matrix of M x N whose elements are 


j _(A,-5 (/ , if 1</Sr; 
'' (0, otherwise. 


with 


A| ^A, 


2A,>0. 


(41.17) 


(41.18) 


Here 5 if is Kronecker’s delta and A/s are the singular values of the 
matrix, and they are given by the square root of eigenvalues of the 
square matrix 'KK, where K denotes the transposed matrix ot K. 

By introducing this singular value decomposition, we rewite 
equation (41.15) as 


where 


and 


Su' = w' . 


! Vu 


3= T/w - 

Let X 1 be a iVxAf matrix composed of 

fir'S,, ifl^sr; 
i= ' otherwise. 

= jV 


’t=M 
■ Mo, 


Then it can be shown that 


(41.19) 

(41.20) 

(41.21) 

(41.22) 

(41.23) 


U l.SMN 


is the least squares minimal solution for u is given by 

consequence the least squares minimal m 
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Ulsmn 


= VE u Uw 


= (41.24) 

since unitary transformation keeps the norm unchanged. The matrix iC 1 
is known as the Moore-Penrose generalized inverse matrix of JCand it is 
obtained, in practice, through the singular value decomposition (R ao 
and Mitra, 1971). This type of generalized inverse matrix is useful, and 
Kozrennik et aL (1988) and Korzennik and Ulrich (1989) applied the 
generalized inverse matrix to the helioseismological inverse problem. 

The least squares minimal norm solution is simple, but it is not 
always suitable in the context of helioseismology. The requirement of 
the "minimal norm” is not based on some physical arguments but is an a 
priori assumption. The solution shows some unrealistic fluctuation 
around the true value. To avoid such unrealistic fluctuation, Phillips 
(1962) introduced another alternative procedure in which a criterion for 
smoothness is satisfied for the solution. In their method, however, the 
solution is no longer one of the possible least squares solution, and the 
weighting factors for the the smoothness and for the least squares of the 
solution is arbitrary. Their method has been applied to the inverse 
problem of helioseismology by Jeffrey (1988), Sekii and Shibahashi 
(1988) propose another concept of the "least square maximal smooth¬ 
ness solution", which satisfies both the conditions of the least squares 
and those of the smoothest solution, and a mathematical procedure to 
obtain it. 


41*LI Backus-Gilbert Method 

Backus and Gilbert (1968) devised an inversion method by which well 
localized averages of the unknown function are given. By taking linear 
combinations of the data, we can compute any functionals of the form 

fR 

" = A,( i ‘ w - = l ^^MXiuW)u{r)dr, ( 41 - 25 ) 
i Hi 

»here ft, s are a set of constants. If the coefficients could be chosen 
that i.ft,K, (r ) is a Dirac delta function centered at r - r„, then vv given 
n iqudtion (41.25) would become «(r) at r = r () . Practically, if 2/>, 1 

resem es well the delta function, tv leads to well localized averages »1 
u(r t , centered at r = r„. Backus and Gilbert (1970) showed l«>w 10 
f ,h f thc * unc, ions of Xft.Kftr) are concentrated as much as 
possible on a chosen r = and small elsewhere. This method has beet. 
JPPhed »» hen tbgy by Gough (1982), Duvall et al. (1984), »" d 
<’°ugh. and Toumre ()VK4a,b) and discussed in detail 
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Hg- 41,2 An example of optimal averaging kernels 2/J,A r (r) based on the kernels for 
the rotation. Normalization is 2 fkKi{r\dr** 1. After Christensen-Dalsgaard 

and Gough (1984a), 


Christensen-Dalsgaard and Gough (1984a) and Gough ( 1984b.c. 
1985a). Figure 41,2 shows examples of functions Sftft(r) based on thc 
kernels for the rotational splitting of frequency. As seen in this figure 
we can make the function w localize fairly well. One of the elects o 
this method is that the kernels for high overtones resemble each other 
and the function 2 ft,K,(r) is not satisfactorily localize at 1 P 

of the sun. 


41.2 Asymptotic Inversion Method defects is that 

Though those methods are promising, one o _ satisfied. In 

uniqueness and convergency of the solution are no2 i979)'and Gough 
order to avoid these problems, Brodsky 

(1984a) developed another method based 00 an yj^ ^ ^ fa 
of eigenfrequenc.es J rom whlch ^ method t0 apply it to 
derived. Brodsky and Levshm (1979) _ H9g4a; 1986b) first 

torsional oscillations of the eart , ant , . fi e | d 0 f helioseismol- 

imroduced the asymptotic Ration is analytically 

ogy. The solution of the Abe typ S ,1^ ^ (he integral 
obtained, and hence the 80 10 ., „ d9g4 a ) method was applied by 
equation is numerically given. . Harvey, and Rhodes (1985a) to 

Christense - ' „-j 0 f the "sol*ar'inler[or from Duvall’s (1982) and 
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, nnv-iii's H984) observational data sets of frequencies of 

£2* OW and ... Shibahashi (1987. ,98,' 

see also Shibahashi and Sckii. 1988) presented an .mproved inversion 
method of inferring the sound velocity distribution, which is also based 
on an asymptotic method and applied to the observational data 
compiled by Duvall. Harvey. Libbrecht. Popp, and Pomerantz (1988) 
and Libbrecht and Kaufman (1988) after performing some numerical 
simulations to evaluate its prospects. The observational data consist of 
those obtained by Pall6. Perez. Regulo, Roca Cortds. Isaak. McLeod, 
and van der Raay (1986a,b), Grec, Fossat. and Pomerantz (1983). 
Harvey and Duvall (1984). Henning and Scherrer (1986), and Libbrecht 
and Zirin (1986) in addition to those obtained by Duvall el al. (1988) 
and Libbrecht and Kaufman (1988). Brodsky and Vorontsov (1988) and 
Vorontsov (1988) also developed inversion methods based on an 
asymptotic theory, and applied them to the real observational data 
quoted above. Christensen-Dalsgaard, Thompson, and Gough (1988) 
and Kosovichev and Gough (1988) also tried to improve an asymptotic 
inversion method and inverted the above observational data. Gough 
(1984a) also formulated an asymptotic inversion method to infer the 
solar internal rotation; his method was discussed in Duvall et al. (1984), 
and was extended to the case of latitudinal differential rotation by Lee 
and Shibahashi (1986). In what follows we discuss the asymptotic 
inversion method of inferring the solar internal sound velocity distribu¬ 
tion from p-mode data. The following description follows Shibahashi 
(1988) and Sekii and Shibahashi (1989). 


41.2.1 Acoustic Potential and Acoustic Radius 

I he wave equation for linear, adiabatic, nonradial oscillations of stars is 
a fourth order differential equation with respect to the distance from ihc 
stellar center, r. But if we neglect the perturbation of gravitational 
potential, which is small enough except in the cases of low order and h'" 
degree modes, it becomes a second-order differential equation. Furthei- 
more it tends to be a Sturm-Liouville type in the limiting cases of high 
order p-modes or high order g*modes, as was shown in Chapter 
Seaton 14 The resultant equation is further reduced to a form ‘>1 the 
c rodinger equation in quantum mechanics, which is, in the ease l) 
" gh " rdcr P' mode oscillations, formally written as 

d 2 i 

~dr 2 VnM+ ^f\ a »i~^r)\^ nl (r )=(), ( 4I ■ 2f0 

t tii ^ * ** rad ' a l part of an eigenfunction tg of a mode 

,ddial wk ' « and degree /, that is. 
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ty( r &4>*0—tynt(r)YriQ,$)cxp(ia tl/ t ), (41.27) 

o tl i denotes the corresponding eigenfrequency* and c(r) means the sound 
velocity, and the other notations have their usual meanings. Here & t (r) 
plays the role of potential, and hereafter we call the term 0^(0 the 
“acoustic potential." The square of etgenfrequency cr^ should be 
regarded as the eigenvalue in the potential. So the wave function ^ has 
the propagating-wave character in the region of 0,(r) < o 2 nh while it is 
evanescent in the other region, and the turning points r = r* and r 2 are 
the roots of 

<*(')=<£• (41.28) 

The exact forms of ^v(r) and 0/(r) depend on the approximations 
adopted to derive equation (41.26), but the acoustic potential can 
generally he expressed as the combination of the square of the Lamb 
frequency, Lf = l{i+\)c 2 ir 2 , which is dominant in the deep interior of a 
star depending on the degree I of the mode* and the /-independent term 
W(r), which is related to the density scale height and dominates mainly 
in the outer part of a star; 


4>t (r)=/{/+ l)c(r) 2 fr + ^(r) - 


(4L29) 


If we adopt the approximation used by Deubner and Gough (1 J S4), y 
and W(r) are given by 

( 4L3 °) 


and 




(41,31) 


respectively, where § denotes the displacement ^ density, 

J H „ scale 

0/, expressed by equations (41.-9) an ■ _ _ . ra dius i, which is 

and the /-independent term V as functions of a - 

defined by 


■'o 


Jr' 

c(r’) 


(41.32) 


for the model 1 for the sun ° f fasle^vkh^’tacrea^ng^pth- the 

Since the sound velocity c(r) cc ‘ interior over the 

Lamb frequency term dominates m the P 
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'v 



r/sec 


4,0 x io 3 


Fig. 41.3 Acoustic potential <P/ (thick curve), the square of the Lamb frequency Lf = 
J(/+l)r(r) 2 /r 2 (thin curve) in the ease of / — ltt T and the /-independent part of 
the acoustic potential, ^(r). given by equation (41J1) as functions of the 
acoustic radius r, The sharp dip of l t* is at the bottom of the convection zone 
From Sekii and Shibahashj (1989), 


/-independent term ^(r). On (he other hand, since the density scale 
height is small in the outer envelope, ^(r) is the dominant term of the 
potential <P f (r) in the outer part. As the degree / decreases, r) comes 
to contribute more significantly to the acoustic potential. 

41,2,2 Integral Equation 

It should be noted here that neither the exact form of eigenfunction vy 
nor that of the /-independent part of the acoustic potential * s 

necessary in the following analysis. Instead, only the following general 
characters of the acoustic potential are taken into account: i) <£/(/*) 
concave and has only one minimum in the region of space considered, 
and ii) the potential is dominated by the Lamb frequency in the deep 
interior, while it is almost independent of / in the outer part. The WKBJ 
asymptotic analysis of the wave equation (41.26) leads to the quantiza¬ 
tion rule 

f fifoiiA f 

{n+e)n= / [ff&- 0/(r )] M -fy ( 4lJ3> 
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for the eigenmode of radial order n Here r a 

outer turning points at which the interna' fu are thc lnner and 

equation (41.33) be* *ro ££ "****« " f 

mined by the frequency o 2 if a form of th - ng pomts are deIer * 

which itself is dependent on the Tel 

o i, and / as ihe argument, ^ ^ h * re 

oorrecnon due to the reflection a. the taming pints! 

depend much on the mode. 1 

Strictly speaking, this quantization rule gives only the relation 
between discrete eigenvalues a nl and the corresponding integers n and l. 
But, hereafter, we extend this relation to non-integers n and / by 
interpolation and treat equation (41.33) as a relation which gives a 
continuous function n of continuous variables / and a 1 , and omit suffix 
nl attached to o. From observational data of the p-mode spectrum, we 
can identify the frequency a, the degree I, and the order n of many 
modes so that such interpolation can be easily done. 

41.2.3 Gough’s Inversion Method 

Gough (1984a, 1985a, 1986b) was the first to develop the inversion 
method based on the asymptotic theory to infer sound velocity 
distribution in the sun from the p-mode oscillations spectrum. As a first 
approximation, he disregarded the /-independent term in the acoustic 
potential *P(r) and, instead, dealt with the data of whole / s together. 
He and Christensen-Dalsgaard et al. (1985a) then derived the relation 


(«+ e)ir 


=f Ur 


/(/+!) 


1/2 


dlnr (41.34) 


bv dividing the quantization rule (41.33) by o. This relation reminds us 
of the so-called Duvall’s relation which is empirically obtained from 
Duvall’s (1982) observation al data on p-modes and indicates 1 at (« 

a)/a ni is a function of a ~ , se f 10 I*' x showed that 

Gough (1984b) and Christensen-Dalsgaard et al. (1 g , aee lhe 

Duvall’s relation can be derived from equation ■ 34 j hy r 

upper limit of the integral in ^^^^^.34^ 

and choose an appropriate constan P limit of the 

absorb the influence of the replacement of the upp 
integral: 

,4U5) 

They regarded */+■>'£«£ 
known continuous tunct 
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he 41.4 The observed frequencies a of sotar p-modes canbe reduced quitewelUo a 
single curve if plotted as (>i+a)lo vs ol\ll(l+\). After Duvall (1982). 


as an integral equation with the unknown to be solved r!c~ and the 
known function (n+ff)ir/a. Differentiation of equation (41.35) 
respect to o/\fl{l+ 1) leads to an Abel’s integral equation, which can he 
analytically inverted. The final solution is given by 


'-«cxp --/ 

^ 71 * dR)lR 


//(/+!)_ 

I a 2 


c(r) 


(41.36) 

where t' — F(a! V/(/+1)) denotes the left-hand side of equation (41.35). 
Equation (41.36) gives r for a given rlc. . 

Though the procedure outlined above is mathematically j 

disregard of the /-independent term Wir) in the acoustic potential rT 
makes the asymptotic treatment of the wave equation for low-degi^ 
modes inaccurate, since the /-independent term V(r) contrlbU ^ )1 
significantly to the acoustic potential in the case of low degree / as set 
m hg 413. Since it is such low degree modes that penetrate to the ‘C'v. 
interior of the sun and provide us information from there, disregard‘s 
•he / independent term '/'(r) leads to the larger discrepancy between 
inverted result of c(r ) and the true value. 
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41.2.4 Asymptotic Inversion Taking V{i) into Account 
By transforming variables, we rewrite the right-hand side of equation 
(41.33) as an integral with respect to the level of the potential. As a first 
step to do so, we rewrite it as an integral with respect to the acoustic 

radius r: 


[ 


1 ttr f 

[o 2 -nr)] l,2 ~ r r [o 2 -nr)\' a dt. 

1 J Tx «rij) 


(41.37) 


where f| and r 2 are the turning points corresponding to r, and r* 
measured in the acoustic radius, respectively - that is. r, - r(f|) and r, 
r(r 2 ). Here we have explicitly written again a 2 and/as the arguments 
of the turning points f| and r ; . As the next step, we regard the 
coordinate r as a function of 0/. It should he noted here that the 
function r(0/) is two-valued; that is. each value of the acoustic potential 
corresponds to two different values of r (see Fig. 41.5) Accordingly, the 
integral in the right-hand side of equation (41.37) must he divided into 
two parts before replacing dr by (dr/ dfyjd&i, one from r = r i to r r,i 
and the other from r = r 0 to r = r 2 , where r„ is the acoustic radius at 
which the potential is the minimum value 0, f ^<r„) - 

■S lb.. .. . . 4 v r. - r f/ l 


I [o 1 -0,(T)\ v2 dT= \o--0Ar)\~dT, 

* t 2 [a 2 J\ 

+ 1 \0 2 -0,(T)\' :2 dT il . 

* tM) 

where we have written the function r(‘/> ( ) 'Rustic potential is 

Ti(<£,) and r = r u (<P/), respectively. Here, since ^ J soth at t„ 

dependent on /, the position of ns mimmum as v (d Tt ld0i)d0i and 
- -CO- W« can now * 

(dx n ld0,)d0i, respectively. The ‘units oi . _ 

are evidently o~ and 0i so l J 

f Tu(h 


and 01 ,mini so in™ 

[ Uh \<T 2 -0,{T)\' ,2 dti+l i 

/ , 1 •/ JutO 


[(j--<f>,(r)r 2 dx h 






Wdt,i JlL\d0,. (41.39) 

Vd0i d0,J 

" ■ , ,u ” *(0,) as the distance measured in 

We define the “acoustic lengt . ^ of the potential curve 

terms of acoustic radius betwee jcvd ()f the potential <b 

for a given /, r, and r,„ at a g 
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Fig. 41.5 A schematic piclure of the acoustic potential 0/(r) for a given The function 
r(4*/) is two-valued. 


a m f r nW) 

dr,+ / dT„. (41.40) 

With use of the acoustic length, the term (jrfrn/d4>/ — drj/Jd>/) in the 
right-hand side of equation (41.39) is simply written as ds/d<P,. which 
represents the dependence of the distance between the two branches of 
the potential curve upon the potential level. Then, combining equations 
(41.33), (41.37), (41.38), (41.39), and (41.40), we eventually rewrite the 
quantization rule as 


(«+e)7r 




(o 2 -<Pi) 


m 


ds 

d&i 


d<P t 


(41.41) 


For a fixed the left-hand side of equation (41.41) is now regarded 
as a continuous, known function of o and hence equation (41.41) 1S 
regarded as an integral equation, in which the unknown to be solved is 
c/'i d<Pi and the kernel is (o - — Differentiation with respect to o 

leads equation (41.41) to an Abel type integral equation (Shibahaslu, 
1988), 


2n 


3_n( irj) 
do 2 


-r 


(o 2 -<t>i) ~ d<P t , (41-42) 


d<t> 


whose solution is analytically obtained. Here, we have assumed 


da 2 Bo 2 


(41.43) 


and discarded del da 2 , 
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In equation (41.42), the left-hand side is the known function which 
is obtained from observational data, the kernel is (a 2 - and the 

unknown function to be solved is ds/d<t>,. The recipe for solving an Abel 
type integral equation is well known: Applying f% lmm do 2 to equation 

we obtam 


(41.42) with a parameter a after dividing'it by '‘Va-a 2 ’ 

,r * 

J tb. 


2m 


do‘ 


-/*/ 
J 4>:„J <i 

-r 


(a-o 2 ) m do 2 

\(o 2 ~<Pi) (a-a 2 )]~ ia ^-d0 l da 2 
eM>l 


d<P, I [(o 2 - 
J 0 , 


<Pi) (a-o 2 )]~ 1/2 do 2 . (41.44) 


In the far right-hand side of this equation, we have changed the order of 
integration. The second integral in the far right-hand side of equation 
(41,44) is jt, and equation (41.44) is then reduced to 


f 
* #1^ 


Sn 


(a-a 2 ) 12 do 


J 


ds 


d<P,=sU r). (41.45) 




2 )~ l,2 do 2 . 


(41.46) 


3o z "" _ ' ;* 

By writing <f> ; in place of a, we eventually obtain the analytic solution of 
the Abel type integral equation: 

$n 

[do J 

Since the acoustic leugih si®,) is the distance between the two branches 
of the potential cum- determined by a given I. eqMM. :«■*> 
the disiance between the two turning points detetmmed by M a form 

of the potential, which itself “ *^ nd ™p“ weregard the aeons* 
potential considered, <P/~ o . H ence - ht ’ it w [,h the two 

length as a function of both 0 2 and /, and we rewrite it with 

arguments 

z T 1/2 d & 2 . (41.47) 


<-V >-f 


t represents a level o, _■* P^;£ 


In this expression. o~ represems a “ s ’^' e p 0te ntial profile, 

regarded as the parameter whic xhe acoustic length 

we' write i/o' 2 in place of do 2 m ^> Jme require d for the 

thus deduced from the integral equal between the two 

sound wave of a given frequency 0 to prep 


sound wave 
turning points: 
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s(o 2 J)=j dx=x 2 {a 2 ,l)-tAa 2 J). (41.48) 

In equations (41.38)-(41.48), the minimum of the acoustic potential 
0) is practicallv obtained by an extrapolation from a sequence of the 
square of observed frequencies with respect to the radtal order n. 

0 (mi „-lim ah, (41.49) 

H _»U 

for each value of I. The formula for extrapolation is not unique, but the 
final solution s(o 2 , /) of the Abel type integral equation is not so 
significantly dependent on the manner of extrapolation. 


41,2.5 Separation of Sound Velocity Term 

The acoustic length s(a 2 , l) is the length of the cut of the acoustic 
potential 0, for the degree / at the level of <f>/ = 0 measured in terms of 
the acoustic radius. The acoustic potential itself consists of two terms, as 
shown in equation (41.29), of which the first is directly related to the 
sound velocity distribution. Since only that term depends on the degree / 
of modes, we can separate the sound velocity term by examining 
/-dependence of s(o 2 , /) once we get the acoustic lengths for various 
values of t. It is convenient to use /(/+I) instead of I as one ot the 
arguments of s, since the acoustic potential 0/ depends on the degree / 
only in terms of /(/+1). So we write hereafter the acoustic length as v = 
r(tj 2 , L 1 ), where 

L 2 =/(/+1). (41.50) 

Differentiation of s(o 2 , L 1 ) defined by equation (41.48) with respect to 
Lr leads to 

3s _ 3T;( tr.L 2 ) djjUrX 2 ) 

3L 2 3L 2 ' 3L 2 


1 t? r ; _ 1 dry 

c{r 2 ) dU~ c(r { ) 3L 2 ' 


(41.51) 


where filo 2 , L 3 ) and r 2 (cr\ L?) denote the radii of the inner and the 
outer turning points, respectively. Since the acoustic potential is 
generally dominated by the Lamb frequency in the deep interior and by 
the /-independent term in the outer envelope, as we note in the previous 
section, the inner and the outer turning points are at 

jMr i> 




(41.52) 
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and 


V(r 2 )=o 2 


1 - (41.53) 

X'wht < 41 s > - 


r dr, 
[ 3L 2 


dr. 


21} </ln[r<r,)/^ ( ] 


and 


I =0. 
3L 2 ' 


(41.54) 


(41.55) 


Substitution of equations (41.54) and (41.55) into equation (41,51) 

yields 

dlnr, ds 1 

d[c(ri)/rj [3L 2 It' 


(41.56) 


The suffix 1 appearing in the left-hand side of equation (41.56) means 
that the quantities c(r) and r should be evaluated at the inner turning 
point at which equation (41.52) is fulfilled. Then we rewrite equation 
(41.56) as 

ds 


d\nr 


da(r) 


=2L 2 \—t 

a(r)=otL [ 3L- 


(41.57) 


where 

a(r)=c(r)/r. (41.58) 

The right-hand side of equation (41.57) can ^ 
differentiation of the acoustic i^ngt { ■ _ Then equation 

(41.47) as the solution of the integral equatioj ■ jn(ier J urnjng 
(41 .57) provides the gradient of the lengths for vurious values of 
point of the mode. Once we get the . “ of a ; n a wide range m 

1} and a 2 , we then obtain d In r/ f 0 f^ o(Jes are distributed, and we can 
which the inner turning points o . , equ3 tion with respect to 

surface as tJi.59) 


r=R at 


c(R)W- 


(41.59) 


Kiii 




oiven ns 


'JL-. 
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turning points in hand, where c = c(r) can be inferred from a theoretical 
model with little uncertainty. Since the outermost point is close enough 
,o the surface, the sound velocity c(r) is well approximated by 



(41.60) 


Then the logarithmic derivative of n(r)— c(r)ir with respect to r is 
estimated as 

4^=-2(1 -r/R). (41.61) 

dln« 

Equation (41.61) is useful to estimate the radial distance rift of the 
outermost point corresponding to the smallest value of a. 


41.2.6 An Alternative Complementary Inversion Method 

We have extended the quantization rule between discrete eigenvalues 
and the corresponding integers to a continuous function of n = n (a 2 , /), 
and have derived the integral equation (41.42), of which the known 
function is dn/do 1 . In practice, we can estimate dn/do 2 from numerical 
differentiation of discrete eigenvalues o 2 , t with respect to the radial 
order n while keeping / constant; {do^fdn) ! . In the case of a low 
degree /, insofar as the frequency a is high enough, we can accurately 
calculate the numerical differentiation, since many radial overtones 
differing in n are available. However, in the case of a high degree /(> 
WKl), since the number of overtones differing in the radial order n for a 
given / is limited to only a few, such numerical differentiation of a with 
respect to n is in practice inaccurate. 

So, in order to efficiently extract information front p-modes with 
high degree modes such as / a 600, we need to derive an alternative 
complementary integral equation in place of the integral equation 
(-41.42). Differentiation of equation (41.41) with respect to / leads to 

(4L62) 

^f.hnn 

where 

JX_ m c ( r ) 2 & , c(r) dr (4 j 63) 

M>i r 2 r* c/<f»,(r) ’ 

MOOT 


3<*)(r) 

31 


e (2/+l) 


c(r)^ 

7 


(41.64) 
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Here, in estimating dnldf we hnvp tr, « , 
values of n = n(o 2 , /) for each of / at ant ariSa* non ' in, ^ er 
interpolation with respect to both a 2 and / Such bll? ° f " ? y 
done even if there are only a few overtones as in the P . P< l?? be 

S f V V 00 '-,^ left ; hand 

observattonally available, and it is regarded as a known function of o? 
for a fixed /, which itself is obtained from observational data. Equation 
(41.62) is now regarded as an Abel-type integral equation with the 
unknown function to be solved d%ld<t> t and the kernel {o 2 - <$>,)-w 
The integral equation (41.62) can be analytically solved by a procedure 
similar to that described in the previous subsection, and the final 
solution is given as 

o-/'*« ■ 2 

* ti 


-dr—- 


( 2 /+ 1 ) 




o ,2 y' a da’ 


(41.65) 

Here, since x(®i) * s determined by the level in consideration in the 
potential, which is itself determined by the degree /, we regard % as a 
function of both o 2 and l, and we rewrite it with the two arguments. 
Once we get *(<r, 1) for a wide range of /. by differentiating both sides 
of the second equality in equation (41.65), we obtain 

din r 


d[a(r) ‘J a(r)-o/L -. 

which eventually gives the sound velocity distribution as equation 

<41 "lf ) wt Le the following fotritula m “™.“» a ,i”n MI.42) 

high degree modes such as / > 600, we 
even in the case of l ^ 600: 

dn(<r,D__ [dn&PJl k.. (41.67) 

^2 [do 2 (n, f)S3l] n 

where the numerator is estimated by ^^J^timated from the 
and the denominator do ■ emo desof the fixed radial order n 

inclination of the curve | Gnc „f the disadvantages in 

on the (/, v)-diagram (or (*. o)-d k 2 n/do : is that we have to 
using equation (41.67) .0 £„ ate better off ustug 

perform numerical diffe.en nal.0h ^ ^ lbe heip of equation 

equation (41.62) rather than equation ( 

(41.67). 


-ri 




2/(/+l) 

\M 

2/+1 

[ 31 L 


(41.66) 
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«. , 7 A UI) ]jcalion to the Real Observational Data 

*f, !!, of lht . present asymptotic inversion method has been 
verified by Sekii and Shibahashi (1989) (see also Shibahashi and Sekii. 
itssi They carried out numerical tests usrng a solar model and solved 
hi- invenre problem by regarding the theoretically calculated eige„f re . 
uuencies as the observed values to see bow well the sound velocity 
distribution is reproduced. The practical procedure rs the same as that 
used in the previous section 41.2.5. They used 1971 p-modes winch are 
actually observed in the real sun. In order to determine the sensitivity of 
the method to the observational errors in eigenfrequencies, they 
prepared ten sets of simulate observational frequencies, which are 
distributed within the observed standard deviation around the true 
frequencies. Figure 41.6 shows the solutions together with the solution 
in the case of error-free data and the true sound velocity of the model. 
The ten sets of solutions are statistically distributed due to the statistical 
distribution of the frequency data itself around the solution in the case 


xio“ 



Kg. 41.6 The square of the sound velocity c{rf. The thin curves show the envelope oU 
obtained by inversion of the erroneous data of ei^nspeiti^ 
° } P- modes. The thick curve shows the result of inversion oi orioi ]L 

dgenspearum. The smooth thin curve shows the true value of the modd- 

of p-modes is used in the inverse problem * 
Mnbahaslii and Sekii (1988), 
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Fig, 41.7 The relative error of the squared sound velocity obtained as the solution of the 
inverse problem of p-mode oscillations in comparison with the true value of 
the model; [c(r)U - c(r) 2 tim ]tc{r) 2 tnK > The thin curves show the envelope of a 
set of solutions obtained from the erromeous data of eigenspevtmm of 1971 
p-modes. The thick curve shows the result of inversion of error-free 
eigenspectrum. After Shibahashi and Sekii (198M 


of error-free data. The thin curves in this figure indicate the envelopes 
of the solutions, and they define the most reliable range for true sound 
velocity distribution. Figure 41.7 shows the relative ditk rente between 
the true sound velocity distribution and the solutions deduced from the 
sets of p-mode spectrum. We see that the inversion method reproduces 

mcihod'by performing numerical simulaliotts. '(lyggj'am! 

rhrr real ^^Sr^rheLl.afrbe 

Libbrecht and Kaufman (l9Sb). Tc reservation al error in the 

deduced sound velocity distnbution cause - uctcd 72se ts of 

frequencies of modes, Shibahashi andI Sekrnwi by adding 

frequency spectra of 1971 modes in . R (0 t(]e re p { , r ted frequen- 

some amounts within the stan arc envelopes of the set of sound 

cies. The thin curves of Fig. fluency spectra. We 

velocity distribution deduced in th is figure as the reliable 


rjartor/l hf'lf ! 
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Fig, 41.8 The square of the sound velocity c(r) 2 . The thick curve shows the inversion 
result from the observational data of 1971 modes compiled by Duvall et al 
(1988) and Libbrecht and Kaufman (1988). The thin curves show the 
confidence level of la due to the observational error in frequency spectrum. 
The smooth thin curve shows the value of a theoretical solar model of 
Shibahashi et al. (1983). After Shibahashi and Sekii (1988). 

sound velocity inferred from the observational data which was compiled 
by Duvall et al. (1988) and Libbrecht and Kaufman (1988). The thick 
curve in the same figure indicates the sound velocity deduced from the 
reported frequencies without taking account of standard deviation. In 
the same figure, we plot the sound velocity distribution of the model 1 of 
Shibahashi et al. (1983). Figure 41.9 shows the difference between the 
sound velocity distribution deduced from the observational data and 
that of the theoretical model: (c? nv - c 2 madcl )lc 2 mit(le] . Since 72 statistical 
sets of frequency spectra have been used, the confidential level shown 
by these envelopes is estimated as la. We find that the sound velocity 
c(r) in the range of 0.20 < rlR < 0.40 deduced from the p-modc 
spectrum is slower than that of the model. 

As seen in fig. 41.8, the gradient of the sound velocity c( r ) 
significantly varies near r!R ~ 0.70, and this is the manifestation of the 
transition between the radiative core and the convective envelope 
(Oiristemen-Dalsgaard et al., 1985a). From the inversion of the 
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Fig. 41.9 The relative error of the squared sound velocity obtained as the solution of the 
inverse problem of p~mode oscillations in comparison with a theoretical model 
of Shibahashi et al. (19S3); \c(r)^ - 

shows the inversion result from the observational data ot 19 1 modes compiled 
by Duvall et al. (1988) and Libbrecht and Kaufman [WS$\. The thm curves 
show the confidence level of la due to observational error m the frequency 
spectrum. After Shibahashi and Sekii (1988). 


iervational data, we reach the same conclusion tls Envelope — 
•btem approach concerning the depth o t e com ^ ^ ^ deep 
t is, the convective envelope iis ^ “ radient of t he sound 
iristensen-Dalsgaard et al.. t» >• r ionization zone, and 
ocity also varies significantly very muc . . ^ abundance of the 

amount of variation to W" “ J <*“<*"*; 

responding clement. Gough ( * | ium abundance by using the 


ation Mechanism 
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Cepheid variables, Ando and Osaki (1975) found by linear stability 
analysis that many nonradial p-mode oscillations of the sun are 
overstable due to the ^-mechanism of the hydrogen ionization zone. 
However, they completely neglected the effects of turbulent convection 
on the p-mode oscillations because it was rather difficult to estimate 
them reliably. Indeed, whether or not p-modes are overstable depends 
on the treatment of convection (Ulrich and Rhodes, 1977; Goldreich 
and Keeley, 1977a; Antia, Chitre, and Narasimha, 1982; Antia, Chltre, 
and Gough, 1988; Gabriel, 1988; Chitre, 1988) as well as on the 
treatment of radiation in the optically thin region (Ghristensen- 
Dalsgaard and Frandsen, 1983a). On the other hand, Goldreich and 
Keeley (1977a, b) t and Goldreich and Kumar (1988) and Kumar, 
Franklin, and Goldreich (1988) examined the possibility of stochastic 
excitation of eigenmode oscillations by turbulent convection. This 
mechanism is essentially similar to the phenomenon in which the 
oscillations of a system are excited at resonant frequencies and 
maintained at some level by the Brownian motion of individual particles 
that compose the system, Goldreich and Kumar (1988) estimated the 
energy of oscillations excited by this mechanism and concluded that the 
stochastic excitation model can explain the amplitudes of observed 
five-minute oscillations. The results might be, however, sensitive to the 
velocity of convection and the spectrum of the large eddies because they 
determine the absolute value of the energy of the resonant eddies. At 
present, it will be fair to say that the question of the excitation of the 
five-minute oscillation has not been settled yet. 

We now compare the result of stability analysis with observations. 
If we discard the effects of turbulent convection on oscillations and 
adopt the Eddington approximation for the radiative transfer in the 
optically thin atmosphere, p-modes are overstable in wide ranges of n 
and /. For a given / the growth rate first increases with radial order of 
modes, but after reaching a maximum it decreases, and p-modes finally 
become stabilized for o > 0.03 s" 1 . The most unstable modes are those 
with a period around 300 s and with a wide range of degrees. The 
stabilization of higher p-modes is due to the strong radiative dissipation 
in die upper atmosphere. The general pattern of instability of p-modes 
appears in reasonable agreement with the distribution of observed 
power. However, f-modes almost always appear stable, because the 
excitation mechanism (*> median ism) does not operate for these modes 
due to their solenoidal nature (Le,, Vf = 0). On the other hand, 
observations show that the amplitudes of f-modes with high degree / arc 
comparable with those of p-modes with the same range of /. This fact 
; 1 a serious suspicion on the justification of the hypothesis of 


uo-andasterosebmoloov s, 

self-exciting overstability of oscillations. Observation* ,, 
individual mode damps with the lifetime of the order of a fewdavslf 
assume the p-modes are self-excited, the amplitudes of these S' n 
groW until some nonlinear effects suppressthem, 
however, that the observed amplitudes seem too small to induceCh 

nonlinear effects. A stochastic excitation hypothesis seems favorable for 

explanations of these two problems: the observation off-modes and the 
lifetime of modes. According to this hypothesis, the turbulent convec 
tion generates acoustic noise, and acoustic noise in the sun's resonant 
cavity results in the excitation of the cavity's normal modes. The kinetic 
energy of modes is stochastically supplied by the turbulence, and the 
radiation works to damp the modes. The excited modes in this process 
are considered p-modes in the five-minute range because of the spectra 
of turbulence. These modes are thought to induce three-mode coupling, 
by which the kinetic energy of p-modes is transferred to f-modes 
(Kumar and Goldreich, 1989). The amplitudes of modes are determined 
by balance of power of turbulence and radiation damping. The 
amplitudes estimated by Goldreich and Keeley d 4 ^ 
smaller than the observed values. Goldrmch, and kuma (1988) 

reinvestigated the efficiency of the " Ied amplitudes 

gravitationally stratified layer and torn ^ r 
are comparable with the observed ampiuu es spe cirum of 

I, is seen in Fig. 11.6 that width nf peak (^cnev «. 

low-degree modes becomes broader wit ^ j The nip panel of 

This tendency seems common in the higher r. . * ^ = , 9 _ :4 and / 

Fit;. 42,1 shows the observed linewit t « . . 4 , ls j, ow s power per 

= 60 (Libbrecht, 1988b). The middle panel ^ ^ (radiat) velocity 
mode normalized to represent the mea j 4 , j show* totale*. 
per mode in (cm s' 1 The bottom panUo^, ht ^ntJ»-J 

per mode as a function of ^^"ybbrecht (1988b. theoretical 
theoretical calculation of nHH ih]e eX citation mechams ncertain ,y of 
these data in relation to the P 0! j s acCU rate due to ^ the linear 
growth rates are, however, [he relation ^ hlforwald . More 

convection-oscillation coup - ..j £ j ans is not - obser v;it |L)n! ‘ 

growth rate and the powerof osa ^ highly ^ l ^'j tude and i* 
extensive theoretical lfl ^ estl ? etwc en the vel ” U Lye help** 1 L 

of the P hase reia i i0 "nndividual tnodesJ«P c sa n dforuode«a 

brightness amplitude i " itat ion riltt nu ,dcs 

estimating of the damp 1 S . s h 0 ws th aI 1K ...,hese 

ing the cxcilalion mc cha [abl hiy ana v do W> i work 

For g-modc.osc,lla.«^ 
are Stochastic t?x 
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Fig, 42,1 FWHM line width (top), power per mode (middle), and total energy per mode 
(bottom) as a function of frequency, for modes with / — 20 analyzed by 
Libbrecht (1988b), The squares show fit from individual mode features with / 
= 19 - 24* and circles are the result of a more indirect high frequency analyst 
of i *» 6(1 modes. 


modes, because the time scales of oscillations and of turbulence diftci 
significantly. In order to explain reported observations of g- modes, 
nonlinear mode coupling has been discussed by Dziembowski (198-* 
1983), and a possibility of excitation due to the magnetic torque has 
n discussed by Dziembowski, Patemd, and Ventura (1985)- 

43. Asieroh€*hmoiogy 


The periods of the pulsations in classical variables have been used u> ev 5 
information about the structure of those stars. Although most of ^e 
ctatfkaJ pulsating variables present only a single mode (the radial 
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fundamental mode or the first nvf>rt n ...\ .. 

measure of the mean density of the star Son^ P f r |° d has provit3ed a 

double-mode Cepheids, are 

the stellar mass can be determined as one m mo ^ es - and then 
from the pulsations in addition ,o ,h= mean deSv'm 
of pulsating modes m a srar ieads lh e iocr.a* o( lhe ” 

mformution derived from the pulsation. The most successtal ease is the 
sun. Stimulated by the success of helioseismology, a similar attempt to 
probe the internal structure of stars in general is encouraged. In recent 
years, small amplitude pulsations have been discovered in many stars 
which were hitherto regarded as non-pulsating stars as reviewed in 
Chapter II. The most important characteristic of pulsations in these 
newly discovered variables is that their pulsations consist of many more 
eigenmodes than those in classical variables. This fact opens the 
possibility of a seismological approach to stars in general, and the 
research field probing the internal structure of stars in general is now 
called "asteroseismology.'" In this section, we evaluate the prospect and 
review the present status of asteroseismology. Some other useful 
reviews on the subject have been given by Christensen-Dalsgaard 
(1984c* 1986), Dziembowski (1984a), Shibahashi (1986). and Dappen, 
Dziembowski, and Sienkiewicz (1988b). Harvey (1988) reviewed 
techniques for observing stellar oscillations. 

Though the success of helioseismology is quite encouraging, the 
seismological approach to stars in general is much more difficult than 
that to the sun. In most cases, the stellar image cannot be resolved into a 
two-dimensional disk image. Hence, the degree of the detectable 
oscillations is restricted to 0 * 4. Otherwise the stellar surface is 

divided into many small regions oscillating in diften-nt p an . 
contribution of each region is canceled by often, soaha 
amplitude of .he variabiliiy of ten — 


exceptions are rapidly rotating stars, in 


line profiles help .he .ability of 

degree inodes up to l — lb (see Sec ion •• ^ muc h i ess than 

number of observed eigenmodes in an m ivr j ^ TJl( , degree / of a 
in the solar case, and it is in many cas - (he ste( | ar i ma ge cannot 
mode is not always uniquely detei ™* Q always observed, and then 
be resolved. The adjacent for the sun and 

it is difficult to determine the rad ^ arc n0 , determined 

some binary stars, the , radlU . S “"observations. If these quantities could 
precisely from other independent^ to the seismological 

be known, they would gi L quantities also have to t 

approach. In practice, instead, these q 
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determined by using the oscillation data themselves All of the facts 
described above make asteroseismology more difficult than hehoseis- 
mology Nevertheless, since asteroseismology is the unique method of 
probing observationally the interior of stars which can never be seen i n 
principle it is worth investigating. Indeed, solar-like oscillations have 
been reported in some stars, and a useful theoretical method of 
determining stellar mass and age has been proposed. The rapid 
oscillations in Ap stars are now regarded as a unique tool to investigate 
stellar internal magnetism. In this section, we discuss first the 
asteroseismology of sun-like oscillations, the rapidly oscillating Ap 
stars, and white dwarfs. 


43.1 Sun-Like Oscillations 

High order p-modes with low degrees such as / = 0 - 4 penetrate the 
stellar deep interior, and may be useful to the seismological approach. 
By assuming Goldreich and Keeley's (1977a, b) mechanism for the 
stochastic wave excitation by convective motion in late type stars, 
Christensen-Dalsgaard and Frandsen (1983b) estimated the amplitudes 
in brightness of high order p-modes with low degrees of those stars as 
AHl ~ l<r \ which is much smaller than the photometric noise level for 
the ground-based observation (~ millimagnitude). Some aspiring 
attempts to detect such small amplitude oscillations have been made, 
two groups (Noyes, Baliunas, Belserene, Duncan, Horne, and Widrow, 
1984; Geliy, Grec. and Fossat, 1986) have so far reported possible 
detection of them in stars a Cen (G2V) and a CMi (F51V) and e F- n 
( K2V). respectively, and Frandsen (1987) reported an upper limit on 
p-mode amplitudes in ji Hyi (G2IV), According to the asymptotk 
theory of oscillations (Tassoul, 1980; see Section 16), the angukn 
eigenfrequency a„, of the mode with the radial order n and the degice 
Hn » l = 1) is given by (16.35), and the eigen frequencies v oI2z° ^ 
p-modes with even and odd / alternate, to first order, with equal spacing 
of v.,/2. Since the signal-to-noise ratio of these data is still marginal an^ 
she periodic oscillation is not conspicuous in the raw data* lhose 1 ^ 
groups lust calculated the power spectra of the data for variability am 
then searched tor expected regular patterns in them * The Nice p i){ \ 
(Geliy el al., 1986) reported in this way sun-like oscillations aroum ' 
^-rnH/ with an equi-distance of 82.7f<Hz for a Cen and those around ' ^ 
l.Smliz wuh an equi-distance of 43.7^Hz for a CMi from 1 ^ 
obseisation ot radial velocity by means of their sodium oell S P ^ 
f r-p.ijuii|ei al. (1984) performed nightly monitoring 1 
Mteasitie': ot the (all and K lines, and they also reported the ( (/ 
IWOailOM m /Eli arotwdv m. J JbiHz with an equi-distance of «¥ 
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represents the inverse erf the time required for the ^nd '5?7£ 
sound wave between the surface and the center and i, is 
proportional to (M/* 3 )“. Therefore, by assuming the mass of a fm. 
we can estimate its radius from the observed quantity of spacing 
between eigenfrequencies of p-modes with low, even and'odd degrees 
v 0 . For a CMi, the radius thus obtained is 1.87/? and it seems 
reasonable (Geliy et al., 1986). Since or Cen is a member of the closest 
multiple star system, its mass is well measured as M = 1.09,W.. 
Furthermore, the precise measurement of its temperature and of its 
distance leads to R — 1.23 =t 0,04 /Jq. However, the radius inferred from 
the value of v { > is R = 0.93/?© and hence there is an evident contradiction 
(Demarque, Guenter* and van Altena, 1986; Geliy et al., 1986). 

According to the asymptotic theory (Tassoul, 1980), the depanure 
from the true equi-distance of the power spectrum is given by 

a„.,-a„_ u+2 *(4/+6Mv§/o„. J *2jr(4/+6)Z) 0 . (43.1) 


where 

f R i . 

A=vo 1 \c(R)IR-J' -^ T r ~" dr ■ 

Since A is sensitive to conditions near the center of the 2 >tar 


(43.2) 

(Provost, 
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3 ?: nonradial oscillations of stars 

UM) die departure from the equi-distanee strongly depends on the 
evolutionary stage of the star. Hence, we can distinguish 
i f. n ntntt and aae on a two-dimensional (v () , £> 0 )-diagram 
(Christensen-Dalsgaard, 1984c, 1986 1988; Ulrich, 1986a. ,«#. 

Gough 1987). if the chemical composition is given, as we can do on the 
HR diagram, Figure 43.1 shows the evolutionary track of a solar model 
on the (v [ „ /)i,(-diagram. Plotting the observed values of v„ and D,,„„ 
this diagram, we can determine the mass and age of a star. Precise 
measurements of cigenfrequencies of p-modes will become a powerful 
tool to determine these fundamental quantities of stars. 

Guenter and Dcmarque (1986) compared the calculated oscillation 
spectrum and the location on the HR diagram of models of e Eri with 
the observation by parameterizing the mass, the mctallicity, and the 
mixing length* The best fit among their models has Af 0.8 .A^q, Z 
0.02, a = 1.00, R - 0.80/? o , and an age of 11.5 Gyr. This model is so old 
that the high chromospheric activity (the observation was carried out by 
monitoring Ca H and K lines) and rapid rotation rate of the star seem to 
contradict their conclusion (Guenter, 1987). Soderblom and Dappen 
(1986) have proposed another possibility, that of a young stellar model. 
A precise measurement of Do will be useful to examine their 
conclusions. 

Though the quality of the observations so far made is not yet 
satisfactory, the attempts described above provide us with hope that we 
can develop the seismology of sun-like stars in the near future. In order 
to detect their very minute variability, a high precision in photometry 
and/or spectroscopy is required. Some groups are applying the 
instruments for solar oscillations, and some other groups are now 
developing instruments dedicated for this purpose (e.g., Connes, 1985, 
Butcher and Hicks, 1986; Rhodes, Cacciani, and Tomczyk, 1986. 
Pietraszewski, Reay, and Ring, 1986a; Pietraszewski, Ring, and 
Forrest, 1986b). Uninterrupted, continuous observations to get high 
resolution in the power spectrum are also required. The best way to 
achieve these requirements is to observe from space, and some projects 
are now in progress (e.g., Praderie, Mangeney, Lemaire, Puget, and 
Bisnovatyi-Kogan, 1988; Soderblom, 1988). Though the range of / ol 
detectable modes is limited to 0 s / s 4, if many overtones differing i" 
radial order are detected we can, in principle, infer the sound velocity 
distribution in the stellar interior as the inverse problem. The recipe 
essentially the same as that outlined in Section 41 for the inverse 
problem of solar oscillations. Whether or not such an inverse appro^ 
is practically applicable depends on the quality of observations; at the 
pfusent moment, it is quite uncertain. 
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43.2 Rapidly Oscillating Ap Stars 

I he rapidly oscillating Ap stars are another group of stars which reveal 
high-order p-mode oscillations with low /. ££ 

sions m the previous subsection are also valid for these sta^ Another 
interesting and unique feature is that the oscillations in Ap stars „ 
significantly influenced by the stellar magnetism as well as the rotation 
We mainly discuss this aspect in the following. 

Let us consider a uniformly rotating, magnetic star, whose 
magnetic axis is inclined to the rotation axis by the angle 0 . We assume 
here that the effect of the magnetic field upon the oscillations dominates 
over that of the rotation. Then a form of normal modes labeled by the 
azimuthal order m (m — /) with respect to the magnetic axis is 

given by equation (19.S4) (Kurtz and ShibahashL 1986), and the 
observable luminosity variation due to a normal mode is given by 
equation (19.92). Equation (19.92) means that even if only a single 
mode is excited. ( 2 / + l)-fo!d frequency components. + 0 '^* + 
wiflcos 0 ) - m'Cl for m 1 = L with spacing equal to the rotational 

frequency ft of the star with respect to an inertial frame are observed as 
a result of the variation in the aspect angle of the eigenmode with the 
rotation of the star. Here, 0 is the angle between the rotation axis of the 
star and the magnetic axis (see Fig, 19,1), Furthermore, equation 
(19,92) indicates that the relative amplitudes of those components arc 
not equal to each other but are dependent on the rotation and the 
magnetic field of the star (Dziembowski and Goode. 1985, I486). This 
leads to the possibility of using the observed fine structure of oscillation 
frequencies as a diagnosis of rotation and the internal magnetic tiJJ ^ t 
Ap stars (see Section 9; Fig. 9.4), In this sense, the observation of the 
rapidly oscillating Ap stars will open a new aspect of asterosetsmo ogy. 

Let us consider an axisymmetric mode with respect to the magne il 

f » f - “ 

structure (sec Fig. 9.4); 

( 43 . 3 ) 

(/*)</!» (<> 
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since 
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(43.4) 


and 
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A[ 

a; 1 


AT m ' m ‘ 


(43.5) 


where B and i denote the angle between the rotation axis and the 
magnetic axis and that between the rotation axis of the star and the 
line-of-sight. respectively. In equations (43.3) and (43.4), d„„,■([}) and 
( () are defined by equations (19.69) and (19.88), respectively, and 
thev are constants depending on the mode considered and the 
geometrical configuration. Equation (43.3) means that the ratio of the 
summation of the amplitudes of ±m ’-components to the amplitude of 
the central component of the fine structure provides us information 
about the geometrical configuration. Equation (43.5) means that the 
relative difference of the amplitudes of ±m '-components gives a ratio 
between the effects of the rotation and of the magnetic field upon the 
oscillation. It should be noted that in equation (43.5) the magnetic effect 
on the oscillation appears only in terms of o since the 

eigenfunction with m = 0 is modified by the Coriolis force to be mixed 
only with m = ±1 components. It should also be noted here that the 
exact form of the magnetic perturbation to frequency is not 

necessary in deriving the above formulae. Only axial symmetry is taken 
into account. For / = 1, equations (43.3) and (43.5) arc reduced to 


A|+/4| 


=tan/3tan i 


(43.6) 


and 
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Also for 1 = 2, those equations are reduced to 
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(43.8) 

(43.9) 
(43.10) 

(43-11) 


By using these formulae, if we obtain fine structures in the p» wcr 
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Tablt 43.1 Application of equations (43.6) ami ( 43 . 7 , 


HD 

fan/? tan; 



and (43.7). 

^ Reference 

6532 

2.14 

-----—- 

- - -- 


0.295 

7858 

Kurtz and 

83368 

9.65 

0.10 

2.85 

Krcidl {1985} 
-7(IK + 7mj G Kurtz and 





Shibahashi (f986| 


spectrum, we can compare the relative importance of the effects of the 
magnetic field and of the rotation on the oscillations and derive some 
constraints on the geometric configuration of the star. The latter can be 
verified by using the variation in the observed magnetic field, if we 
apply the oblique rotator model for the magnetic field. Table 43.1 lists 
the results of the application of equations (43.6) and (43.7) to some of 
the rapidly oscillating Ap stars listed in Table 9.1. The second and the 
third columns give tan/3 tan i and C„j=i Q / (a cr l 'T,derived 

from those equations, respectively. The fourth and the fifth columns 
give the rotational periods and the surface magnetic field strength 
obtained from other independent observations. For HD 6532. the 
surface magnetic field has not yet been measured. Comparing the values 


of Cn/(0| ( J,j"'^- 0| < „ l ,}'?" 2! ) and the rotation period of this star and of HD 
83368, we expect that the surface magnetic field of HD 6532 is of the 
order of 300 G insofar as we suppose * H; (Kurtz and 

Shibahashi, 1986). The measurement of the surface magnetic field 
strength H e of HD 6532 may allow examination of this prediction based 
on the asteroseismological approach to Ap stars. 

So far we have not specified a form of 0 )™!™'*- In ihe case of a 
dipole magnetic field, the denominator of the right-hand side of 
equation (43.5), is P ositive ‘ Then, equation 43.5) 

predicts that the amplitude of the lower trequency-componcii 1 ^ _ 

fine structure is higher than that of the higher 
(sec Fie. 9.4). Table 43 J shows that this is the cast for I II - ‘ 

HD 83368. We can infer the internal magnetic field^magnetic field 
from equation (43.5). Although the L? d stre ngth at the stellar 
strength, H e , gives us ^ ^ yiek j cc j by the oscillation data 

surface, the information oft ^ * ‘ n stdtiir interior by means o( 
provides us a field strength J provide us useful concepts for 

the eigenfunctions. Such information a l 
the understanding of the phys.es of Ap stars. 
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the number of modes of an individual pulsanng Whitt dwarf is 
larger lhan those of other type pulsating stars except for the su „, 
asteroseismologv of white dwarfs may be prom,sing. The ose,Hattons 
white dwarfs am regarded as nonradral g-modes Accord,ng to the 
asymptotic theory for high order g-modes w„h low degrees /.there is a 
simple relation given by equation (11.8) among the periods. the degree 
/ and the radial order r, (Tassoul, 198(1: Section 16) as in the case of 
p-modes Kawaler (1987a,b. 1988b) applied this relation to obtain some 
constraints on the physical quantities of some of pulsating white dwarfs. 

Cooling rates of pre-white dwarfs arc thought to be rapid enough to 
enable us to detect the resultant period change of pulsations (Winget, 
Hansen, and Van Horn, 1983). Hence, detection of such a period 
change 'will provide us a direct measurement of stellar evolution. The 
frequency of each eigenmode is very sensitive to the internal distribu¬ 
tion of the Brunt-Vaisala frequency, which is sensitive to the internal 
temperature of the white dwarf as well as the stellar radius. At the 
pre-white dwarf stage, as the star becomes more compact, the period 
becomes shorter. At some later stage, the effect of the cooling of the 
internal temperature upon the frequency of g-mode oscillations may 
dominate that of the decrease of the stellar radius, and the period tends 
to increase. Kawaler, Hansen, and Winget (1985a) theoretically showed 
that the transition from negative to positive dilldt occurs at nearly 1000 
solar luminosity for a wide variety of the planetary nebula nuclei and 
pre-white dwarf models, and dflldt is near zero only for a very short 
time. Since the cooling time scale of DO pre-white dwarfs is only oi the 
order of 10*’ yr, while it is 10 7 ~ M yr (JO 9 yr) for DB (DA) white dwarfs. 
Winget et al, (1983) expected that the period change in oscillations oi 
PG1159 variables was detectable within 2-3 years. In fact, such a 
measurement of period changes was later realized by Winget, Kepler. 
Robinson, Nather, and O’Donoghue (1985). The observed period 
change rates nifj are =1.4 x 1() 6 yr for PG1159-035 (Winget et al-. 
1985) and \Wfl\ >6.9 x ltf* yr for a ZZCeti star, G117-BI5A (Kepler. 
Winget, Robinson, and Nather, 1988). Though these absolute values 
are in agreement with the expectation, the sign of f) for PG1159-035 (/ 
- —1.2 X 10 “s s 1 ) is contrary to the theoretical expectation o 
Kawaler et al. (1985a). Kawaler, Winget, and Hansen (1985b) claimc 
that this may indicate that some other important factors such as t 1 
rotation, the diffusion of chemical elements, and so on should be taks 
r account to estimate 11. Measurement of period change will g‘ ve 
some dues to understand the evolutionary stage of pulsating 
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pre-white dwarfs. 

The eigenfrequencies of g-modes 
Brunt-Vaisala frequency distribution in the S °/ erned b V 'he 

principle, obtain some information about the Br^vl^r T Ca " in 
distribution in the star by means of a t , mA a,sala frequency 

,.v„, 1—, < .Si.'.KSK ?• 




diffusion of elements, and convection. Non. TSSSSi 
processes have been well understood. Thereto,.. , h , s . lsTO | ogka , 
study based on the invetse problem of white dwarf oscillations may 
provide a unique tool to investigate these elementary processes, and 
hence it is worth doing, though such an attempt using the available data 
at the moment seems somehow ambitious. The following is an inversion 
method developed by Shibahashi, Sekii, and Kawaler (1988), which is a 
variant of an inversion method described in Section 41.2 to probe the 
sound velocity distribution in the sun from the p-mode oscillations of the 
sun. 

The wave equation governing the radial part of g-mode oscillation 
is, in some limiting cases, reduced to a form similar to the Schrodinger 
equation in quantum mechanics, which is written as 


d 2 y N 2 

A? r 




\l>= 0 . 


(43.12) 


Here, Ur denotes an eigenfunction, 1(1+1) I o 2 is regarded as the 

T ....... *. _ n.4iu'h rnrm<K fit a 


eigenvalue, and 3,(r) is the “gravity wave potential' which 
nm.h.el of /(/+!! and the invc.se of Brunt-Vaisala tmqncncv and the 


product of /(/+1) and the inverse 
/-independent part 0(r): 


w 


(43.13) 


The first term in the right-hand side of |’ b( !^ n teXge in the 

In the* inn^r HHft of a wllltC dwarf, „,nmti 7 Ation 


0(r) in the inner part of a white dwar^. ^ ^ quantization 

outer part. Based on the WKbJ - 


rule leads to 


r\V^Ur)T N ; 

(n+e)ir= | a - 1 r 


dr , 


(43.14) 

* , j ~ n H are the turning 

order of the mode and A - n (4J . 14 ) 
of the right-hano sw discrete 


where n is the radial - rieht-nano --- .. rpte 

points at which the mte ^ n rule give s only a relation between 
vanishes. The quantiza corresponding integers' ■ . h 

eigenvnlues f(/ + l)/o 2 "**£££, hy 
we extend this relation 
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equation (43.14) as if it were a relation among continuous variables 
1(1+1)/o 2 , rt, and /, If we can identify each of the observed modes, then 
we can regard equation (43.14) as an integral equation, in which (n + 
€ )n is the known function of /(/+l)/«*i the kernel is [/(/+l)/o 2 -5,] 1/2 , 
and the unknown to be solved is /V/r, since, for a fixed value ot /, the 
left-hand side of equation (43.14) is a function ot l(l+l)/a , 

The mathematical procedure to solve this integral equation is 
parallel to that to solve the integral equation for p-mode oscillations, 
equation (41.33). The solution gives the distance between two turning 
points measured with the gravity wave velocity. 


[ h N 

s(£ h I)= —dr 

* T\ 

=2 /* - 3n _ 

' W U^ +1 ^ 


[E,-/(/+ l)/cr 2 ] -1/2 d[l(t+[)/o z ]. 

(43.15) 


Here, the lower limit of the integral region corresponds to the minimum 
of the gravity wave potential, and it is obtained by extrapolating 
eigenvalues to n = 0. Once we get solutions (43.15) for some different 
degrees, we can obtain 

d[l/Af(ri)]/d In r l = (2/+l)/[2/(/+l )j-(3s/3/) _ 1 (43.16) 

by differentiating solutions (43.15) with respect to / since the inner 
turning point of rj is approximately given by 

nV.Hct 2 . (43.17) 

The right-hand side of equation (43.16) is evaluated at a given 
/(/+1 )/<j“; thus, by using equation (43.17), we should regard equation 
(43.16) as an equation to give d[l/JV(r|)]/t/lnri as a function of N(r\)- 
By using a reasonable range of /, we eventually obtain the Brunt- Viiisala 
frequency distribution in the white dwarf. 

Figure 43,2 shows the result of the numerical simulation performed 
by Shibahashi et al. (1988). It shows the true Brunt-Viiisala frequency of 
the model (thin curve) as a function of /f, N/r dr (lower scale) and the 
Brunt-Viiisala frequency obtained as the solution of the inverse problem 
of 95 eigen modes of g-modes with / = 1 - 10 (thick curve), which are 
shown in the (/,[/(/+ l)/o 2 ] 1/2 )-diagram of Fig. 43.3. In solving the 
integral equation, Shibahashi et al. (1988) supposed that the modes 
were well identified and used wider ranges of / than the actually 
detectable modes in order to examine the validity of the inversion 
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Fig. 43.2 The Bnmt-Vaisala frequency distribution in the pre-white dwarf model of 
Shibahashi et al. (1988) (M = 0.60M 0 , i = MOL.) (thin curve) as a function 
of fo Nlr dr and the inverted result from the g-mode oscillations spectrum 
(thick curve). The upper scale of the abscissa indicates r R as a reference 


Fig. 43.3 


xio 2 









m nonradial oscillations of stars 

. . -If As seen from this figure, the inversion method itself 

method itself- * ' duce the true Brunt-Vatsala frequency. i„ 
works quite ofders n and the degrees l of observed modes 

practical cases, . ior to the application of equation 

aU4 or X they Vl/bc determined from equation (43.,4) 
,«lf i,h in initial guess of N\r) ™d a eonstramt that they must be 
T frtr iihservcd modes. Once the values of n and l are fixed, then 
rfpXheTnveX method to obtain the pro,He of Snch 
processes are iteratively repeated until the best so utions for both the 
mode identification and the gravity wave potential are obtained. The 
number of modes observed for an individual pulsating white dwarf is at 
the present moment at most 28 (Winget, Robinson, Nather. and 
Fontaine 1982b), which is too small to be applied to the integral 
equation’(43.14) to infer the spatial variation of the Brunt-Vaisala 
frequency in the star. If more oscillations with minute amplitudes are 
detected in future with the development in observations, the inference 
of /V 2 -profile following the recipe outlined here will become possible. 
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strength of magnetic field 

quantity defined by equation (18.75) in Sect. 18.2 

angle between the solar equator and the line-ol-sight in Sect 

quantities defined by equation (30.21 J 

quantities defined by equation (30.22) 

quantities defined by equation (30.23) 

constant coefficient matrix defined by equation (ISJ->) 

branching factor in pp-chain 

quantity defined by equation (29.15) mS*L. y 

bi-diagonal matrix defined by equation (3 -- 
convective quantities of state. « g ‘ ^ 17 

nuclear reaction rate of they- an ^ tt j n g 0 f frequency [see 

constant coefficient deriding rotauonal spbtung 

equation (19.46)] „ (18.107) in Sect. 18.2 

constant column vectOL.defi"v J 

sound speed; (= y/Tipfp) 

light speed _ r 

»«* mU '^Ji.!ssimru 

&ZX^28£SS 
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Cy 

e* 

D 

D 

D,(l-1.,4) 

D 0 

DlDt 

dldi 

d 

d t 

d? 

d& 

E 

Ew 

E (subscript) 

*i 

etc 

e w 

F 

Fc 

Fk 

Ff* 

Fw 

Fax 

Fkx 

F 


Fh 

F, 

f 


m 

n 

u 

G 

G-mode 

Gt 

g 

g-mode 

U 


quantity defined by equation (24J3) 3 

quantity defined by equation (24.14 : (=4ir^p£w/I,*) 
quantity defined by equation (24.15); [-4jr «T(™« ) 'M 
diagonal matrix defined by equation (34.34) in Sect. 3 
discriminant in Sect. 18 and 24 

quantities defined by equation (22.6)-(22.10)in Sect. 22 
quantity defined by equation (43.1) in Sect. 43 
time derivative following the unperturbed rotation; 

(=$/3{ + (ld/S<p) . 

Lagrangian time derivative (=9/Si+v-V) in Sect. 33 

matrix consisting of dm,’,, 

operator defined by equation (20,52) in Sect. 20 
quantity defined by equation (18,77) in Sect. 18 
quantity defined by equation (19.69) in Sect. 19 and 43 
total energy of a star; [~/ 0 (jv? + j®+U)dM r ] 
global wave energy of a star defined by equation (23,15); 

n"i*w+Tf*w** 

quantities in equilibrium 
unit vector; e.g., e f , e* 

kinetic energy density of oscillation ( = <Tplfb in Sect. 18 
wave energy defined by equation (25.12) 
total flux; (=F C -+F ff ) 
convective flux 

turbulent conductive flux in Sect. 20 and 30 
radiative flux 

wave energy' flux (—p'v + pvtp') in Sect. 25 

radiative flux from a convective element defined by equation 
(20.43) in Sect. 20 

conductive flux of convection energy defined by equation (2(1,44) 
in Sect. 20 

function representing Duvall's relation given by equation (41.35) in 
Sect. 41 

flux in the horizontal direction 
flux in the radial direction 

quantity defined by equation (18.68) in Sect, 18.2 
external forces 
nonradial f-mode 

function defined by equation (16.13) in Sect, 16 
Eddington factor [see equation (21.26)] 
symbolical form of the differential equations (18.14)-(I8.17) 
abbereviation of A*) 

energy fraction generated by (/-reaction defined by equation 
(27.18) 

gravitational constant 

g-mode trapped effectively in ^-gradient zone 

quantities defined by equations (18.68) and (18,70) in Sect. 18.2 

gravitational acceleration 

g-mode trapped effectively in envelope in Sect. 17 
fl-th overtone of nonradial g-mode belonging to spherical harmo¬ 
nics YT(8, <p) 


H 

Hr 

H, 


H p 

h 

it 

h(r) 

Im 

/ 

/ 

/ 


ini 

M 

i 

i 

J 

/r 

K 

K 

K 

K 

K 

f^nim 

k 

k 

k 

k h 

k r 

X _ 
l t l 

L 

L 


L, 

Lr 

L/ 
L , 
L m i 

L 2 

1 

ftr 


ct neni lector 


ust of symbols «a 

symbolical forms of boundary condo 
quantity defined by equ«ion ( l " ^ “ 
column vector composed of ^M] 

observed magnetic field s1It . n -. h n , 34 

y»«ro«bl cOTpcm ^(2*'V**• * »M 4J 

specific angular momentum tn Sect. 36 
function defined by equation (15 7 | 
imaginary part 

the order of differential equation m Sea m 
comfwncm of M proportional to J7f«. „ defined bv 

Fourier component of / w«h respea , 0 „« defined bv 
(39.14) 

quantity defined by equation (19.23) 
brightness variation 

inclination of the stellar equator to the celestial plane 

=V^T 

mean intensity [see equation (21.26)] 

quantity defined by equation (34.5) in Sea 34 

bi-diagonal matrix defined by equation (34J2) m Sea 34 

kernel matrix in Sect. 41 

half of full amplitude in radial velocity cur*c 

radiative conductivity: [=-knr.7 i3jcpi) 

number of eigenvalues in Sea 18.2 

kernel of integral equation in Sea. 41 

wave-number vector 

Boltzman constant 

ratio of the velocity amplitude erf a spheroida. f°dc m :5c 

zontal direction to that in the raduf dirccuon m 

horizontal wave number 

radial wave number 

linear operators with respect: ^ 

linear ^r at or w.d.r^.0 5 

diagonal matrices defined by equal*. ■ 

stellar luminosity , normalization cooduwo m 

number of boundary condition uKludifc • 

Sect 18 2 . houndars condition!' in Sect is : 

number of inner boundaiy 

convective luminosity 
radiative luminosity ^ 

Lamb frequency = 

IUmiOOS1,> equation 1!*■»> * 2 

quant.ues detiwd . - t 

solar luminosity. I -• 
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A 

4 


NJi 

M 

M 

M. 

« 

M*, 

*e 


i«r 

.V 

It.. 

«» 

-*T 

m 

•C 

■r 

•f 

o„. 

r, 

r 

f. 

erv* 

w 

A 


6 

£ 

<?. 

fe. 

AT 

«rvi 


- ft* CV« modes: -M + 2f-» for «“ modes j n 

Sett » 

v>nh respect to f defined b> equaoon 09.11) 
rrjtro defined by equation (KiT) 
t^diaconal matnow defined by equation 


nu» 

m»croiisit«k^e wJucity in Sect. F ts 

®»s» ctf the oaMNe lose 

T<piegg affik tkK radius r ^ 

defined K eqt*fr« (1S*W *n Sect 
Mkmetnc »»?®™dc 
«*» mass; (= 1.989* M® g) 

,-^.rh.l order of Sffiencii surface bannotiic VT(0. <?> 
mass of tbe Mmr mass unit 

Brtas-' usaii frequency: t I - el ^ - rp^ll 1 *) 

_ ►— deuaTv oa oucki wrtb atomic weight / in Sect. 27 

—-j— r of e-type nodes (ef. Sett. 1~1 
r of p-type nodes \cf. Sea. 17) 



s (ordinal ^^her of mtfts: ( ^)l 

_e nw top c nantymte me in Sect 17 

r of ask* a esssiope aoonaic-vate zone in Sett. 17 
- 1 be eqnakn (19-361 

.30 and 30 

j by equttwt 118-79). <18*7). and (18-97| in Sett 

i (163) ia Sett 16 
s <22-2 . in Sett-22 





182 


i mm. <l**8) and (IMS) - Sett 


iby «pucKW (fib ■ Sett 16 
I by i;m ii i2221i m Sett- 22 
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St 

K„ 

R 

R{r) 

«, 

Re 


r. 


&* 

S m 

5 

Si 

5 

S 

T 

T 

T t 

h 


T* 

t 

U 

V 

V 


V 

V 
F 

% 

V 

V* 

<v> 


w 



ga* constant 

J“— 

Cellar radius 

distance from the origin of the nh«a ^ 

Richardson number m S*« H ** Pm " *« 16 
solar radius; <=6%0x in' 
teal pan 
position vector 

defined by equations <18.84). (18 92). aad <182*5 > . Sea 


radial coo rdina te 

penetration depth r at the huntrn pom drfmq s cuma * ; 
io Chapter Ml 
stress tensor 

nmrii defined bv equation* i;* v> < and > ■*, 
entrofn 

velocity amplitude of spberc%±al ctxExmm! jj Secs “ 
temporal dependence qf penuit^tioos; f - - 3 See > 

acoustic length defined by equaiwn < 4; _ , a Sea - 
column vector composed cf 7 m Vr 34 
temperature 

vefc*an amplmide qf toruadai component m Sc' 
toroidal compooeut of relame <fepiacfme jg venre | r lefiacd 
equation f 34.11 
effective temperamre 


b Sen - 


oiihoeonal matra ifeafpoakEia* the maincss 4 or & s Sen - 
specific internal enerfv 
hocnefeev mvarianf. = 

v fkoti jociochnt n^T-'Kite'Tit axi* r-n»- vcioap 
vector con^osed Mksov'o ^' 1 ® Sed * 
unkoctwti feictioB 10 be sofved a 
ujwxtiMt vdoom {-y ,-FI 
nmun rntun iwsiiLnzi3£ die ^n% b » '**“ 

a^oveoPT vekiarv _ 

poic^dal ctflnpciMi r- ^ 3 

TqTfciaiezii oonvedivc tdoce> _ - 

s^koty •“ 

puysaiioE v«k»csi due 10 1 ^* 


\tBC « 

mo* race £®«^ 

^ jlil 

i—5-^ 


i!Llr =-rr -S' 1 

i SeCL 


* defined tn 
rcpFescir^* vri:cri 
vdtar% ^eids oto 

p^tcioerv 

v = lpcri - | - j,--3rTseiii4E 

ivru&z aeru^ ^ 

t qf ^ Pi ■ 


^-v.^ ^ a-iED^ W 


f 
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t> 


V t > 

Vfljm r 

V T 

v r 

W 

W 

W 

W L 


W, 


W N 

V*W 

W mrch 


AH' 

w 

ft 

w 

Wj 

X 

X 

x t 

*1 


Y t (#* 1. 2} 

r 

r 

*T(ft 
-W *) 
y 


* (i= U,3.4,5 f 6) 

yt 

z 

Z, (i“ 1*2) 

Z 

z 


Fourier component of 9 with respect to time defined by equation 
(39J1) 

— - in Seel. 39 

quantity defined by equation (20.54) in Seel. 20 
symmetric iridiagonal matrix defined by equation (34.28) 
variable defined by equation (16.15) in Sect. 16 

work integral; (=W' w + W'n + Wc) 

work due to the variation of convective energy flux defined by 
equation (26.4) 

work due to the variation of radiative energy flux defined by equa- 
lion (26.3) 

work due to nuclear energy generation defined by equation (26.2) 
kinetic energy leaked by running waves in Sect. 27 
mechanical work defined by equation (30.1); (— W pt + W m ) 
a part of mechanical work due to turbulent pressure defined by 
equation (30.4) 

a part of mechanical work due to turbulent viscous stress term de¬ 
fined by equation (30.5) 
thermal work 

derivative of the work integral (— dWldM r ) in Sect. 27 
matrix defined by equation (18*103) in Sect. 18.2 
vector composed of jv* in Sect. 41 
variable defined by equation (16.10) in Sect. 16 
observalionally known data in Sect. 41 
hydrogen abundance 

quantity defined by equation (20.48) in Sects. 241 and 30 

mass fraction of an element i 

mass fraction of J He 

nondimicnsional radius fraction; (-r/R) 

one of the two-dimensional coordinates on the solar disk in Sect. 
39 

column vector composed of yj in Sect. 34 
helium abundance 

quantity defined by equation (20.49) in Sects. 20 and 30 
spherical surface harmonics defined by equation (13.58) 
function defined by equation (34,37) 

one of the two-dimensional coordinates on the solar disk in Sect. 
39 

non dimension at variables defined by equations (18.1)—(18*4) for i 

- 1, 2, 3, and 4 and by equations (24.5) and (24.6) for i - 5 and 6 

nondimcusional variables defined by equation (34.6) wib super- 

suipt representing terms proportional to *7(0, (p) in Sect, 34 

Hh non dimensional variable y,(x) a\x = x n in Sect. 18 and 24 

matrix defined by equation (18,105) in Sect. 18.2 

column vector defined by equation (34,33) in Sect. 34 

mass fraciion of heavy elements 

qua/iiiiy defined by equation (2*150) in Sects. 20 and 30 
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Z 

<x 

# 

a 

P 

P 

fintm 

Fj 

r 2 

n 

r 

Ys 

r 

Ylm 

& 

s 

flr 

e N 


e T 

Ev 

E-ad 

£ P 

€ 

£ 

£ 

£ 

IJm 

0 

n 

v 

t)iV 

0 

6 

On 

0 / 


height 

sz SBraarrra «-«• 

MM b, ”Wi* S«L » 

quantity defined by equation (26.12) 
expansion coefficient of _ , 

(19.19) ' rotadng star defined by equation 

ratio of the gas pressure to the total pressure 
angle of the rotation axis to the magnetic axis of a star 
expansion coefficients of £‘" in a rotatm, i r > 
lions (19.20) and (19.31) 8 defil * d by «l» 

adiabatic exponent; |^(|^) s ] 
adiabatic exponent; (*=1/{1-(31n773tnp) 5 }| 
adiabatic exponent; [ = {^L) s + ]] 
ratio of the specific heats; [=<ydj 
ratio of the specific heats for the ideal gas 
quantity defined by equation (1835) in Sect. 18 
expansion coefficients of f*" 1 in a rotating star defined by equa¬ 
tions (19 20) and (19.32) 
quantity defined by equation (17.6) 

Lagrangian perturbation, e,g., &T, bp t etc, 

Kronecker’s delta 

quantities defined by equation (20,28) 

argument of complex variable % rj)t in Sect. 4 

rate of nuclear energy generation 

entropy dependence of nuclear energy generation rate; 

temperature dependence of nuclear energy generation rate. 

1= r 3l "w .\ l 

I t 3 In T tpl 

rate of viscous dissipation ahMv . 

pressure dependence of nuclear energy generation rate; M~r^ «i 
density dependence of nuclear energy generation rate; H 

phase Correction term in ihe quantisation rule defined by equation 
(41.33) in Sect. 41 

variable defined by equation (16-14) in Sect, 
radial component of vortieity <o in Seel 33 
toroidal modes defined by equauon (19.,l) 
growth rate; (= -<J,la K ) „ 

quantity defmedbye_quahon(_341| m S ^ ^ ^ 

canonical variable; (--exp t J 0 t 

wavc ^ d£fincd by equi,tiun 
(43.13) in Sect. 43 . 

. 

a „ inertial frame in Sect. 19.5 



|s ft ft y «** m hi 


408 LIST OF SYMBOLS 


0l 

0* 

ft 

v 

K 

*r 

*«/ 


Ki 

A 

A 

A% 

k 

Ik 

K 

K 

K 

m 

AX 

ax r 

p 

p 

P 

P* 

V 

*a 

Vo 

v * 


w 

m 

P 


polar angle measured with respect 10 the iine-of-sight in an inertial 

frame in Sect. 19,5 „ 

polar angle measured with respect to the rotation ax*s of a star in 

the corotating frame in Sect. 19.5 

average weight in difference scheme in Sect. 18 and 24 

inverse of penetration depth of the evanescent wave; [k* = “ M 

entropy dependence of opacity with constant pressure; [=^(-^-) p ] 
temperature dependence of opacity with constant density, 

(ii^) J 

pressure ^dependence of opacity with constant entropy; [= (f^) 5 ] 
density dependence of opacity with constant temperature ; 

[=(JDH 

eddy conductivity 

diagonal matrix consisting of the characteristic values 
of the matrix O 

diagonal matrix defined by equation (34.21) in Sect, 34 

quantity defined by equation (18.70) 

wavelength of spectral line 

eigenvalue in Sect. 18.2 

horizontal wavelength 

roots of characteristic equation in Sect. 18,1 
characteristic values of matrix A in Sect. 41 
y-th eigenvalue of the diagonal matrix D in Sect. 34 
phase angle of the phase diagram in Sect. 16 
wavelength measured from the line center in Sect. 7 
rotational width of spectral line in Sect. 7 
mean molecular weight 
= cos 0 in Seel. 13 

ordering number defined by equation (34.38) in Sect. 34 
turbulent viscosity 
frequency; (~o/2r= I/O) 

characteristic frequency defined by equation (9,2) 
frequency of the main pulsation in Sect. HI 

temperature dependence of nuclear reaction rate of i- and /-nuclei 
[see equation (27,18)) 

radial component of the relative displacement vector f/r in Sect, 34 
gravity wave potential in Sect. 43 
displacement vector 

radial part of the displacement in the horizontal direction 
radial part of the displacement in the radial direction 
(ft** /\ m'J-mode in Sect. 14 

canonical variable; exp{- J" P -4;d$] in Sect. 15 

canonical variable defined in Sect, 22 
matrix defined by equation (18,102) 
period of oscillation 

characteristic period of oscillation defined by equation (11.9) 
number n 

radial coordinate in cylindrical coordinates (cr t z) in Sect. 36 
density 


P 

Pp 

X 

a 

o A 

CT[ 

O c 

@ad 

0 i l > raI 
~ (1 )*«"£ 


Oo 

T 

Z 

a 

^dump 

r dyn 
% 

hh 

V 

V 

0 

<Pt 

<Pti 

<Pl 

fa 

X 

X P 

XT 

0 


stellar mean density 

' S hu ' 1 
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vftinjc, 

T41.7) in SccmV eqU<tII ' Jn a8101 > “ Sect- 18.2 .«<] ^ 

pm Of anpi ,i eituauon < Sl5 > 

red! part of angular frequent 
angular frequency of oscifbtion in the aw™,, , 

acoustic cut-off angular frequenev ,n a i 8 ° f ,be 
sphere; 1= ^ ' n a p! ‘ me thermal itmo- 

anjtl^reigenfrequcncy of adiahalic osallation in Sect. 25 
Stefan^Boltzman constant 

perturbation m angulai frequency of the raode wjm 

order m due to rotation y aaJ 

perturbation in angular frequency of the mode with 

order m due to magnetic fields 

angular frequency of oscillation in ihe absence of rotation 

quantity defined by equation (3b, 16) m Sect 36 

acoustic radius defind by equation (41.32) in Sect. *1 

representative time scale of convection 

Relmholtz-Kelvin time scale defined by equation (12.2| 

quantity defined by equation (36.19) in Sea. 36 

damping time 

dynamical time scale given by equation (12,3) or (22.2) 
free-fall time scale defined by equation (12,11 
oscillation time scale 

thermal time scale given by equation (12J) or (22.2) 
travel time in Sect 15 

quantity defined by equation (36.18) in Sea, 36 

acoustic radius at which the acoustic potential is the mimmurn » 

rausfc radii at the inner and outer taming points in Sect. 41 

azimuth angle in polar ma?nctic a*» of a star 

azimuth angle measured with 

in the co-rotating frame m tbe rotation av.s of a star 
azimuth angle measured 

in an inertial frame in ScctA - , he , ifl ^f. 5 ,ght in an mer 

azimuth angle measured with respe 

tial frame ' n .;|^ eas u r ed with respect to the rotation mb °f a slar 

srjsss-.>- u 



V * ^ c d 
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U 

n 

iL 

an 
a* it 
0»| 


i 2 

r 

r* 

*w 

K 

% 


& 

<> 

-kHtrbif) 

-(ovtlbar) 

-tcwerbai» 



function defined by equation (41.9) in Sect. 41 

stream function in s «ct. 33 

eigenfunction such as p' «'*•«'" 

angular velocity vector of stellar rotation 

al l| ar velocity vector of a rotating frame in Sect. 

insular frequency of stellar rotation 

dimensionless angular frequency of stellar rotal.on, 

l = 0J(GMIF i )'' 2 ] i“ SccL 34 

angular frequency of a rotating frame 
vorbeity 

dimensionless frequency; [= MIK ) I 


real part of m 
imaginary pari of m 

dimensionless angular frequency in the frame rotating with fl, 

[^tu+mn] , . 

dimensionless critical cutoff angular Frequencies in Sect. 18 
nondimensional angular frequency of r-mode in the limit of H-vO 
in Sect. 34 

temperature gradient; (=dln77dln/?) 

adiabatic temperature gradient; [= (31nTOlnp). s ] 

radiative temperature gradient 

gradient of mean molecular weight; ( = <fln^/rf1n/7) 

poloidal component of the differential operator V defined by equa- 

lion (36 9) in Sect* 36 

Eulenan perturbation; e.g., p\ T\ etc. 

Lagrangian perturbation; C*g* ► ^T 1 , etc, 

nonlinear contribution to fine average from small-scale turbulence 

local spatial average in Sect. 20 

trial value tn Sect. 18.2 

zonal 1 azimuthal) average in Sect, 36 

time average with a long lime span in Sect. 39 

convective quantities of state; c.g,, p t - T 7V, etc. 

quantities at the stellar center; e g., T r , p f , etc. 

>P ecificaucft of the mode with radial order #i, spherical degree /. 


and ayit mrhal order m 




with the sun; c.g,. W 5 
l;e.g.*|,V if etc. 


p*TT 



Hi 


F ML 




Subject Index 


A 

ABCD instability of differentially rotating 
star, 266 

accretion disk, 66, 202 
acoustic cut-off frequency, 69 
acoustic radius (or length), 351, 355 
acoustic potential, 350ff, 356 
acoustic wave, 115 

; propagation zone, 139 
ACR1M, 76 

adiabatic oscillation (see linear adiabatic 
oscillation) 

Airy function, 134 
Alfven wave, 263 
amplitude modulation, 23, 54 
anelastic approximation, 203 
angular momentum transfer, 314ff 
Ap stars, rapidly oscillating, 18, 47ff* 192 
; astcroseismology for, 373ff 
; excitation mechanism. 259, 265 
associated Legendre polynomial, 9, 95 
astcroseismology, 368ff 
asymptotic analysis, 8 

■ for adiabatic oscillations, I30ff 
; for low-frequent oscillations m 
rotating stars, 306ff 

; for quasi-adiabatic oscillations. 

222ff 

*V*P toac method, 

for mversion to hell<> ““ 
swsmotoey 349fl 
*ro«Jeti crossing of mode*- i 14 

dunna stellar evotatioo, 

*21. 151.1* 

„ * c - 

^ i r>rT tsx tijX- 3fl*S 

; m a roar™ ^ 


azimtilhal order m, 10 
B 

Baade's pulsation test (Baade-Wcssdink 
method), 24 

Backus-Gilbert method. 348 
baroclinic instability, 266 
barotropic state, 283 
basic equations 

; for oscillations in a rotating star, 
278R 

; linearized, 9Iff 
;of fluid, 87 

Be stars (see aho early type O, B vari¬ 
ables). 44 , 318 

beat phenomenon, as evidence for nonra- 
dial oscillation, 23 

; of fi Cepbei stars, 40 
; of white dwarfs, 59 

B-type variables {stt early type O. B van- 
ables) 

p Cephei stars (or variables). 6, 25, 39ff 
■ excitation mechanism , ^ 

; general properties. 18 
beta-plane approximation 291 

Bohr Sommerfeld ' quanta^™ role (*» 

nuanttzation rule) 

tJLfcrv coato*». «»■ »■ **; ** 
tepWfa »ro*C*’PW«*' 5 ^ 

wave. 14S. 1«- “ 7 m 
_ ~wn*i 2S5 260 ^ 

v 2U 3U ^ C 

JfffiWtLCg. -3- ®- 8 " 

^mental inncscfie^ 
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C 

canonical form of equations 

■ for linear adiabatic oscillation, 

113 

; for linear quasi-adiabatic oscilla¬ 
tion, 222 

cataclysmic variable (ree also white dwarf 
variables), 66 

centrifugal force, 179, 277, 279 
Cepheid instability strip (see instability 
strip) 

Cepheid variables, 4 
characteristic equation 

; for boundary condition, 163 
chromosphere and corona, 324, 326 
chromospheric mode, 326 
classification of modes (jee modal classi¬ 
fication) 

CNG cycle, 247, 251 
coarse graining average, 198, 201 
completeness of eigenfunctions, 108, 182 
composition stratification, of white dwarfs, 
129 

condition for eigenosci Nation 

i of dual-character mode, 142, 143 
; of g-mode, 138 
; of leaky wave, 147, 148 
; of p-mode, 136 

convection (see also turbulent convection) 

; in oscillating medium, 203ff 
; influence on oscillation, 198ff, 
272 

; -pulsation coupling, 272 
; time scale, 271 

convective flux, perturbation of, 272 
convective (instability, 93 
convective (or g -)mode in a rotating star, 
3090 

convective velocity, 198 

cooling time of (pre-) white dwarfs, 59, 

376 

Coriolis force, 81, 179, 189, 277, 301 


Cowling approximation, 85, 86, 113 
Cowling mechanism (see ^mechanism) 
critical frequency, 114 

; at outer boundary, 165 

D 

DAV stars (see white dwarf variables) 
damping 

; of oscillation, 233ff 
; rate due to wave leakage, 147ff, 
251 

; time, 125, 252 

DBV stars (see white dwarf variables) 
degeneracy of eigen frequencies, 3, 11, 187 
degenerate variable stars (see white dwarf 
variables) 

degree / {see harmonic degree) 
6-mechanism, 243, 26Gff 

; in a rotating star, 265 , 266 
d Set stars, 18, 20, 54 
diagnostic [or (k hi o)-, or (/, v)-] diagram, 
70, 115,157 

; of a standard solar model, 323 
; of solar five-minute oscillation, 
71, 73, 79, 80, 332 
difference equation, 168 
differential rotation, 313, 318 
diffusion approximation, 199 
diffusion mechanism (see 6-meehanism) 
dimensionless (or normalized) frequency 
; definition, 110 
; in the co-rotating frame, 296 
dimensionless variables, 160, 227 
discriminant, for eigenvalue, 177, 178, 231, 
232 

dispersion relation, 114 

; for adiabatic oscillations in a 
rotating star, 284 
; for nonadiabatis oscillations, 262 
; in isothermal atmosphere, 69 
distribution of eigenfrequencies, 110, 323 
distribution of hydrogen 

; inside a 1 stars, 123 


; inside a 10 Af 0 stars, 119 
Doppter imaging, 26, 33 
DOV stars (see white dwarf variables) 
Duvall’s relation, 353, 354 
dynamical phenomena 

; as evidence for nonradial oscilla¬ 
tion, 25 

dynamical (in)stability, 2, 234 
dynamical time scale, 2, 12, 86, 217 
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eigenvalue problem, 1 W, 214 , 
energy equation, 233ff 
ener iy theorem, 234ff 
^mechanism, 5,241,244ff 
equation of state, 339 
equations 

; of oscillation, 90ff 
;of stellar structure, 89 
equilibrium model 


E 

early type G, B variables, 7, IS, 38ff 

; excitation mechanism. 312, 313 
Echelle diagram, 76, 77 
eclipsing binary, 21 
Eddington factor, 215 
eigenfrequency 

; for a poly trope, 110 
; for a standard solar model, 323 
; for a 10 A#© star, 153, 154 
; for a 3 OA /0 Star, 158 
; general properites of, 109 
; of high-order g-mode, 83. 139 
; of high-order p-mode, 53, 137, 
371 

eigenfunction 

; for a 10 M 0 in an advanced 
stage, 152 

; for a polytrope. 111 
; for a white dwarf model, 129 
; for an evolved 30 Mq star, 156 
; for the sun, 325 
; for massive ZAMS models, 118, 

218 

; general properties of, 

; of a convective mode couple 
with envelope g-mode, 3U 
; of a g-mode in a prc-vt hite *•*' 
model, 253 

; of g-modes for a iM& m ° e 
249 

eigenvalue condition (see condition 
eigenoscillation) 


; of a 1 Af© star, 123,248 
; of a Id M 7 star, 119,151 
; of massive stars with senu- 
omvcciive rone, 268, 269 
equilibrium state, 89 
Eulerian perturbation, 90, 91 
evanescent zone, 14. 140 
even mode. 297 
evolutionary track 

; for a 0.63f star, 127 
; for a 10 M star, 151 
excitation mechanism. 4, 2+Iff 

; of Cephei pulsation, W 
; of DOV stars, 259 
; of early type 0, B variables* 
312, 313 

; Of rapidly oscillating Ap stars, 
259, 265 

; of solar five-minute oscillation, 

365if 

, of variable DBwhited*^' 257 

; of ZZ Celi vein, 257 
extra node. 151 


18. 31, 41ff 

illation (iee w * ar ® ve ' 


.III 

,cyof,322 

of seismology. 3-- 
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frequency of oscillation also eigenfre- 
quency) 

; in the co-rotating system, 29 
frequency spacing 

; of high-order p-modes 53, 371 
fully non adiabatic oscillation 

; boundary condition, 2l4ff 
; equations, 209ff 
■ numerical method, 227ff 
; very nonadiabatic oscillations, 
224ff 

G 

y-mcchanism, 243 
/-velocity* 31 

generalized Cowling's nomenclature, 152 
generalized inverse matrix (see Moorc- 
Penrose generalized inverse matrix) 
geostrophic motion {or mode), 287 
giant stars, 124 
g-mode. 14 

; g^-mode, 14, 108 
; g + -mode, 14 

: in lower main-sequence stars, 
247ft 

; in massive stars with semi- 
convective zone, 266ff 
: in rotating stars, 299, 300, 31 Iff 
; in shell burning stars, 250ff 
; in upper main-sequence stars, 
119ff, I53ff 

; in white dwarfs, 126ff, 376ff 
■solar oscillation, 82, 323, 325 
; trapped in /i-gradjent zone, 

155ff, 25Iff 
g-node, 152 

Goldreich-Schubert-Fricke instability, 266 
gradient diffusion approximation, 199 
gravity wave, 115 

; potential T 377 

; propagation zone, 139 
group velocity, 116 
growth rate, 249 


; relation to the work integral, 

238 

H 

harmonic degree, l, 10 
Harvard-Smithsonian reference atmos¬ 
phere (HSRA), 124 
helioseismology 

; forward problem, 335ff 
; inverse problem, 341 ff 
helium-burning shell, 3, 253 
helium star, 20 
Hclmholtz-Kelvin time, 86 
Henyey method, I68ff 
Hermit id ty {see also self-adjointness), 109 
Hcrtzsprung-Russel (HR) diagram, 17, 19 
homology invariant, 86, 102 
Hurwitz criterion, 263 
hydrogen-burning shell, 251 

1-K 

inertial wave, 286, 287 
inhomogeneous chemical composition (see 
/r-gradient zone) 
instability strip 

; of p Cephei stars, 41 
; of Cepheids, 19, 257 
; of variable white dwarfs, 55 
integral equation, 343 

; of Abel type, 354, 356 
inverse problem of seismology, 341 ff 

; asymptotic inversion method, 
349ff 

; Backus-Gilbert Method, 348 
; spectral expansion method, 3431f 
ionization zone, 254ff 
ic-mechanism, 8, 243, 254ff 
Kato’s mechanism, 244, 263ff 
Kelvin-Helmholtz instability, 313, 314 
kernel of integral equation, 342ff 
kinetic energy density, 130, 143, 165 
fc-problem, 46 

(fc A , a)-diagram (see diagnostic diagram) 
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L 


Lagrangian perturbation, 90, 91 
Lamb frequency, L h 114, H6ff, 127, 326 
; definition, 12, 97 
Lamb wave, 70, 115 
late-type stars, 18 

; dwarfs (see lower main-sequence 
stars) 

; giants, 124 

leakage of wave energy (see wave leakage) 
Ledoux’s criterion, 263 
length of periods 

; as evidence for nonradial oscilla¬ 
tion, 22 

line profile variation, 25ff 

■ due to intermediate and high l 
modes, 33ff 

; due to low / modes, 30ff 
; of p Cephei star, 26 
; of f Ophiuchi stars, 44 
; of 53 Persei stars, 3! 
line profile modeling, 26 
linear adiabatic oscillation, 

; as a boundary value problem, 
103ff 


linear operator, 9, 108 
Liouville transformation, 133 
(/, v)-diagram {see diagnostic diagram) 
local analysis 

; for adiabatic oscillations, H4ff 
; for adiabatic oscillations in rota 
ting stars, 283ff 
; for nonadiabtic oscillations, 

260ff 


local stability analysis 

; of gravity waves, 260ff 
long-period global oscillation of 


82, 83 

low-frequency prograde waVL ] 


a rotating 


star, 288, 289 ^ 

lower main-sequence s i > iL .„i 


240 , 241 

* for pulasator, 196, 197 

M 


macro- and micro-turbulence 

' as ev idencc for nonradial oscilla¬ 
tion, 25 

main-sequence stars, 117, 122, 249 
magnetic field 

; force free, 191 
; dipole, 192 

; inline nee on oscillation, 17911, 
I9lff 


magnetic overstability, 264 , 266 
magneto-gravity wave, 264 
mass-centered velocity, 198 
massive star model, pulsattonal property 
of, 118, 121, 15Gff T 218, 225 


mean molecular weight gradient alio 
^-gradient zone), 5, 14 
mechanical work of convection, ZD 
method of calculation, I67ff 
MHD approximation, 179 
mixing-length, 271. 337 

■ perturbation of, 273 
; theory , 271 
modal analysis, I30ff 
modal classification, E49ff 


ittern 

; for axisymmetric dipole mode. 

51 

; for higher-harmonic tesserai 
mode , 21 

; for / - 3- 11 
. f or / ^ 4, 97 

mtification based on Inw pro 
on, 37. 45 
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Moane-Pen rose generalized inverse matrix, 
345ff 

u-gradient zone, 119, 157 
; in the sun, 322 
; structural changes with evolu¬ 
tion, 120, 122 
; trapping in, 157, 251 
m-splitling, 59, 293 

N 

nonadiabatic equations (see fully nona- 
diabatie oscillation) 

nondimensional variables (see dimension¬ 
less variables) 
nonlinear coupling, 61 
nonlocal effect of turbulent convection, 

206 

nonradia! oscillations 

; basic properties of, 1, 8ff 
; classification of, 149ff 
; historical background, 6 
; modal patterns, 11,21, 51, 97 
; observational evidence for, 2Gff 
nonradia l thermal instability, 3, 263 
normal mode, 3, 4, 10 
; analysis, 9 

normalization condition, 168, 177 
normalized frequency, HO 
novae, 66 

NRP (=nonradial oscillation) 
nuclear energy generation rate (ree also t- 
mechanism) 

; logarithmic derivatives, 213, 248 
; spatial variation, 248, 253 
mimcnotl method 

for adiabatic oscillations, J 59ff 
; for nonadiabatic oscillations, 
227ff 

(r$, £> u )-diagram, 371 
(r, m'fpdtagram. 333, 334 

O 

at**#* pulsator model for rapidly oscillat¬ 


ing A p stars, 23, 49ff 
oblique rotator model 

; for cataclysmic variables, 22 
\ for Ap stars, 51, 375 
observational evidence for non radial 
oscillation, 20ff 
odd modes, 297 
one-zone model, 243 
opacity (see also k- mechanism), 88, 339 

; logarithmic derivatives, 213, 254, 
255, 258 

ordinal number of mode, 153 
orthogonality of eigenmodes, 106, 107 
GsakTs mechanism, 309 
overstable convection 

; due to the gradient of the mean 
molecular weight, 267 
; due to magnetic field, 265 
; due to rotation, 3G8ff 
; coupled with an envelope g- 
mode, 313 

P 

patterns (see mordal patterns) 
penetration depth of non radial p-modes, 
324 
period 

; of cataclysmic variables, 66 
; of high order g-modes, 83 
; of nonradia! oscillation for a 
white dwarf model, 128 
; of the early type variables, 40ff 
;of white dwarf variables, 55ff 
period change, 

; of cataclysmic variables, 66 
; of hot pre- white dwarf stars. 65, 
129, 376 

; of variable DA white dwarfs* 59 
period-luminosity relation of white dwarf, 
128 

perturbation equations, !79ff 
PUI159 stars (jee white dwarf variables) 
phase diagram, 139, 149 


; for a 10 A*© in an advanced 
stage, 154 

; for ZAMS model of if) « ta 
150 ' 

; of g-mode, 14! 

; of mixed character mode T 145 
; of p-mode, 141 
; schematic sketch. 140 
phase shift of pulsation, 21 
phase velocity, 116 

; of traveling wave, 10, 29,188 
photon diffusion, 87 
photon mean free path, 86 
plane wave, 69 

planetary nebula nuclei, 65, 259 
p-mode, 14 

; in Ap stars, 53, 373ff 
; in upper main-sequence stars, 
120 ff, ISlff 

; solar five-minute oscillation, 
73ff, 322ff 
p-node, 152 

Poisson equation, 88 , 93 

; formal solution of, 108 
polytrope, pulsational property of, 130, 
111, 117 

p-p chain reaction, 244ff 
precession of Mercury’s perihelion, 321, 
345 

pre-white dwarf variables, 65 
profile variation (see line profile variation) 
prograde wave (or mode), 29 
progressive wave, 145ff 

; boundary condition (leaky- 
wave), 146, 148, 167, 215, ^16 

propagation diagram, H 6 ff 

; for a 5 star in the red g ia[U 

stage, 125 

; for a 1 M& star, 122 
; for a hot pre-white dwarf model. 

252 

; for a polytrope, 13. U 7 
; for a solar model. 123 


SUBJECT INDEX 417 

; for a white dwarf model 126 
! for evolved models of a io w 

star, 120 

. for the ZAMS model of a io 
star, 118 

’ °f an evolved 30 Af^ star, 155 
;of an idealized stellar model 
132 

; of an idealized stellar model in 
an advanced Mage, 146 
propagation zone (or region), 14 
pulsation constant, 2g 
pulsational property 

; for a 1 Afv star, 249, 256, 322ff 
; for a polytrope. 110, 111, 117 
; for a rotating massive ste i. 

2996, JlOfif 

; for massive (7-30 A# 0 ) stars, 

11S, 121, im 21S, 225 
; for (pre-) white dwarfs, I26ff, 
253,379 

p-wave {see acoustic wave ) 


Q-R 


quantization rule (see also condition for 
eigenosdllaitonslt 136, 143, 147, 352, 
356,377 

quantum number. 3 
quasi adiabatic approximation, 219. 239 
Q-value {see also pulsation constant) 
;of fi Cephei pulsations. 41 

radial order n , 4 
radial pulsation. U 24. 112 

; historical background. 6 


ocity 

■ 0 ( a ncmradially oscillating rotat¬ 
ing star, 27ff 
, of § Cephei stars, 39 
conductivity * 8® 

Cowling mechanism (set d- 
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244, 25 Iff 

radiative transfer, 215 
relaxation method, 168ff 
re normal izat ion ,199, 200 
resolved stellar image, 20ff 
resonant coupling 

; of an eigen mode with overstable 
convection, 308ff 
restoring force, 4, 13, 115 
retrograde wave (or mode), 29, 190 
r-mode (or toroidal mode), 18Sff, 292, 301 
; line profile variation, 35ff 
; stream lines of, 36 
Rossby wave, 190, 290ff 
rotating magnetic star, 192 
rotation 

; influence on oscillation, 185ff 
; solar internal, 333 

rotational splitting of dgenfrequeneies, 23 
rotational velocity 

; of Ap stars. 52 

; of the early type variable stars, 
39ff 

; of the sun, 81 , 333, 345 
; of white dwarf variables, 59 
running wave (see progressive wave) 

S 

salinity convection, 264 
Schwamchild criterion, 270 
Schwarzschild discriminant, 93 
sectoral mode, 10, 32 
secular stability (see thermal stability) 
sdf-adjominess [see also Hermsticity), 106, 
107 

semkofivection (zone), 268 
; definition. 264 

*6dl4t>drogcn burning stage, 251 
i«gul«r value decomposition, 347 
tolar ujttveciion zone 

depth of, 335.336,365 
flfitar ffvr-rmmKc oscillation (see also 
Mvnmaolofy), 6 


; amplitude of, 72, 73 , 76 
; diagnostic diagram, 71, 73, 79, 

80 

; excitation mechanism, 365ff 
; influence of the chromosphere 
and the corona, 324, 326 
; linear stability analysis, 366 
; observational technique and data 
reduction, 326ff 
; observations, 67ff 

solar-like oscillation (see sun-like oscilla¬ 
tion) 

solar g-modc oscillation, 82ff, 247ff 
solar model 

; non-standard, 340 
; standard, 336ff 
solar neutrino, 321, 338 
solar oscillation, 321 

; five-minute oscillation (jee solar 
five-minute oscillation) 

; long-period oscillation, 82, 83 
solar rotation, 333 

; inversion for, 342ff 
solar seismology (see helioseismology) 
Solberg-Hoiland criterion, 266 
sound velocity 

; definition of, 12, 96 
; near the surface, 360 
; of solar interior, 353, 362ff 
spectral expansion method, 343ff 
spectral line variation by nonradial oscilla¬ 
tions (see line profile variation) 
spherical degree (see harmonic degree) 
spherical (surface) harmonics, 3, 8, 95 
spherical harmonic analysis, 33()ff 
spheroidal mode (or component), 294 
splitting of frequency (see ttf-splittjng) 
stability of rotating stars, 266 
standing wave, 10, 125 
stars related to fi Cephei stars, 38ff 
Stcllingwerf opacity bump, 257ff 
Stefan-Boltzman constant, 24 
stellar oscillation, 2ff 


; historical background, 6ff 
stellar stability, 2ff 

stochastic excitation of oscillation by con¬ 
vection, 366, 367 
stream function, 292 
Sturm-Liouville type, 12, 112, 131 
sun, 18 

; five-minute oscillation (see solar 
five-minute oscillation) 

■ global oscillation, 82 
; rotation (jee solar rotation) 

; sound velocity, 353, 362ff 
sun-like oscillation, 18 

; asteroseismology for, 370ff 
superadiabatic temperature gradient, 309, 
312 

superadiabaticity, 

; in the ^-gradient zone, 269 
symmetry axis of oscillation, 49, 192 
supergiants, 18, 19 
superperiod, 45, 313 


T 


temporal dependence of perturbed quanti¬ 
ties, 166 

tesseral mode, 10 
thermal (in)stability, 2, 235 
; condition, 263 
; of rotating stars, 266 
thermal time scale, 2, 12, 86, 217 
thermal work of convection, 270 


thermodynamic relation, 93 , 98ff, 700, 28. 
time-dependent convection theory, 210 
toroidal mode (or component) (see also 
r-mode), 98, 182, 294 

total energy 

; of a star, 234 
; of oscillation. 237 
traditional approximation. 301ff 
frrnncitirm region, 755, 256 


ping)* 113ff 

; in white 


dwarfs, 130 
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traveling bump across line profile, 33ff 
travel time, of wave, 124 
traveling wave, 10, 32 
trivial solution, 97, 98 

;for fmode. 111 
tunnel effect, 121 
turbulent convection 

: local theory. 206 
; statistical treatment, 205ff 
; velocity. 198 

turning-point equation, 132 
U-Z 


unit vectors, azimuthal derivative, 185 
variable degenerate stars, 55ff 
variation in line profile (see line profile 
variation) 

variational principle, 108 
velocity field, influence on oscillation. 
179ff 

vibrational (instability. 3, 235 
; condition for, 264 
; for g-modes of a l Mv star. 
247ff 


vorticity. 28Iff 
wave energy, 23b 

; conservation law, 108 
; Qux* 114 


wave leakage. I4bff, 251 
wave number, 114 

; for high order gravity wave. 124 
wave trapping <** also trapping of oscilla- 


>18. 267 


cataclysmic variables. 66 
excitation mechanism, 257 , 2>9 
variable DA white dwarfs <DA\ 
stars. ZZ Ceti variables). 18. 


55ff. 257 


ariable DB white < DB ' 





420 SUBJECT INDEX 


PG1159 stare), 18, 65 , 259 
white dwarf models, pulsaiional properly 
of, I26ff, 253, 379 
WIMP, 340 

WKBJ approximation, 8, 222 
work 

; by turbulent pressure, 271 
; by viscous stress, 271 
work integral, 233ff 

; contribution of wave leakage, 
251 

; derivation of, 235ff 
; for a g-mode in a shell-helium 
burning model, 253 


; for f- and p-modes in a main- 
sequence model of 1M 0 , 258 
; for g-modes in the sun, 249 
■ for oscillations in a Cephcid 
model, 256 

; for massive main-sequence stars, 
258 

; for quasi-adiabatic analysis, 

239ff 

zero-boundary condition, 105 
£ Ophiuchi stars. 18, 43ff 
zonal mode, 10 

ZZ Ceti stars (see while dwarf variables) 
















